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Abstract 


Large  Eddy  Simulation  (LES)  has  received  renewed  attention  recently  due  to 
the  advent  of  the  dynamic  subgrid  scale  (DM)  model  in  the  early  nineties.  This 
model  represents  a  completely  new  idea  in  that  it  outlines  a  procedure  from  which 
model  parameters  can  be  calculated  during  a  simulation  rather  than  specified  prior  to 
the  simulation.  The  result  is  a  self-tuning  model  which  requires  little  or  no  input, 
but  instead  adapts  to  local,  instantaneous  fiow  conditions.  The  DM  model  has 
opened  the  possibility  of  applying  large  eddy  simulation  to  complex  fiow  situations 
often  encountered  in  engineering  applications. 

Two  slightly  different  versions  of  the  dynamic  subgrid  scale  model  have  been 
evaluated  in  the  present  work.  One  is  the  original  version  (DM  model),  and  the 
other  is  an  updated  version,  known  as  the  dynamic  localization  (DLM)  model.  The 
latter  has  a  more  rigorous  mathematical  basis  than  the  former.  Simulations  were 
also  run  using  the  standard  Smagorinsky  model.  All  models  were  tested,  compared, 
and  evaluated  in  turbulent  flow  over  a  backward  facing  step. 

Two  Reynolds  numbers  were  considered,  5100  and  28000.  Results  from  the  low 
Reynolds  number  case  are  in  excellent  agreement  with  direct  numerical  simulation 
(DNS)  and  experimental  data  using  either  of  the  three  models.  The  reattachment 
length  is  predicted  to  within  a  percent  of  the  DNS  result.  The  cost  of  a  typical 
LES  was  about  0.5  percent  of  that  of  a  comparable  DNS.  The  LES  used  about 
1.5  percent  of  the  number  of  grid  points  required  in  the  DNS.  The  DM  model, 
the  DLM  model,  and  the  Smagorinsky  model  gave  nearly  identical  results  for  all 
parameters  evaluated.  Results  from  the  high  Reynolds  number  calculation  were 
also  in  good  agreement  with  available  experimental  results.  Again,  all  models  gave 
nearly  identical  results. 

Several  different  grid  resolutions  were  considered.  Even  though  the  results  were 
practically  grid  independent,  minor  improvements,  compared  with  DNS  data,  were 
obtained  with  refined  grids.  This  verifies  convergence  towards  DNS  results  with 
increasing  grid  resolution. 

The  second  part  of  this  study  was  concerned  with  an  engineering  application 
of  LES.  The  objective  was  to  use  LES  to  study  mixing  of  fuel  and  oxidizer  in 
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the  combustion  chamber  of  a  coaxial  jet-combustor,  in  order  to  gain  insight  into  a 
phenomenon  known  as  lean  blow-out  (LBO). 

Mixing  of  fuel  and  oxidizer  was  studied  by  tracking  a  passive  scalar,  however, 
the  effects  of  chemical  reactions  and  heat  release  were  not  taken  into  account.  A 
new  numerical  method  was  developed  which  allows  the  governing  equations  to  be 
solved  in  cylindrical  coordinates  without  causing  severe  time-step  limitations  due 
to  fine  azimuthal  resolution  around  the  center-line,  and  fine  radial  resolution  at  the 
walls.  The  DM  model  was  used  to  model  the  subgrid  scale  stresses,  and  a  dynamic 
eddy-diflPusivity  model  was  used  to  model  the  subgrid  scale  scalar  flux  in  the  scalar 
transport  equation. 

The  Reynolds  number  was  38000,  based  on  the  bulk  velocity  and  diameter  of 
the  combustion  chamber.  The  velocity  ratio  of  the  oxidizer  and  fuel  jets  was  3:1. 
Mean  velocities  and  Reynolds  stresses  are  in  good  agreement  with  experimental 
data.  Animated  results  clearly  show  that  intermittent  pockets  of  fuel-rich  fluid 
are  able  to  cross  the  annular  air  jet,  virtually  undiluted,  to  be  entrained  into  the 
recirculation  zone.  The  results  further  show  that  most  of  the  fuel-rich  fluid  is 
entrained  into  the  recirculation  zone  around  the  instantaneous  reattachment  point 
of  the  flow.  Fuel  trapped  in  the  recirculation  zone  is  for  the  most  part  entrained 
back  into  the  step  shear  layer  close  to  the  base  of  the  burner,  indicating  that  this 
is  a  likely  location  for  a  pilot  flame  (consistent  with  experimental  observations). 
Furthermore,  the  fuel  concentration  in  the  recirculation  zone  is  highest  at  the  base 
of  the  burner,  which  strengthens  the  likelihood  of  finding  the  pilot  flame  at  this 
location.  The  mean  concentration  of  fuel  predicted  in  the  recirculation  zone  is 
above  the  lean  flammability  limit,  indicating  that  the  flame  would  be  attached. 
This  is  consistent  with  the  fuel-rich  inflow  condition  used. 
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PART  I 


Large  Eddy  Simulation  of  Turbulent  Flow 

over  a 

Backward  Facing  Step 


- 1  - 


Chapter  1 


INTRODUCTION 


1.1  Motivation  Sz  Objectives 

In  large  eddy  simulation  (LES)  only  the  large  energy- containing  eddies  are 
computed  explicitly,  whereas  the  effect  of  the  unresolved  subgrid  scales  is  predicted 
using  a  subgrid  scale  (SGS)  model.  The  main  idea  behind  LES  is  based  on  the 
observation  that  most  of  the  momentum  transport  is  carried  out  by  the  large  scale 
energy-containing  eddies,  and  LES  should  therefore  be  less  sensitive  to  modeling 
assumptions  than  the  Reynolds  averaging  approach.  It  is  also  observed  experimen¬ 
tally  that  small  scales  tend  to  be  more  isotropic  than  large  scales  and  it  should 
therefore  be  possible  to  describe  them  using  simpler,  more  universal  models. 

The  reason  for  focusing  on  large  eddy  simulation  is  that  even  with  today’s 
super-computers,  direct  numerical  simulation  remains  very  expensive  and  is  there¬ 
fore  regarded  unpractical  for  engineering  applications,  limiting  its  use  to  funda¬ 
mental  turbulence  research.  In  addition,  the  commonly  used  Reynolds  averaged 
technique  has  faced  difficulties  in  predicting  some  important  complex  flows. 

Earlier  subgrid  scale  models  suffered  from  the  same  type  of  limitations  as  the 
commonly  used  Reynolds  averaged  models  in  that  they  contained  parameters  which 
had  to  be  specified  prior  to  a  simulation,  and  required  ad  hoc  factors  such  as  wail 
damping  functions.  This  is  a  difficult  task  in  complex  flow  situations  where  the 
optimum  values  of  the  model  parameters  tend  to  be  different  in  different  regions 
of  the  flow,  and  may  even  change  as  a  function  of  time.  The  dynamic  subgrid 
scale  modeling  procedure  represents  a  new  approach  in  which  the  parameters  in 
the  subgrid  scale  model  are  determined  dynamically  as  a  function  of  space  and 
time  during  the  simulation  according  to  the  instantaneous,  local  conditions  of  the 
flow. 
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The  dynamic  subgrid  scale  (DM)  model  was  initially  tested  in  turbulent  chan¬ 
nel  flow  and  in  flow  going  through  transition  (Germano  et  ai,  1991),  in  compressible 
and  incompressible  isotropic  turbulence  (Moin  et  al.,  1991)  and  in  channel  flow  with 
passive  scalar  transport  (Cabot  &  Moin,  1991).  It  produced  very  good  results  in  all 
these  flows.  However,  at  the  start  of  the  current  study,  the  model  had  not  yet  been 
properly  tested  in  complex  flows,  for  which  it  was  originally  developed.  After  the 
initial  introduction  of  the  DM  model  in  1991  the  model  has  undergone  analysis  and 
modiflcations.  In  particular  it  was  pointed  out  that  the  underlying  algebra  con¬ 
tained  a  mathematical  inconsistency.  This  led  to  the  development  of  the  dynamic 
localization  (DLM)  model,  which  has  a  rigorous  mathematical  basis. 

The  main  objective  of  this  work  was: 

“To  implement,  and  assess  the  performance  of  the 
dynamic  subgrid  scale  model  and  the  dynamic 
localization  model  in  a  complex  flow”. 

The  test  case  chosen  was  turbulent  flow  over  a  backward  facing  step.  The 
backward  facing  step  is  a  benchmark  flow  which  has  been  studied  extensively  in  the 
past,  both  numerically  and  experimentally.  There  are  numerous  databases  which 
can  be  used  for  comparison  and  veriflcation  of  results.  The  extensive  study  of  the 
backward  facing  step  is  due  to  the  fact  that  even  though  the  geometry  itself  is  fairly 
simple  it  gives  rise  to  a  large  number  of  distinctly  different  flow  regimes,  including 
boundary  layers,  a  mixing  layer,  reattachment,  flow  reversal  and  recovery,  all  in  the 
presence  of  a  strong  adverse  pressure  gradient. 
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1.2  Survey  of  Previous  Work 

Many  studies  in  which  large  eddy  simulation  (LES)  has  been  used  to  study 
turbulent  flow  in  simple  geometries,  or  with  simple  boundary  conditions,  have  been 
performed  during  the  past  25  years.  During  the  recent  5-10  years  LES  has  been 
applied  to  increasingly  more  complex  flows,  and  a  few  of  these  studies  are  summa¬ 
rized  below.  Special  attention  is  given  to  work  covering  LES  of  turbulent  flow  over 
the  backward  facing  step.  (For  a  review  of  earlier  LES  work,  see  Rogallo  &  Moin, 
1984.  A  review  of  recent  advances  in  LES  is  provided  by  Moin  k  Jimenez,  1993, 
and  Moin  et  ai,  1994). 

Bardina  et  al.  (1983)  were  the  first  to  suggest  using  information  from  the 
smallest  resolved  scales  in  the  prediction  of  the  subgrid  scale  stresses.  This  led  to 
the  development  of  the  scale  similarity  model  and  the  mixed  model.  The  desired 
information  was  extracted  by  applying  the  filtering  operation  twice.  Bardina  et 
al.  (1983)  applied  this  idea  with  considerable  success  to  homogenous  isotropic  and 
rotating  turbulent  flows,  as  well  as  homogenous  sheared  flows.  Bardina’s  idea  was 
later  carried  further  by  Germano  et  al.  (1991),  who  developed  the  so-called  dynamic 
subgrid  scale  (DM)  model. 

Zang  et  al.  (1993)  combined  the  mixed  model  with  the  DM  model  thereby 
creating  what  was  termed  the  dynamic  mixed  model.  Since  the  DM  model  is 
based  on  Smagorinsky’s  parameterization,  it  too  assumes  that  the  principal  axes  of 
the  SGS  stress  tensor  are  aligned  with  those  of  the  resolved  strain  rate  tensor,  a 
result  which  is  not  supported  by  direct  numerical  simulation  (Bardina  et  al.,  1983). 
Bardina’s  model,  on  the  other  hand  is  not  constrained  by  this  assumption  and 
was  used  by  Zang  et  al.  (1993)  as  the  basic  parameterization  for  the  subgrid  scale 
stresses.  Zang  et  al.  (1993)  applied  the  dynamic  mixed  model  to  LES  of  a  lid-driven 
cavity  flow  at  Reynolds  numbers  ranging  from  laminar,  through  transitional  to  fully 
turbulent  flow.  First  and  second  order  statistics  show  overall  good  agreement  with 
DNS  and  experimental  data,  and  according  to  Zang  et  al.  (1993)  the  agreement  is 
somewhat  better  than  that  obtained  with  the  DM  model. 

Recently  Piomelli  (1993)  used  the  DM  model  to  calculate  turbulent  flow  in  a 
channel  at  Reynolds  numbers  (based  on  friction  velocity  and  half  channel  width) 
ranging  from  200  to  2000,  thus  including  Reynolds  numbers  significantly  higher 
than  in  previous  simulations.  The  calculations  used  no-slip  conditions  at  the  wall 
despite  the  resolution  being  fairly  coarse  for  the  higher  Reynolds  number  cases.  The 
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resolution  used  for  the  highest  Reynolds  number  case  was  64  x  81  x  80  points  in  the 
streamwise,  wall-normal  and  spanwise  directions,  respectively.  The  corresponding 
resolution  in  wall  units  was  Aa:'*'  =  244,  [77  >  >  1.5],  and  Az'^  =  40. 

An  interesting  result  from  the  study  is  that  first  and  second  order  statistics  were 
predicted  accurately  despite  the  fact  that  the  mean  spacing  of  low-speed  streaks  was 
calculated  to  be  310  wall  units.  This  is  about  three  times  the  commonly  accepted 
value  of  about  100  wall  units. 

Friedrich  k  Arnal  (1990)  and  Arnal  k  Friedrich  (1991,  1992)  have  analyzed 
turbulent  flow  over  a  backward  facing  step  using  the  subgrid  scale  model  of  Schu¬ 
mann  (1975).  They  also  used  Smagorinsky’s  (1963)  model  for  comparison  in  one 
of  their  studies.  All  studies  used  a  computational  domain  with  an  expansion  ratio 
of  2  and  a  wall  at  the  upper  boundary.  The  inflow  boundary  condition  consisted 
of  planes  of  data  taken  from  a  fully  developed  turbulent  channel  calculation.  The 
calculations  used  uniform  grid  in  all  three  coordinate  directions.  Since  the  wall  lay¬ 
ers  could  not  be  resolved,  approximate  boundary  conditions,  similar  to  those  used 
by  Schumann  (1975)  were  employed.  The  Reynolds  number  was  165000,  based 
on  inlet  channel  centerline  velocity  and  step  height,  h.  Results  from  the  studies 
were  compared  with  experimental  values  obtained  by  Durst  k  Schmitt  (1985)  at 
Reynolds  number  113000,  as  well  as  experimental  data  obtained  by  Tropea  (1982), 
at  Reynolds  number  11000. 

Friedrich  k  Arnal  (1990)  used  a  grid  containing  128  x  32  x  32  points  in  the 
streamwise,  wall-normal  and  spanwise  directions,  respectively.  Based  on  the  friction 
velocity,  in  the  inlet  section  this  corresponds  to  a  grid  spacing  in  wall  units  of 
810  X  405  X  810  in  the  three  coordinate  directions.  The  computational  domain 
extended  16  step  heights  in  the  streamwise  direction  and  4  step  heights  in  the 
spanwise  direction,  with  the  inflow  being  imposed  at  the  corner  of  the  step.  Even 
though  the  mean  streamwise  velocity  agrees  reasonably  well  with  experimental  data, 
the  agreement  in  the  mean  wall-normal  velocity  is  marginal.  Turbulent  intensities 
also  show  large  discrepancies  when  compared  with  the  experiments. 

The  reattachment  location,  Xr,  is  used  extensively  for  comparison  with  exper¬ 
imental  data.  Friedrich  k  Arnal  (1990)  report  their  reattachment  location  to  be  at 
7. Oh,  compared  to  8.6h  (Tropea,  1982)  and  8.5h  (Durst  k  Schmitt,  1985).  Friedrich 
k  Arnal  (1990)  attribute  some  of  this  difference  to  differences  in  the  state  of  the 
flow  upstream  of  the  step,  in  addition  to  the  coarse  grid  resolution.  In  addition, 
Friedrich  k  Arnal  argue  that  the  flow  in  the  experiment  by  Durst  k  Schmitt  (1985) 
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was  not  fully  developed  before  reaching  the  step.  This  might  explain  some  of  the 
discrepancies.  However,  the  discrepancies  are  more  likely  due  to  a  combination  of 
poor  grid  resolution,  the  use  of  artificial  wall-boundary  conditions,  differences  in 
the  flow  condition  upstream  of  the  step,  and  problems  with  the  SGS  model. 

The  study  was  later  extended  by  Arnal  &  Friedrich  (1991)  to  evaluate  the 
influence  of  spatial  resolution  as  well  as  the  effect  of  increasing  the  extent  of  the 
computational  domain  in  the  spanwise  direction.  An  inlet  section  of  4  step  heights 
was  also  added  to  the  computational  domain.  The  Reynolds  number  and  other 
parameters  were  the  same  as  in  the  previous  study  (Friedrich  &  Arnal,  1990). 
Three  uniformly  spaced  grids  were  used  (covering  the  full  computational  domain, 
including  the  inlet  section):  80  x  16  x  16,  160  x  32  x  32,  and  320  x  48  x  64,  in 
the  streamwise,  wall- normal  and  spanwise  directions,  respectively.  The  predicted 
reattachment  lengths  were  7.2h  for  the  finest  grid,  7.3h  for  the  middle  grid,  and 
7.7h  for  the  coarse  grid.  Since  the  difference  in  the  predicted  mean  reattachment 
length  for  the  two  finer  grids  was  less  than  2  percent,  Friedrich  &  Arnal  concluded 
that  the  middle  grid  was  adequate,  at  least  for  prediction  of  the  mean  reattachment 
length.  This  grid  was  the  same  as  that  used  in  the  previous  study  (apart  from  the 
inlet  section). 

Arnal  &  Friedrich  (1991)  also  investigated  the  effect  of  the  shape  of  the  grid 
cells  and  found  that  using  cubical  grid  cells  rather  than  cuboid  (rectangular  2-D 
projections)  ones  gave  results  in  better  agreement  with  experiments.  When  going 
from  rectangular  to  cubical  grid  cells  the  reattachment  length  increased  from  7.3  to 
8.5  step  heights.  They  attributed  this  to  deficiencies  in  the  filtering  procedure  which 
involves  integration  of  the  variables  over  control  volumes.  Arnal  &  Friedrich  (1991) 
investigated  the  adequacy  of  the  spanwise  extent  of  the  computational  domain 
by  running  simulations  where  the  spanwise  extent  was  changed  from  2  to  8  step 
heights.  Again  using  the  reattachment  location  as  indicator,  they  found  that  with 
a  spanwise  width  of  about  4-6  step  heights,  the  results  were  little  affected  by  the 
spanwise  periodic  boundary  condition.  Le  &  Moin  (1994)  investigated  the  two  point 
correlations  in  their  DNS  of  the  backward  facing  step  at  Re  =  5100  and  found  that 
a  spanwise  width  of  at  least  4  step  heights  was  necessary  to  minimize  the  influence 
of  the  periodic  boundary  condition. 

Results  from  the  literature  (e.g..  Blowers,  1973;  Castro,  1977;  Caruso,  1985) 
as  well  as  the  present  study  (see  later  chapters)  show  that  it  is  important  to  resolve 
the  flow  around  the  corner  of  the  step  in  the  streamwise  as  well  as  wall-normal 
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direction  where  large  truncation  errors  associated  with  the  corner  singularity  may 
be  present.  This  was  not  done  in  any  of  the  studies  by  Arnal  &  Friedrich,  and 
might  be  a  possible  explanation  for  the  discrepancies  reported. 

Morinishi  &  Kobayashi  (1990)  performed  large  eddy  simulations  of  turbulent 
flow  over  a  backward  facing  step  at  Reynolds  number  46000  (based  on  step  height,  h, 
and  inlet  velocity).  The  expansion  ratio  was  1.5  and  the  inflow  boundary  condition 
consisted  of  fully  developed  turbulent  channel  flow.  Approximate  boundary  condi¬ 
tions,  constructed  to  match  the  law  of  the  wall,  were  used  at  the  walls.  The  grid  was 
uniform  in  the  streamwise  direction  between  the  step  and  x/h  =  15.  After  that  the 
streamwise  grid  was  stretched  at  a  rate  of  6  percent  per  point.  Both  uniform  and 
non-uniform  wall-normal  grids  were  used.  The  computational  domain  had  an  inlet 
section  of  2h  and  extended  ZOh  downstream  of  the  step.  The  spanwise  extent  was 
only  2h,  which  according  to  the  results  of  Arnal  &  Friedrich  (1991)  and  Le  &  Moin 
(1994)  probably  was  too  small.  A  modified  version  of  the  Smagorinsky  (1963)  model 
was  used  for  most  of  the  calculations.  In  this  model,  Cs  is  determined  as  a  function 
of  two  adjustable  parameters.  (The  model  is  described  in  a  paper  by  Yoshizawa, 
1989).  Morinishi  &  Kobayashi  (1990)  used  the  experimental  study  of  Kim  et  al. 
(1978)  as  reference  for  their  calculations.  They  obtained  a  reattachment  length  of 
9.2h  using  230  x  30  x  20  grid  points  in  the  streamwise,  wall-normal  and  spanwise 
directions,  respectively.  (The  wall-normal  grid  had  a  uniform  grid  distribution). 
When  increasing  the  number  of  grid  points  in  the  wall-normal  direction  from  30  to 
50,  switching  to  a  non-uniform  distribution,  the  reattachment  location  decreased  to 
7.1h.  The  latter  agrees  well  with  the  reattachment  length,  Xr  =  7  ±  Ih,  measured 
by  Kim  et  al.  (1978).  A  third  calculation  performed  using  Smagorinsky ’s  model, 
with  Cs  =  0.1,  gave  a  reattachment  length  of  6.6h.  The  difference  in  the  reattach¬ 
ment  length  in  the  three  cases  is  correlated  to  the  computed  turbulent  shear  stress 
immediately  downstream  of  the  step.  Increasing  turbulent  shear  stress  means  bet¬ 
ter  mixing  in  the  shear  layer  which  produces  a  shorter  reattachment  length.  This 
is  consistent  with  the  results  of  Morinishi  &  Kobayashi  (1990).  The  fact  that  the 
state  of  the  boundary  layer  at  the  separation  point  has  a  strong  influence  on  the 
reattachment  length  was  also  demonstrated  by  Isomoto  &  Honami  (1989).  Based 
on  an  experimental  study  at  Reynolds  number  32000,  they  concluded  that  the  reat¬ 
tachment  length  decreased  with  increasing  (streamwise)  turbulence  intensity  near 
the  wall  at  the  separation  point. 

The  agreement  in  the  mean  velocity  profiles  between  the  computational  case 
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giving  Xr  —  l.lh  and  experiments  is  only  marginal,  which  Morinishi  &  Kobayashi 
(1990)  suggest  is  due  to  the  experimental  flow  not  being  fully  developed.  There 
axe  also  signiflcant  discrepancies  between  experiments  and  calculations  in  tmbu- 
lence  intensities  at  most  stations  downstream  of  the  step.  The  reasons  for  the 
discrepancies  are  likely  a  combination  of  poor  grid  resolution  (notice  the  signiflcant 
change  obtained  in  Xr  when  changing  the  wall- normal  grid),  the  use  of  approxi¬ 
mate  boundary  conditions,  problems  with  the  subgrid  scale  model,  and  a  too  narrow 
computational  domain.  It  should  be  mentioned  that  Le  &  Moin  found,  using  DNS, 
that  the  flow  over  a  backward  facing  step  does  not  obey  the  law  of  the  wall  immedi¬ 
ately  downstream  of  reattachment.  (Their  analysis  showed  that  in  this  region,  the 
velocity  profile  was  shifted  significantly  below  the  log  law).  In  fact,  a  significant  re¬ 
covery  length  was  needed  for  the  flow  to  reproduce  the  law  of  the  wall.  This  means 
that  approximate  boundary  conditions  designed  to  match  the  law  of  the  wall  may 
not  be  appropriate  (even  in  the  recovery  region)  for  the  backward  facing  step  (or 
many  other  complex  flows). 

Recently,  Neto  et  al.  (1993)  completed  what  they  called  a  statistical  and 
topological  study  of  turbulent  flow  over  the  backward  facing  step,  using  both  DNS 
and  LES.  The  subgrid  scale  model  used  in  the  LES  study  was  the  structure-function 
model  proposed  by  Metais  &  Lesieur  (1992).  The  inflow  boundary  condition  was 
imposed  at  the  corner  of  the  step,  and  consisted  of  a  mean  velocity  profile,  17(?/), 
with  superimposed  random  “white  noise”.  Two  cases  were  considered;  one  with 
expansion  ratio  1.67  and  Reynolds  number  38000,  and  the  other  with  expansion 
ratio  5  and  Reynolds  number  6000.  In  the  high  Reynolds  number  case  the  mean 
velocity  profile  at  the  inlet  was  taken  from  an  experimental  investigation  by  Eaton 
&  Johnston  (1980);  in  the  low  Reynolds  number  case  a  uniform  mean  velocity  profile 
was  assumed.  Approximate  boundary  conditions,  based  on  the  law  of  the  wall,  were 
used  along  the  walls.  At  the  low  Reynolds  number,  130  x  25  x  40  grid-points  were 
used  in  the  streamwise,  wall-normal,  and  spanwise  directions,  respectively,  both 
for  the  LES  and  DNS  cases.  In  the  high  Reynolds  number  case  two  grids  were 
used:  90  x  16  x  16,  and  200  x  30  x  30.  Both  grids  were  used  for  LES,  but  only 
the  coarsest  grid  was  used  for  DNS.  It  should  also  be  mentioned  that  the  numerical 
algorithm  is  based  on  a  third  order  upwind  biased  spatial  discretization  scheme  for 
the  convective  terms,  which  introduces  numerical  diffusion. 

Le  &  Moin  (1994)  showed  that  large  errors  in  the  solution  occur  when  an  inlet 
boundary  condition,  based  on  random  numbers,  is  imposed  at  the  corner  of  the 
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step.  They  also  showed  that  the  law  of  the  wall  does  not  hold  in  the  recovery 
region  which  means  that  approximate  boundary  conditions  designed  to  reproduce 
the  law  of  the  wall  will  be  inaccurate.  Results  from  the  present  study  verifies 
that  the  fiow  downstream  of  the  step  is  very  sensitive  to  the  conditions  upstream 
of  the  step,  and  care  should  therefore  always  be  taken  when  designing  the  infiow 
boundary  condition.  Thus  it  is  perhaps  not  surprising  that  the  results  of  Neto 
et  ah's  (1993)  calculations  show  rather  poor  agreement  with  experimental  data 
(Eaton  &  Johnston,  1980),  particularly  in  quantities  like  Reynolds  stresses  and 
turbulent  kinetic  energy.  Even  mean  streamwise  velocity  profiles  show  significant 
discrepancies  (all  cases)  when  compared  with  experiments. 

Other  types  of  complex  flows  have  also  been  computed  recently  using  LES.  For 
instance,  Breuer  &  Rodi  (1994)  used  both  the  Smagorinsky  (1963)  model  and  the 
DM  model  to  study  turbulent  flow  in  a  square  duct  and  through  a  180  deg  bend, 
with  square  cross-section.  Two  Reynolds  numbers  were  considered.  Re  =  4100 
and  Re  =  56690.  Because  of  the  high  Reynolds  number,  approximate  boundary 
conditions  were  applied  at  the  walls.  Periodic  boundary  conditions  were  applied 
in  the  streamwise  direction  for  the  straight  duct,  whereas  the  bend  was  fed  the 
velocity  field  extracted  from  a  plane  of  the  straight  duct.  Since  the  latter  flow  has 
no  homogenous  directions,  the  well  known  numerical  instability  problem  associated 
with  the  early  formulation  of  the  DM  model  was  removed  by  averaging  the  model 
coefficient  in  time  (following  the  procedure  applied  by  Akselvoll  &  Moin,  1993). 
Whereas  good  agreement  with  DNS  and  experimental  data  was  obtained  in  the 
low  Reynolds  number  case,  only  qualitative  agreement  was  obtained  in  the  high 
Reynolds  number  case. 

Balaras  &:  Benocci  (1994)  performed  a  similar  calculation  of  turbulent  flow  in 
a  square  duct  using  Reynolds  numbers.  Re  =  4410  and  Re  =  42000  (based  on 
bulk  velocity  and  hydraulic  diameter).  An  improved  approximate  wall  boundary 
condition,  based  on  the  solution  of  a  simplified  model  equation  for  each  velocity 
component  in  the  wall  region,  was  used.  The  DM  model  was  used  to  represent  the 
subgrid  scale  stresses.  Mean  velocity  field  and  low  order  statistics  compare  well  with 
the  reference  data,  and  a  significant  improvement  in  the  results  is  observed  when 
using  the  DM  model  compared  with  the  Smagorinsky  model.  The  improved  model 
used  for  the  wall  boundaries  was  found  to  be  more  accurate  than  other  existing 
models.  It  is  worth  mentioning  that  all  calculations  were  performed  on  a  desktop 
workstation,  requiring  less  than  15  hours  of  CPU  time. 
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Several  researchers  have  studied  flows  in  cylindrical  geometries  using  LES. 
Eggels  et  al.  (1994)  studied  turbulent  flow  in  pipes  and  Eggels  &  Nieuwstadt 
(1993)  studied  turbulent  flow  in  an  axially  rotating  pipe  using  the  Smagorinsky 
(1963)  model.  Fatica  et  al.  (1994)  used  both  LES  and  DNS  to  study  a  temporally 
evolving  round  jet  at  low  Reynolds  number  using  both  the  Smagorinsky  (1963) 
model  (with  Cs  =  0.1)  and  the  DM  model.  The  Reynolds  number  was  800,  based 
on  the  centerline  velocity  and  one-fifth  the  radius  of  the  jet.  Generally  good  results 
were  obtained  using  both  models. 

Yang  &  Ferziger  (1993)  used  the  DM  model  to  do  LES  of  low  Reynolds  number 
turbulent  flow  in  a  channel  with  a  two-dimensional  obstacle  mounted  on  one  wall. 
The  wall  layers  were  resolved  and  the  results  were  compared  with  LES  results 
obtained  using  the  Smagorinsky  model  {Cs  =  0.1)  as  well  as  results  from  a  direct 
numerical  simulation.  Overall  agreement  with  DNS  results  was  good  when  using 
the  DM  model,  and  represented  an  improvement  over  the  standard  Smagorinsky 
model. 

Hoffmann  &  Benocci  (1994)  used  large  eddy  simulation  to  calculate  a  jet  issuing 
from  a  2-D  slit  onto  a  flat  plate.  A  slightly  modified  form  of  the  DM  model  was 
used  to  represent  the  subgrid  scale  stresses.  The  modification  essentially  amounted 
to  using  test-filtered  variables  instead  of  grid-filtered  variables  in  the  equation  for 
the  the  model  parameter,  C.  The  aim  was  to  reduce  the  time  correlation  of  negative 
eddy  viscosities,  in  order  to  avoid  numerical  instability  problems.  No  comparison 
with  experimental  results  was  performed,  however,  the  main  physiced  features  of 
the  flow  were  correctly  predicted. 

As  is  evident  from  the  present  summary,  LES  has  gone  through  a  significant 
development  during  the  past  25  years.  This  has  been  made  possible  partly  by  the 
increase  in  computer  power,  but  also  as  a  result  of  improved  subgrid  scale  models, 
of  which  the  DM  model  is  the  most  promising.  In  the  space  permitted  only  a  flavor 
of  the  past  and  current  work  with  LES  could  be  covered.  However,  there  is  a  large 
ongoing  effort  to  push  LES  to  the  point  where  it  can  be  used  as  a  tool  for  predicting 
flows  of  engineering  interest. 
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1.3  Accomplishments 

Specific  accomplishments  of  this  study  were  as  follows: 

•  Demonstrated  that  LES,  based  on  either  the  DM  model,  the  DLM  model,  or 
the  Smagorinsky  model  gives  results  in  excellent  agreement  with  DNS  and 
experiments  using  less  than  1  percent  of  the  computer  time  needed  in  DNS. 

•  Demonstrated  that  the  DM  model,  the  DLM  model,  and  the  Smagorinsky 
model  give  nearly  identical  results  at  both  Reynolds  numbers  studied. 

•  Demonstrated  that  the  total  dissipation  is  the  same  using  the  DM  model, 
the  DLM  model,  or  the  Smagorinsky  model,  despite  the  fact  that  the  SGS 
contribution  to  dissipation  may  vary  between  the  models. 

•  Demonstrated  that  the  SGS  contribution  to  the  turbulent  shear  stress 
generally  is  low  (less  than  10  percent),  whereas  the  SGS  model  contributes 
more  than  80  percent  of  the  total  dissipation. 

•  Demonstrated  the  importance  of  properly  resolving  the  flow  around  sharp 
corners  whether  performing  LES  or  DNS. 

•  Demonstrated  the  strong  sensitivity  of  the  flow  in  the  downstream  region 
to  the  condition  of  the  flow  upstream  of  the  step. 

•  Demonstrated  that  a  method,  based  on  random  numbers,  used  to  generate 
inflow  turbulence  in  DNS  of  the  backward  facing  step  is  not  applicable  in 
low  Reynolds  number  LES. 
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MATHEMATICAL  FORMULATION 


The  governing  equations  for  large  eddy  simulation  (LES)  are  obtained  by  filter¬ 
ing  the  continuity  and  Navier-Stokes  equations.  Section  2.1  describes  these  equa¬ 
tions.  Properties  of  a  few  commonly  used  subgrid  scale  models  and  the  dynamic 
subgrid  scale  models  are  presented  in  section  2.2.  Details  of  two  variations  of  the 
dynamic  model,  the  dynamic  subgrid  scale  (DM)  model  (Germano  et  ai,  1991)  and 
the  dynamic  localization  (DLM)  model  (Ghosal  et  ai,  1994)  are  given. 


2.1  Governing  Equations 

The  fiow  is  nondimensionlized  using  the  step  height,  h,  and  inlet  free-stream 
velocity,  Uq.  The  non-dimensional  quantities  are  given  by: 


Ui 


1  _ 

^  “  Wo 


(2.1-1) 


In  the  present  work,  r  or  ri  is  used  to  represent  the  streamwise  direction,  y  or  X2 
the  wall-normal  direction,  and  ^  or  xz  the  spanwise  direction.  The  corresponding 
velocity  components  are  denoted  u,  v  and  w  or  ui,  U2,  and  uz. 

The  non-dimensional  Navier-Stokes  and  continuity  equations  are: 


dui  duiUj  dp  1  d^Ui 

dt  dxj  dxi  Re  dxjdxj 


(2.1-2) 

(2.1-3) 
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In  large  eddy  simulation  the  velocity  Ui  is  decomposed  into  a  large  scale  com¬ 
ponent  Ui  and  a  subgrid  scale  component  u\: 


Uj  =  Ui  -b  u\ 


(2.1-4) 


The  large  scale  field  is  defined  by  filtering: 

Ui(x)  =  J  G(x,y)  Ui(y)  dy  (2.1-5) 

where  the  integral  is  extended  over  the  entire  fiow  field.  G(x,y)  is  any  kernel  that 
serves  to  damp  all  spatial  fiuctuations  shorter  than  some  characteristic  length,  and 
X,  y  are  position  vectors.  In  the  present  work  an  overline  over  a  symbol  is  used  to 
indicate  a  filtered  quantity. 

The  governing  equations  of  large  eddy  simulation  are  obtained  by  applying  the 
filtering  operation  defined  in  equation  2.1-5  to  equations  2.1-2  and  2.1-3.  However, 
in  order  to  obtain  equations  2.1-6  and  2.1-7  it  has  been  assumed  that  filtering 
commutes  with  the  differential  operators  in  the  equations.  Several  filters,  like  the 
Gaussian  filter  and  the  sharp  cutoff  filter,  have  been  shown  to  have  this  property 
in  homogenous  flow  (see  Piomelli  et  al.,  1987;  Moin  et  al.,  1978;  Moin  &  Kim, 
1982).  In  LES  of  turbulent  channel  flow  Piomelli  et  al.,  (1987)  used  the  box  filter 
with  variable  width  in  the  wall-normal  direction  to  account  for  the  variation  of  the 
turbulence  length  scales  with  distance  from  the  wall.  This  filter  also  satisfies  the 
commutivity  requirement.  For  general  inhomogenous  flows  Ghosal  &  Moin  (1993) 
proposed  an  alternate  definition  of  the  filtering  operation  for  which  differentiation 
and  filtering  commutes  up  to  an  error  which  is  second  order  in  the  filter  width. 

The  filtered  Navier-Stokes  and  continuity  equations  become: 


dui  duiUj 
dt  dxj 


d(t>  1  d'^ui 
dxi  Redxjdxj 


dqij 

dxj 


dui 

dxi 


=  0 


(2.1-6) 

(2.1-7) 


In  equation  2.1-6,  qij  represents  the  anisotropic  part  of  the  subgrid  scale  stress 
tensor,  Tij.  The  subgrid  scale  stress  tensor  describes  the  effect  of  the  unresolved 
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small  scales  on  the  resolved  scales.  In  the  simplest  eddy- viscosity  models  only  the 
anisotropic  part  of  the  tensor  is  modeled  because  it  is  assumed  that  the  subgrid  scale 
stress  tensor  is  proportional  to  the  strain  rate  tensor  Sij  =  ^{duildxj  +  dujfdxi), 
which  for  incompressible  flow  is  trace  free,  qij  must  therefore  also  be  trace  free.  The 
trace  of  the  subgrid  scale  stress  tensor,  Tij,  is  lumped  together  with  the  pressure,  p, 
to  give  the  “pseudo” -pressure  <f).  (For  convenience,  (j)  Is  referred  to  as  the  pressure 
throughout  this  report),  qij  and  ^  are  defined  as: 


where. 


Qij  —  Tij  ^T/ihSij 
(i>  =  P+lTkk 

Tij  =  UiUj  —  UiUj 


(2.1-8) 

(2.1-9) 


Equations  2.1-6  and  2.1-7  are  the  governing  equations  for  large  eddy  simulation 
of  incompressible  flow  (with  constant  molecular  viscosity,  and  no  body  forces).  In 
order  to  close  the  equations  a  subgrid  scale  model  has  to  be  introduced  to  represent 
the  subgrid  scale  stress  tensor,  Tij  (or  qij).  Such  models  are  description  in  the  next 
section. 
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2.2  Residual  Stress  Models 

The  basic  philosophy  of  large  eddy  simulation  is  to  explicitly  compute  the  large- 
scale  motions  that  are  resolved  on  the  grid  and  to  model  the  small  scales.  Since 
the  momentum  transport  is  carried  out  by  the  large-scale  energy-containing  eddies, 
LES  is  presumably  less  sensitive  to  modeling  assumptions  than  for  instance  the 
Reynolds  averaging  approach.  Also,  since  small  scales  tend  to  be  more  isotropic 
than  large  scales  it  should  be  possible  to  parametrize  them  with  simpler,  more 
universal  models  than  standard  Reynolds  stress  models. 

The  following  three  sections  describe  the  models  used  in  the  present  study. 
These  models  are  known  as  dynamic  subgrid  scale  models  because  parameters  ap¬ 
pearing  in  the  models  are  computed  as  a  function  of  space  and  time  during  the 
simulation.  In  conventional  models  such  parameters  have  to  be  specified  prior  to 
the  simulation  and  are  usually  not  allowed  to  vary  in  space  or  time.  Since  the 
optimum  values  of  these  parameters  tend  to  be  different  in  different  flows  as  well  as 
in  different  flow  regimes,  the  conventional  models  are  usually  not  very  well  suited 
for  flows  in  complex  geometries. 

2.2.1  Background 

The  most  commonly  used  model  for  the  subgrid  scale  stress  tensor  is  an  eddy- 
viscosity  model  due  to  Smagorinsky  (1963).  One  way  to  derive  the  model  is  to 
assume  that  production  and  dissipation  of  subgrid  scale  turbulent  kinetic  energy 
are  in  balance.  The  model  is: 


qij  =  -2utSij  (2.2-1) 

where, 

=CA"|5|,  5y  =  5(^  +  ^)-  |S|  =  ^2SiiSii  (2.2-2) 

Sij  is  the  strain  rate  tensor  (based  on  the  large  scale  velocity  field),  and  A  is  a 
length  scale,  usually  taken  to  be  proportional  to  a  measure  of  the  grid  spacing. 
C  is  a  proportionality  factor  which  in  the  standard  Smagorinsky  model  usually  is 
denoted  by  Cs,  where  Cs  is  equal  to  the  square  root  of  C. 
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Equation  2.2-1  is  substituted  into  equation  2.1-6  in  order  to  obtain  the  final 
form  of  the  governing  equations  for  large  eddy  simulation  used  in  the  present  study: 


dui  duiUj 
dt  ^  dxj 


d(i>  d  (  dui 

dxi  dxj  I  dxj 


duj  1 


(2.2-3) 


duj 

dxi 


=  0 


(2.2-4) 


where  i/  is  the  total  viscosity,  equal  to  the  sum  of  the  inverse  Reynolds  number  and 
the  eddy- viscosity,  u  =  1/ Re  -f  Uf. 

Smagorinsky  model 

In  the  Smagorinsky  model  C  (or  Cs)  is  a  tunable  parameter  that  must  be 
specified  prior  to  a  simulation.  Lilly  (1966,  1967)  found  that  if  the  grid  cutoff  is 
within  the  inertial  sub-range  in  isotropic  turbulence,  and  A  is  equal  to  the  grid  size, 
Cs  =  0.23.  In  the  presence  of  mean  shear,  however,  this  value  was  found  to  cause 
excessive  damping  of  large-scale  fluctuations,  and  in  his  simulation  of  turbulent 
channel  flow,  Deardorff  (1970)  used  Cs  =  0.1.  A  priori  tests  by  McMillan  et 
al.  (1980)  on  homogenous  turbulence  confirmed  that  Cs  decreases  with  increasing 
mean  strain  rate.  {A  priori  tests  involve  directly  calculating  the  SGS  stresses  from 
DNS  data,  and  comparing  with  SGS  stresses  found  by  applying  a  SGS  model  to 
the  filtered  DNS  data).  Eggels  &  Nieuwstadt  (1993)  found  that  Cs  =  0.08  gave 
reasonable  results  in  a  large  eddy  simulation  of  turbulent  flow  in  an  axially  rotating 
pipe. 

As  is  evident  from  the  studies  listed,  Cs  is  far  from  being  a  universal  con¬ 
stant.  Another  drawback  of  the  Smagorinsky  model  is  the  fact  that  it  is  incapable 
of  properly  taking  into  account  the  reduction  in  length  scales  near  solid  walls.  Non¬ 
uniformity  of  the  computational  grid  in  the  wall-normal  direction  is  usually  not 
sufficient  to  account  for  the  variation  of  length  scales,  and  empirical  correlations 
are  commonly  used  near  walls.  Moin  &  Kim  (1982)  multiplied  A  by  the  Van  Driest 
(1956)  exponential  damping  function  to  account  for  the  reduction  in  length  scales. 
This  method  has  also  been  used  by  other  researchers.  A  similar  problem  is  en¬ 
countered  in  simulation  of  transition  to  turbulence  (e.g.  Piomelli  et  al.,  1990).  The 
Smagorinsky  model  predicts  excessive  damping  of  large  scale  structures  during  early 
stages  of  transition.  The  problem  has  been  “solved”  by  using  an  ad  hoc  procedure 
involving  multiplying  the  Smagorinsky  constant  by  an  intermittency  function  which 
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effectively  reduces  the  contribution  of  the  SGS  model  to  zero  in  the  laminar  and 
early  transitional  part  of  the  flow. 

Two  part  model 

In  LES  of  turbulent  channel  flow  Schumann  (1975)  introduced  a  two-part  eddy- 
viscosity  model  in  which  the  subgrid  scale  stresses  are  calculated  according  to: 

Qij  —  ^Sij'>xz)  2,U^  <i.Sij^xz  (2.2-5) 

where  <>xz  represents  averaging  over  planes  parallel  to  the  walls.  The  first  term  in 
the  model  is  supposed  to  account  for  locally  isotropic  subgrid  scale  stresses  whereas 
the  second  term  accounts  for  inhomogeneities  due  to  the  non-zero  component  of 
the  mean  shear.  Moin  &  Kim  (1982)  modeled  the  first  term  in  equation  2.2-5  using 
a  modified  Smagorinsky  model: 

Ut  =  <Sij>xz)  (Sij- <Sij>xz)y^\  =  CsA  (2.2-6) 

The  length  scale  t  is  some  measure  of  the  length  scales  in  all  directions.  For  the 
eddy- viscosity,  u* ,  Moin  &  Kim  (1982)  used: 

V*  =  t{2  <Sij>xz<Sij>xzY'‘",  t  =  c(£>A3)"  (2.2-7) 

which  in  their  case  was  supposed  to  account  for  the  production  of  subgrid  scale 
kinetic  energy  in  the  viscous  sublayer,  where  the  grid  resolution  (particularly  in  the 
spanwise  direction)  was  inadequate,  i*  depends  on  the  spanwise  grid  which  was 
too  coarse  to  resolve  important  near  wall  structures. 

Bardina  model 

This  model  is  based  on  the  assumption  that  the  main  interaction  between  the 
resolved  and  subgrid  scale  eddies  takes  place  between  the  smallest  resolved  eddies 
and  the  largest  subgrid  scale  eddies.  A  velocity  field  that  is  filtered  twice  will  only 
contain  the  largest  scales  of  motion  and  the  difference  between  a  filtered  veloc¬ 
ity  field  and  one  that  has  been  filtered  twice  will  therefore  contain  predominantly 
intermediate  scales  of  motion.  Bardina’s  scale  similarity  model  is  of  the  form: 
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However,  even  though  the  scale  similarity  model  correlates  well  with  the  sub¬ 
grid  scale  Reynolds  stresses,  it  does  not  dissipate  energy.  The  fix  to  this  problem, 
as  introduced  by  Bardina  et  al.  (1983)  was  to  use  a  linear  combination  of  the  scale 
similarity  model  and  the  Smagorinsky  model: 

Qij  —  C  ^(uiUj  UjUj)  2UfSij  (2.2-9) 

Bardina  et  al.  (1983)  tested  the  mixed  model  (eqn.  2.2-9)  in  homogenous 
isotropic  and  rotating  turbulent  flows  as  well  as  in  homogenous  sheared  flows  and 
concluded  that  the  combined  model  performs  better  than  the  Smagorinsky  model, 
but  the  differences  were  not  significant. 


2.2.2  The  Dynamic  Modeling  Procedure 


This  section  introduces  the  main  ideas  behind  the  dynamic  subgrid  scale  mod¬ 
eling  approach.  Two  different  version  of  the  model  are  described,  the  DM  model 
(Germano  et  al.,  1991)  and  the  DLM  model  (Ghosal  et  al.,  1994).  The  two  models 
are  based  on  the  same  basic  principles,  but  the  latter  has  removed  a  mathematical 
inconsistency  shown  to  be  present  in  the  DM  model. 

Consider  application  of  two  different  filters  to  the  equations  of  motion,  the 
so-called  grid  filter,  G,  and  test  filter,  G.  The  filter  width.  A,  of  the  test-filter  is 
assumed  to  be  larger  than  that  of  the  grid-filter,  A.  Applying  the  grid-filter  to 
the  Navier-Stokes  and  continuity  equations  give  equations  2.1-6  and  2.1-7.  Filter¬ 
ing  equations  2.1-6  and  2.1-7  once  more,  this  time  using  the  test-filter,  yields  the 
following  set  of  equations: 


cmj  d^jUj  ^  1  d^uj  dQij  (2  2-10) 

dt  dxj  dxi  Re  dxjdxj  dxj 

^=0  (2.2-11) 

OXi 

where, 

Qij  =  Tij  -  jTkkSij,  $  =  p  -f  |Tfcjk 

Tij  is  the  subgrid  scale  stress  tensor  at  the  test-filter  level.  The  subgrid  scale 
stress  tensors  at  the  grid-filter  and  test-filter  levels  are  given  in  equation  2.2-12  and 
2.2-13,  respectively. 
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Tij  =  UiUj  —  UiUj  (2.2-12) 

Tij  =  ujuj  —  UiUj  (2.2-13) 

It  is  easily  verified  that  the  subgrid  scale  stresses  at  the  two  filtering  levels  are 
related  to  the  smallest  resolved  turbulent  stresses,  Cjj,  by  the  following  expression: 


where, 


Cij  =  Tij  —  Tij  (2.2-14) 

Cij  =  UiUj —  UiUj  (2.2-15) 


It  is  then  assumed  that  the  subgrid  scale  stresses  corresponding  to  the  two 
filters  are  similar,  that  is,  both  are  parametrized  by  the  same  model,  which  in  this 
case  is  the  Smagorinsky  model: 

qij  =  Tij  -  ^TkkSij  =  -20^"  1515, y  (2.2-16) 

Qij  =  Tij  -  iTkkSij  =  -2Ct'|f  |fi,-  (2.2-17) 


The  filtered  strain  rate  tensors  are  given  by: 

=  +  =  (2.2-18) 

=  ®  =  (2.2-19) 

Substituting  equations  2.2-16  and  2.2-17  into  equation  2.2-15  gives  the  following 
expression: 

Cij  -  ICkkSij  =  -2A"{(5/A)2C'lf|f,y  -  (2.2-20) 

The  only  unknown  in  equation  2.2-20  is  the  model  coefficient,  C.  The  equation  can 
therefore  be  solved  to  yield  C  as  a  function  of  space  and  time. 
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In  closing  this  section  it  should  be  pointed  out  that  it  is  not  necessary  to  use  the 
Smagorinsky  model  to  parameterize  the  subgrid  scale  stresses  (qij  and  Qij).  The 
dynamic  modeling  procedure  is  general  and  can  be  used  to  determine  coefficients 
introduced  in  other  parameterizations.  For  alternative  parameterizations  see  for 
instance  Moin  (1991)  or  Ghosal  et  al.  (1994). 

2.2.3  The  Dynamic  Subgrid  Scale  Model 

The  original  version  of  the  dynamic  subgrid  scale  (DM)  model  (Germano  et  al., 
1991)  solved  equation  2.2-20  simply  by  contracting  both  sides  of  the  equation  by  the 
strain  rate  tensor,  Sij.  It  was  assumed  that  the  model  parameter  C  was  a  slowly 
varying  function  of  space,  which  justified  pulling  C  outside  the  test-filter  operation 
in  the  last  term  of  equation  2.2-20.  The  result  is  a  simple  algebraic  expression  from 
which  C  can  easily  be  determined. 

CijSij  =  -2CA^MkiSki  (2.2-21) 

where, 

Mki  =  (t/ A)2  |f  |f  (2.2-22) 

A  problem  with  equation  2.2-21  is  that  the  quantity  on  the  right  hand  side  might 
become  zero,  which  would  make  C  indeterminate  or  ill-conditioned.  Germano  et  al. 
therefore  assumed  that  for  channel  flow,  C  was  only  a  function  of  the  wall-normal 
coordinate  and  time.  To  this  end,  the  average  of  both  sides  of  equation  2.2-21 
was  taken  over  planes  parallel  to  the  wall  (indicated  by  <>xz)  which  results  in  the 
following  solution  to  equation  2.2-21: 


2<MkiSki>.. 


(2.2-23) 


Lilly  (1992)  used  a  slightly  different  approach  when  solving  equation  2.2-20. 
While  still  assuming  that  C  was  a  slowly  varying  function  of  space  he  used  the  least 
squares  approach  for  determining  C.  The  resulting  expression  for  C  is: 


1  CijMij 

2  MkiMki 


(2.2-24) 
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where  Mij  is  given  in  equation  2.2-22.  This  expression  for  C  is  expected  to  be  better 
behaved  than  the  un-averaged  version  of  equation  2.2-23  because  its  denominator 
is  positive  definite. 

One  problem  with  equation  2.2-24  (which,  by  the  way  is  also  present  in  equation 

2.2- 23)  is  that  the  model  parameter,  C,  may  become  negative,  in  which  case  the 
eddy- viscosity  also  becomes  negative.  Negative  eddy- viscosity  implies  flow  of  energy 
from  the  small  scales  to  the  larger  resolved  scales,  a  phenomena  known  as  back- 
scatter.  It  is  know  from  DNS  data  (Piomelli  et  al.,  1991)  that  the  forward  and 
reverse  cascade  of  energy  in  a  turbulent  flow  are  typically  of  the  same  order  of 
magnitude  with  a  slight  excess  of  the  former  accounting  for  the  overall  transfer  of 
energy  from  the  large  to  the  small  scales.  The  presence  of  back-scatter  is  therefore 
a  desirable  feature  of  a  subgrid  scale  model.  However,  if  the  total  viscosity  (i.e.  the 
sum  of  the  molecular  viscosity  and  eddy- viscosity)  becomes  negative,  the  numerical 
solution  of  equation  2.2-3  become  unstable. 

The  instability  can  be  traced  to  the  observation  that  C  has  a  large  correlation 
time  (Lund  et  al,  1993).  Therefore,  once  it  becomes  negative  in  some  region,  it 
remains  negative  for  excessively  long  periods  of  time  leading  to  exponential  growth 
of  the  velocity.  For  turbulent  channel  flow  the  remedy  has  been,  as  in  equation  2.2- 
23,  to  assume  that  C  is  only  a  function  of  the  wall- normal  direction  and  time,  and 
to  average  the  numerator  and  denominator  of  equation  2.2-24  over  planes  parallel  to 
the  wall.  Turbulent  channel  flow  calculations  done  as  part  of  this  study  show  that 
this  procedure  removes  all  points  of  negative  total  viscosity,  thus  giving  a  stable 
calculation.  However,  the  backward  facing  step  has  only  one  periodic  direction 
(spanwise),  and  tests  show  that  averaging  over  only  one  direction  is  not  sufficient 
to  remove  all  point  of  negative  total  viscosity.  In  order  to  avoid  numerically  unstable 
solutions,  the  total  viscosity  is  then  artificially  set  to  zero  at  points  where  the  model 
returns  negative  values.  Although  this  procedure  admittedly  is  somewhat  ad  hoc, 
it  is  not  believed  to  have  had  a  significant  effect  on  the  results  since  for  most  of 
the  calculations,  only  a  small  percentage  of  the  points  had  to  be  manipulated.  It 
is  important  to  note  that  the  eddy-viscosity  is  still  allowed  to  be  negative  as  long 
as  the  total  viscosity  is  zero  or  positive. 

An  alternative  procedure  used  by  Akselvoll  &  Moin  (1993)  averaged  equation 

2.2- 24  in  time  as  well  as  in  the  homogenous  spanwise  direction. 
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The  DM  model  used  in  the  present  cedculations  is: 

(2.2- 


and  <>i  indicates  an  average  taken  over  the  homogenous  spanwise  direction.  After 
solving  equation  2.2-25  and  calculating  the  eddy-viscosity  (equation  2.2-2),  the  total 
viscosity  is  forced  to  be  zero  at  any  point  where  the  model  returns  a  negative  value. 
Definition  of  the  length  scales  A  and  A  is  deferred  until  section  2.2.5. 

The  DM  model,  as  given  in  equation  2.2-25,  has  a  few  important  properties. 
First  of  all  it  can  be  shown  that  the  model  exhibits  the  proper  asymptotic  behavior 
near  solid  boundaries  without  the  use  of  damping  functions.  In  addition,  C  van¬ 
ishes  in  laminar  fiow  without  the  use  of  ad  hoc  intermittency  functions.  In  a  fully 
resolved  turbulent  flow,  Cij  approaches  zero,  thus  removing  the  contribution  from 
the  subgrid  scale  model.  It  is  generally  accepted  that  the  model  cannot  provide  the 
proper  back-scatter,  but  the  fact  remains  that  points  with  negative  eddy-viscosity 
(as  long  as  the  total  viscosity  is  positive)  represent  some  degree  of  reverse  flow  of 
energy.  These  are  all  properties  lacking  in  the  models  described  in  section  2.2.1. 

It  should  be  pointed  out  that  the  assumption  that  the  model  coefficient  is  the 
same  at  the  grid-  and  test-filter  levels  (section  2.2.2)  is  not  necessary.  Moin  (1991) 
introduces  different  coefficients  in  equations  2.2-16  and  2.2-17  which  can  be  solved 
for  using  the  least  squares  technique  (now  giving  five  equations  in  two  unknowns). 

2.2.4  The  Dynamic  Localization  Model 

As  mentioned  in  the  previous  section,  the  simple  algebraic  expression  for  the 
model  coefficient,  C,  (equation  2.2-25)  was  derived  assuming  that  C  is  a  slowly 
varying  function  of  space.  However,  as  pointed  out  by  Moin  (1991),  Ghosal  et  al. 
(1994),  and  verified  as  part  of  the  present  work,  this  assumption  does  not  hold.  In 
fact  C  varies  quite  dramatically  as  a  function  of  space  which  is  a  reflection  of  the 
inadequacy  of  the  Smagorinsky  model.  Ghosal  et  al.  (1994)  formulated  the  solution 
of  equation  2.2-20  without  making  this  assumption. 


2  <MkiMki>i 


where. 


>»s. 
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For  the  purpose  of  describing  this  method  lets  introduce  some  simplifying  no¬ 
tation  and  recast  equation  2.2-20  in  the  following  form: 

Cij  -  ^jCu  =  Caij-CPij 

where, 

aij  =  -2t"  |f  |f  i,- ,  f3ij  =  -2  a"  \S\Sij 

Ghosal  et  al.  (1994)  proposed  to  solve  equation  2.2-26  using  a  global  least 
squares  technique,  thus  minimizing  the  L2  norm  of  the  error  in  the  equation  simul¬ 
taneously  over  the  entire  domain.  A  local  minimization  of  the  sum  of  the  squares 
of  the  residuals,  EijEij,  where, 

Eij  =  Cij  -  ^Ckk  -  Caij  +  (2.2-28) 

does  not  work  since  the  residual  at  any  given  point  depends  on  the  value  of  C  at 
neighboring  points  in  the  field.  The  function  C  that  “best  satisfies”  the  integral 
equation  2.2-26  is  the  one  that  minimizes: 

E[C]  =  J  Eij{x)Eij{x)d:K.  (2.2-29) 

where  J-[C\  is  a  functional  of  C  and  the  integral  extends  over  the  entire  domain.  The 
result  of  the  least  squares  approach  is  a  set  of  five  independent  integral  equations 
from  which  C  can  be  determined: 

C(x)  =  /  A:(x,y)C'(y)dy-h/(x)  (2.2-30) 

Jy 

where, 

/(x)  = - — — —  [Q!i_,(x)£i_,(x)  -/?,j(x)  [  G(y,x)£ij(y)dyl  (2.2-31) 

aki{xi)aki{x)  L  Jy 

^(x,y)  =  Q^^(x)Qfc/(x)  [^(^’y)*^b(x)Ai(y)  +  G(y,x)Qij(y)/3ij(x) 

-Ai(x)Aj(y)  /  G(z,x)G(z,y)dz  (2.2-32) 


(2.2-26) 

(2.2-27) 
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where  G  is  the  filter  function  at  the  test-filter  level  and  x,  y,  and  z  axe  position 
vectors.  Equation  2.2-30  is  easily  recognized  as  a  Fredholm’s  integral  equation  of 
the  second  kind. 

Unfortunately  the  solution  of  equation  2.2-30  permits  negative  values  of  C, 
which  as  in  the  case  of  the  DM  model  leads  to  numerical  instability.  The  instabil¬ 
ity  issue  is  addressed  by  imposing  a  constraint  on  the  solution  of  equation  2.2-30 
requiring  C  to  be  positive. 

C(x)  =  {  y  >Ciyi,y)C{y)dy  +  f(x)  (2.2-33) 

where  the  operation  denoted  by  the  suffix  is  defined  as  =  |(x  -t-  |x|)  for  any 
real  number  x.  In  order  to  facilitate  an  easy  numerical  implementation,  equation 
2.2-33  can  be  manipulated  to  yield  the  following  expression: 

c  =  +  (2.2-34) 

ockioikl  *■  ■’  + 

As  pointed  out  in  the  previous  section,  negative  eddy-viscosity  by  itself  does 
not  cause  numerical  instability  problems  unless  the  total  viscosity  is  negative.  The 
restriction  that  C  has  to  be  positive  is  therefore  more  strict  than  is  necessary.  The 
problem  can  instead  be  formulated  in  terms  of  the  eddy- viscosity  rather  than  C, 
where  the  eddy-viscosity  is  restricted  to  be  larger  than  or  equal  to  the  negative  of 
the  molecular  viscosity.  This  will  allow  for  a  small  degree  of  back-scatter  (albeit 
that  it  may  not  be  a  good  physical  representation  of  it).  Reformulating  the  problem 
(equations  2.2-26  through  2.2-28)  in  terms  of  the  eddy-viscosity  and  solving  yields 
an  expression  of  the  form; 


where. 


i’ij 


^  lijjvti’ij  -  Cjj  -  Ut-iij)  _  J_'l 
I  ‘fpki'pkl  Re)  + 

-2(S/A)2(|f  1/151)  fo-,  7ii  =  -2Sij 


(2.2-35) 

(2.2-36) 


Ghosal  et  al.  (1994)  show  that  if  one  imposes  the  constraint  that  C  can  only 
depend  on  time  when  minimizing  the  functional,  ^[C],  in  equation  2.2-29,  the  value 
of  C  that  minimizes  the  functional  is: 


-24- 


Residual  Stress  Models 


Section  2.2 


C(t)  =  <  >^y^.  (2.2-37) 

<  TTlkiTYlhi  ^xyz 

where  rriij  =  aij  —  f3ij  and  <>xyz  indicates  an  average  taken  over  the  three  spatial 
directions.  Ghosal  et  al.  (1994)  show  that  equation  2.2-37  (with  the  appropriate 
averaging)  also  holds  as  long  as  there  is  at  least  one  homogenous  direction  in  the 
flow  and  test-filtering  is  applied  only  in  the  direction(s)  of  homogeneity.  The  con¬ 
straint  used  when  minimizing  the  functional,  T[C\  in  the  latter  case,  is  that  C  is 
only  a  function  of  time  as  well  as  any  coordinate  direction  where  the  flow  is  not 
homogenous.  Assuming  that  test-filtering  is  applied  only  in  the  spanwise  direction, 
equation  2.2-37  becomes  identical  to  equation  2.2-25.  Thus,  if  the  model  coefficient, 
C,  is  assumed  only  to  be  a  function  of  the  coordinate  directions  where  the  flow  is 
not  test-filtered,  the  analysis  used  in  section  2.2.3  does  not  involve  an  inconsistency. 

However,  for  a  nonhomogenous  flow,  the  general  expression  2.2-34  (or  2.2-35) 
has  to  be  used.  The  backward  facing  step  calculations  were  performed  using  both 
the  DLM  formulation,  equation  2.2-35,  and  the  simpler  DM  model,  equation  2.2- 
25.  When  using  the  DLM  model,  (constraining  the  total  viscosity  to  be  positive), 
test-filtering  was  applied  only  in  the  streamwise  and  spanwise  directions.  The  L2 
norm  of  the  error  (equation  2.2-28)  is  then  minimized  globally,  not  over  the  entire 
domain,  but  over  x-z  planes  parallel  to  the  wall. 

When  using  the  DM  model,  averaging  was  applied  only  in  the  homogenous, 
spanwise  direction,  but  test-filtering  was  done  in  the  streamwise  as  well  as  the  span- 
wise  direction.  From  the  discussion  above  it  is  clear  that  this  procedure  does  involve 
some  inconsistency,  but  was  employed  for  much  of  the  same  reasons  Germano  et  al. 
(1991)  used  in  their  early  work. 

The  DLM  model  is  significantly  more  costly  than  the  DM  model.  For  the 
backward  facing  step  calculations,  the  DLM  model  required  more  than  twice  the 
CPU  time  used  for  the  DM  model. 
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2.2.5  Issues  Related  to  Filtering 

■.«*s 

The  filter  width  at  the  grid  and  test-filter  levels  are  denoted  by  A  and  A, 
respectively.  Two  commonly  used  definitions  for  the  filter  widths  are: 


and 


A^  =  A1A2A3, 


3 

A  =  A1A2A3 


(2.2-38) 


— 2  — 2  — 2  — 2 

A  =Ai-FA2+A3, 


.ov,  2  2  2  2 

A  =  Aj  -1-  A2  +  A3 


(2.2-39) 


where  Ai  and  A,-  are  the  filter  widths  in  each  coordinate  direction,  associated  with 
the  grid-  and  test-filters,  respectively.  Equations  2.2-38  and  2.2-39  assume  that  fil¬ 
tering  is  performed  in  all  three  coordinate  directions.  As  mentioned  in  the  previous 
section,  test-filtering  was  done  only  in  the  streamwise  and  spanwise  directions  for 
the  present  calculations.  The  corresponding  definitions  for  the  filter  widths  then 
become: 


A  =  A1A2A3,  A  =  A1A2A3  (2.2-40) 

and 

^2  -^2  -^2 

=aI  +  aI  +  aI,  a  =Ai+aI  +  A3  (2.2-41) 

Both  the  DM  model  and  the  DLM  model  require  one  input  parameter,  namely 
the  ratio  A/ A  >  1.  The  general  guidelines  are  that  if  this  ratio  is  too  small,  i.e.  a 
very  narrow  “window”  is  used  to  sample  the  resolved  scales,  the  calculated  subgrid 
scale  stresses  can  be  contaminated  by  numerical  errors.  A  large  value,  on  the  other 
hand,  implies  that  information  from  large  scales  is  used  to  predict  the  subgrid  scale 
stresses,  a  feature  which  obviously  is  undesirable. 

Germano  et  al.  (1991)  did  calculations  of  turbulent  channel  flow  (test-filtering 
only  in  the  streamwise  and  spanwise  directions)  using  both  definitions  for  the  filter 
widths  (equations  2.2-40  and  2.2-41).  The  grid-filter  width,  A^  was  set  equal  to 
twice  the  grid  spacing,  Aa:,-,  and  the  ratio  C  =  A,/Ai  was  taken  to  be  the  same 
in  all  coordinate  directions.  Two  different  values  of  ^  were  examined,  C  =  2  and 
C  =  4.  The  results  proved  to  be  insensitive  to  whether  equation  2.2-40  or  equation 
2.2-41  were  used  to  define  the  filter  widths. 


-26  - 


Residual  Stress  Models 


Section  2.2 


On  the  other  hand,  a  priori  tests  done  using  DNS  databases  for  turbulent  and 
transitional  channel  flow  indicated  some  sensitivity  to  the  value  used  for  the  ratio, 
C,  however,  actual  LES  done  in  turbulent  channel  flow  showed  hardly  any  sensitivity 
to  variations  in  this  parameter. 

Cabot  (1991),  proposed  the  following  definitions  for  the  grid-  and  test-filter 
widths  in  the  case  that  no  explicit  test-filtering  is  done  in  the  wall-normal  direction. 

A^  =  AiA3,  (2.2-42) 

The  eddy-viscosity  calculated  using  either  the  DM  model  or  the  DLM  model 
depends  only  on  the  ratio  A/ A.  If  all  Ai/A,-  are  the  same,  the  definitions  in 
equation  2.2-40  yield  A/A  =  while  using  the  definitions  in  equation  2.2-42 
give  A/A  =  Although  the  differences  are  not  great,  Cabot  (1991)  concludes  that 
the  latter  definitions  yield  somewhat  better  results  in  LES  of  turbulent  channel 
flow. 

Definitions  2.2-42  were  adopted  for  all  large  eddy  simulations  based  on  the  DM 
model  and  the  DLM  model.  Equation  2.2-38,  combined  with  the  Van  Driest  (1956) 
damping  function  giving: 

A  =  {1  -  exp  (-y+/A+)}(Ai  A2  A3)'/'  (2.2-43) 

was  used  for  the  Smagorinsky  model.  (A"*"  =  25).  No  explicit  grid-filtering  was 
done.  The  grid-filter  width,  A^,  was  assumed  to  be  equal  to  the  grid  spacing,  Aa:,-. 
The  test-filter  width  was  taken  to  be  twice  the  grid-filter  width  (streamwise  and 
spanwise).  However,  note  that  the  ratio  is  not  exactly  2  (but  very  close)  in  the 
streamwise  direction  due  to  the  non-uniform  grid. 

Filtering  in  physical  space  corresponds  to  taking  local  volume  averages.  Since 
the  test-filter  is  applied  in  planes  only,  averaging  is  taken  locally  in  these  planes. 
Test-filtering  is  performed  numerically  by  applying  Simpson’s  rule  of  integration. 
Thus,  when  filtering  in  the  streamwise  direction  (assuming  uniform  grid): 

^  1_  2_  1_ 
u{i,j,k)  =  -u{i  -  l,j,k)  +  -u{i,j,k)  +  -u(f  -h  l,j,k) 

Similar  expressions  are  used  for  the  v  and  w  velocities,  as  well  as  any  other  test- 
filtered  quantity.  When  filtering  in  planes,  u{i,j,k)  becomes  a  function  oiu(i,j,k) 
and  its  eight  closest  neighbors. 
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This  chapter  describes  the  numerical  method  used  to  solve  the  governing  equa¬ 
tions  derived  in  the  previous  chapter.  The  geometry  of  the  backward-facing  step 
computed  is  described  in  section  3.1.  Section  3.2  defines  the  grid  and  numerical 
expressions  used  for  spatial  derivatives.  The  time  integration  scheme  is  described 
in  section  3.3  and  details  of  the  iterative  solver  used  for  the  Poisson  equation  are 
given  in  section  3.4.  Section  3.5  discusses  boundary  conditions.  Finally,  section  3.6 
describes  how  statistical  quantities  are  evaluated. 


3.1  Flow  Configuration 

The  computational  domain  used  for  the  backward  facing  step  is  shown  in  figure 
3.1-1.  The  streamwise  extent  of  the  domain  is  Lx  which  includes  an  inlet  section 
of  length  Li,  upstream  of  the  step.  The  spanwise  extent  of  the  domain  is  Lz  and 
the  vertical  height  of  the  domain  is  Ly.  All  dimensions  are  normalized  by  the  step 
height,  h.  The  coordinate  system  used  is  located  at  the  lower  corner  of  the  step. 
Three  important  parameters  are  defined  based  on  the  geometry  in  figure  3.1-1. 
These  are  the  mean  reattachment  length,  Xr,  the  step-height  Reynolds  number, 
Reh  —  Uoh/u,  and  the  expansion  ratio  ER  =  Ly/{Ly  —  h).  Uq  is  the  mean  free- 
stream  velocity  at  the  inlet  of  the  domain. 

Two  cases  have  been  studied.  One  at  a  Reynolds  number  of  5100  and  the 
other  at  a  Reynolds  number  of  28000.  The  geometrical  parameters  and  boundary 
conditions  in  the  low  Reynolds  number  case  were  chosen  to  match  those  used  by  Le 
&  Moin  (1994)  in  a  DNS  of  the  backward  facing  step,  as  well  as  the  experimental 
setup  used  by  Jovic  &  Driver  (1994).  The  high  Reynolds  number  calculation  was 
designed  to  match  the  experimental  setup  used  by  Adams  et  al.  (1984). 
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3.2  Spatial  Discretization 

The  spatial  discretization  scheme  is  based  on  a  second  order  finite  volume 
formulation.  This  section  describes  the  details  of  the  grid  and  spatial  discretization 
scheme. 

3.2.1  Corner  Point 

Sharp  corners  are  mathematically  singular  points  for  the  vorticity  and  pressure 
fields.  Even  though  the  velocity  components  are  not  infinite  near  the  corner,  the 
velocity  gradients  are  discontinuous  and  the  vorticity  is  therefore  singular.  In  the 
case  of  the  backward  facing  step  the  flow  also  experiences  sharp  velocity  gradients 
immediately  downstream  of  the  separation  corner.  According  to  Castro  (1977), 
Blowers  (1973)  found  that  fine  grids  in  the  vicinity  of  sharp  corners  was  critical 
for  obtaining  accurate  results  for  laminar  flow  situations  similar  to  the  backward 
facing  step.  It  was  clear  that  numerical  errors  arising  at  the  separation  corner  were 
convected  downstream  and  had  an  almost  overwhelming  effect  on  the  rest  of  the 
flow  field. 

In  order  to  demonstrate  the  problems  associated  with  sharp  corners,  lets  inves¬ 
tigate  the  following  example.  The  modes  of  vibration  of  a  membrane  with  a  fixed 
boundary  can  be  determined  by  finding  eigenvalues  and  corresponding  eigenfunc¬ 
tions  of  the  elliptic  equation: 

VV  +  AV’  =  0  (3.2-1) 

where  ^  =  0  on  the  boundary.  The  eigenvalues  are  all  real  and  positive,  and 
the  smallest  corresponds  to  the  fundamental  mode  of  vibration.  This  problem 
was  described  in  detail  by  Reid  &  Walsh  (1965)  and  only  the  main  results  of  the 
derivation  are  highlighted  here. 

If  the  boundary  of  the  membrane  has  at  some  point  O  a  corner  of  internal 
angle,  7r/m,  as  shown  in  figure  3.2-la,  then  an  explicit  solution  for  ^  can  be  found 
for  points  on  the  membrane  close  to  O.  The  solution  is  given  by: 


OO 

^{r,d)  =  E  Cisin{mid)Jmi{VXr) 

2  =  1 


(3.2-2) 
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where  Jmi()  is  the  Bessel  function  of  the  first  kind  and  im*^  order.  On  expanding 
the  Bessel  function  the  solution  becomes: 


V>(r,  9)  =  aor^sinimS)  +  +  0(r'"+2)  (3.2-3) 

For  integer  values  of  m,  this  is  an  expansion  in  integer  powers  of  r,  and  all 
derivatives  of  ip  are  continuous  and  bounded  at  r  =  0.  Figure  3.2- lb  shows  a 
domain,  similar  to  the  backward  facing  step,  with  several  internal  angles.  All  the 
corners,  B,  C,  D,  E,  and  F  are  right  angles  for  which  m  =  2.  Thus  all  derivatives 
of  Ip  w.r.t.  r  are  continuous  and  bounded  at  these  corners  and  the  corners  will  not 
cause  any  problems  when  solving  equation  3.2-1  (these  corners  are  not  singular). 
However,  the  internal  angle  at  point  A  is  3it/2  corresponding  to  m  =  2/3.  From 
equation  3.2-3  it  is  seen  that  unless  oq  =  0,  all  derivatives  of  ip  w.r.t.  r  go  to  infinity 
as  r  — ^  0.  If  we  consider  a  central  difference  scheme  for  ip  (using  the  y-direction  as 
an  example),  the  second  derivative  can  be  approximated  by: 


fd^1p\  lPiJ+i-2lPiJ+lPiJ.l  (Ay)^  fd^lP\  rr^rp  .3  O  .X 

For  the  case  of  ^  =  7r/2,  y  coincides  with  r  and  it  is  clear  from  equation  3.2-3 
and  3.2-4  that  the  error  in  the  approximation  for  the  second  derivative  of  ip  increases 
towards  the  corner.  It  can  also  be  seen  from  equation  3.2-4  that  the  increase  in  the 
error  as  r  — >  0  can  be  offset  by  a  decrease  in  the  grid  spacing.  Ay. 

There  are  several  methods  available  for  dealing  with  the  problems  arising  at 
sharp  corners.  The  analytical  solution  very  close  to  the  corner  has  been  provided  by 
Moffatt  (1964)  by  making  use  of  the  argument  that  sufficiently  near  the  corner  the 
flow  is  Stokesian.  Thus  one  can  prescribe  the  analytical  solution  in  the  close  vicinity 
of  the  singular  corner  and  use  a  numerical  approach  in  the  rest  of  the  domain.  Reid 
&  Walsh  (1965)  demonstrate  how  the  problem  of  finding  the  modes  of  vibration 
for  the  membrane  described  above  can  be  solved  by  using  conformal  mapping. 
Conformal  mapping  removes  the  singular  point  from  the  domain.  However,  it  also 
introduces  non-constant  coefficients  in  the  equations  and  makes  the  boundaries  of 
the  domain  curved. 

As  illustrated  in  the  example  above,  the  problems,  or  rather  errors,  associated 
with  the  singular  corner  can  be  controlled  (although  not  totally  removed)  by  refining 
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the  grid  around  the  corner.  This  approach  was  used  for  all  calculations  presented 
in  chapter  4  and  chapter  5.  However,  in  order  to  demonstrate  the  importance 
of  refining  the  grid  around  the  corner  of  the  backward  facing  step,  calculations 
were  done  both  with  and  without  stream  wise  grid  refinement.  Results  from  these 
calculations  are  summarized  in  appendix  A.l. 

3.2.2  Computational  Grid 

The  Navier-Stokes  and  continuity  equations  are  solved  on  a  rectangular,  stag¬ 
gered  grid  (Harlow  &  Welsh,  1965).  The  grid  is  uniform  in  the  spanwise  direction 
and  can  be  either  uniform  or  stretched  in  the  streamwise  and  wall-normal  direc¬ 
tions.  For  all  calculations  presented  in  this  report  the  grid  was  stretched  in  the 
wall- normal  direction  to  resolve  the  boundary  layers  along  the  walls,  both  in  the 
inlet  section  and  downstream  of  the  step.  Since  the  grid  is  structured,  resolving  the 
boundary  layer  in  the  inlet  section  means  that  the  fine  grid  is  carried  downstream 
of  the  step,  into  the  shear  layer  as  shown  in  figure  3.2-2.  (Figure  3.2-2  is  an  example 
of  a  grid  used  to  calculate  a  fiow  using  the  no-stress  boundary  condition  a-t  y  =  Ly). 

Le  &  Moin  (1994)  used  a  uniform  streamwise  grid  in  their  DNS  calculation  of 
the  backward  facing  step  and  had  no  apparent  problems  related  to  the  singularity 
at  the  corner.  A  uniform  grid  is  preferred  from  a  computational  point  of  view  since 
it  simplifies  the  code  and  allows  for  the  use  of  Fourier  transform  methods  in  the 
solution  of  the  Poisson  equation  for  pressure.  In  addition,  the  order  of  accuracy 
generally  drops  when  going  from  uniform  to  non-uniform  grids.  However,  as  shown 
in  appendix  A.l,  with  a  uniform  grid  in  the  streamwise  direction  the  resolution 
used  in  the  LES  calculations  of  the  backward  facing  step  was  insufficient  to  control 
the  error  at  the  singular  corner.  A  non-uniform  grid  was  therefore  needed  in  order 
to  avoid  the  problems  imposed  by  the  corner. 

Coordinate  transform  functions  are  used  to  map  the  uniform  grid  distributions, 
X  and  y,  onto  their  non-uniform  counterparts,  x  and  y.  The  functions  used  in  the 
present  calculations  are  based  on  combinations  of  hyperbolic  tangent  functions. 
This  allows  one  to  control  the  degree  of  stretching  of  the  grid  as  well  as  the  location 
of  the  zones  with  high  density  of  grid  points.  Two  different  stretching  functions 
were  designed.  The  first  consists  of  two  separate  hyperbolic  tangent  functions  which 
are  patched  together  at  x  =  0  in  the  streamwise  direction,  and  at  y  =  h  in  the  wall- 
normal  direction,  with  the  constraint  that  the  resulting  function  as  well  as  its  first 
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derivative  be  continuous  (Le  &  Moin,  1994).  This  function  was  used  in  all  cases  to 
generate  the  grid  in  the  wall-normal  direction. 

Due  to  concerns  about  possible  problems  related  to  the  fact  that  the  coordinate 
transform  function  is  continuous  only  up  to  and  including  its  first  derivative  (at  the 
“patching  point”),  a  second  coordinate  transform  function  was  tested.  It  is  the  sum 
of  two  hyperbolic  tangent  functions,  shifted  relative  to  some  position,  a;  =  0.  One 
of  the  functions  is  flipped  around  the  a:  =  0  axis  and  shifted  to  the  left  of  the  axis. 
The  other  function  is  shifted  to  the  right  of  the  axis.  By  controlling  the  degree 
of  stretching  for  each  of  the  two  hyperbolic  tangent  functions  as  well  as  the  shift 
relative  to  the  x  =  0  axis,  a  function  is  generated  that  compresses  the  grid  gently 
around  the  point  x  =  0.  This  transform  function,  including  all  its  derivatives,  is 
continuous.  It  was  used  to  generate  the  grid  in  the  streamwise  direction  in  all 
calculations.  However,  no  differences  were  found  between  results  generated  using 
either  transform  function. 

Figure  3.2-3  shows  an  example  of  a  typical  transform  function  in  the  streamwise 
direction,  compressing  the  grid  around  the  corner  of  the  step  (x  =  0).  Likewise, 
figure  3.2-4  shows  a  typical  transform  function  for  the  wall-normal  direction  with 
refined  grid  at  the  wall  in  the  inlet  section  (y  =  h)  and  at  the  lower  wall,  (y  =  0), 
downstream  of  the  step.  (A  no-stress  boundary  condition  is  used  along  the  upper 
wall). 

3.2.3  Evaluation  of  Spatial  Derivatives 

The  governing  equations  are  approximated  using  the  second  order  finite  volume 
approach.  Linear  interpolation  is  used  to  get  variables  at  locations  in  the  grid 
between  the  nodes  where  the  variables  are  defined.  The  difiusive  terms  for  the 
u-momentum  equation  (2-D)  are  evaluated  from: 


<^1 

1  1/^“) 

(3.2-5) 

8x 

1  5x) 

Xj+I  —  X,  1  V  5x/  i+l,j 

5 

5y 

yj+i  -Vj-i  8y/,+ 

(3.2-6) 

Sy' 

(  Sv\ 
5x) 

'  {("f) 

Vj+i  -y_,_i  dx/,+ 

(3.2-7) 
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where, 


Su 

Sx 

Su 

h  i+hS+i 

yj+i  -  yj 

Sv 

Sx 

(3.2-8a) 

(3.2-86) 

(3.2-8c) 


Similar  expressions  are  used  for  the  diffusive  terms  in  the  v-  and  ly-momentum 
equations.  Extension  to  3-D  is  straightforward. 

Boundaries 

The  following  comments  are  for  the  u-momentum  equation,  where  no  special 
treatment  is  necessary  at  the  west  (a;  =  —Li)  and  east  {x  —  Lx  —  Li)  boundaries. 
For  a  u-momentum  control  volume  located  next  to  the  boundary  at  y  =  0  (with 
index  (i  -1-  found  without  interpolation  and  is  equal  to  the 

boundary  value.  The  flux,  {Suj5y)i^i  i  on  the  other  hand  will  require  special 
attention.  A  common  practice  is  to  use  the  first-order,  one-sided  approximation: 

5u  _ 

Sy  i+hh  yi-y^ 

However,  it  can  easily  be  shown  that  when  equation  3.2-9  is  substituted  back 
into  equation  3.2-6,  the  approximation  for  the  diffusive  term  in  the  wall-normal 
direction  is  of  0(1).  If  instead  of  the  using  equation  3.2-9,  {5u / 5y) ^  i  is  approx¬ 
imated  using: 


(3.2-9) 


Su 


^2  —  3/li 

62(61  -1-62)“*+^’^ 


4 


(3.2-10) 


where,  hi  =  yi  -  yi,  62  =  j/2  -  2/1 

the  overall  order  for  the  diffusive  term  in  equation  3.2-6  is  0(Ay),  provided  the 
viscosity  is  constant.  The  eddy- viscosity  is  not  constant,  but  it  goes  as  y^  near  the 
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wall.  Thus  equation  3.2-6  is  still  0(Aj/)  at  the  wall  when  using  equation  3.2-10  for 
1 ,  even  with  the  variable  eddy- viscosity. 

Caruso  (1985)  tested  both  equation  3.2-9  and  equation  3.2-10  in  laminar  chan¬ 
nel  flow  and  found  that  signiflcant  errors  occur  near  the  boundaries  when  using 
approximation  3.2-9.  The  flrst  order  approximation  (3.2-10)  gave  a  numerical  so¬ 
lution  in  good  agreement  with  the  exact  solution.  Similar  tests  were  done  as  part 
of  this  work,  both  for  the  backward  facing  step  as  well  as  for  a  (turbulent)  periodic 
channel.  No  detectable  differences  were  found  in  flrst  and  second  order  statistics 
when  using  equation  3.2-9  or  3.2-10.  This  is  probably  due  to  the  second  derivative 
at  the  wall  being  smaller  in  turbulent  than  in  laminar  flow.  Nevertheless,  equation 
3.2-10  was  used  in  all  calculations  reported  here. 

Poisson  Equation 

The  Poisson  equation  for  the  (pseudo)  pressure  is  given  in  two  dimensions  by: 


V  •  {Vcj>)  =  /  V  •  u. 


dxdx  dydy 


/  V-u 


(3.2-11) 


where  /  is  a  factor  depending  on  the  time  integration  scheme  and  u  is  the  interme¬ 
diate  velocity  field  (see  section  3.3.3).  The  expressions  for  the  second  derivatives  of 
the  pressure  is  found  by  balancing  fluxes  across  the  control  volume: 


—  _ 
5x  \5xJ  i,j 
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5y\5y/ 
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S4> 

\ 

i,3  l  1  1 

.  5x 

i+^,j  Sx 

1  ___  1 

S(f> 

1 

■'-i 

1 

+ 

1 

■  Sy 

ij+i  h 

(3.2-12) 


(3.2-13) 


5(t) 

where,  — 

ox  i+i,i 


^z+l,j  4^i,j 

Xi 


Scf) 


2/j+i  -  yj 


Extension  to  three  dimensions  is  straightforward.  Since  the  normal  gradi¬ 
ent  of  the  pressure  is  zero  at  the  boundaries,  equations  3.2-12  and  3.2-13  with 
{S(f)/5x)-_:i  j  =  0  and  {S(j>l 5y)^  -_i  =  0  represent  flrst  order  approximations  at  the 
vertical  and  horizontal  boundaries,  respectively. 
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3.3  Temporal  Discretization 

The  incompressible  Navier-Stokes  and  continuity  equations  axe  integrated  in 
time  using  the  fractional  step  method.  A  modified  third  order  Runge-Kutta  scheme 
(Spalaxt,  1987,  Spalart  et  al,  1991)  is  used  for  terms  treated  explicitly  and  second 
order  Crank-Nicholson  is  used  for  terms  treated  implicitly. 

3.3.1  Implicit  Versus  Explicit  Treatment 

Common  practice  has  been  to  treat  all  diffusive  terms  implicitly  and  all  con¬ 
vective  terms  explicitly.  The  motivation  for  treating  the  diffusive  terms  implicitly 
is  the  severe  time-step  restriction  originating  from  these  terms  near  solid  surfaces 
where  the  computational  grid  is  refined.  The  convective  terms  do  not  introduce  the 
same  limitations  because  the  velocity  components  generally  are  small  close  to  solid 
surfaces. 

Provided  all  terms  in  the  Navier-Stokes  equations  are  treated  explicitly,  the 
following  expression  is  an  approximation  for  the  maximum  time-step  permitted: 


At  < 


u|  1^1  1^1  n  /  1  1  1  \ 

Ax  A?/  Az  ^  Ax^  A?/2  Az'^ 


(3.3-1) 


The  first  three  terms  on  the  right-hand-side  of  equation  3.3-1  are  related  to  the 
convective  terms  and  the  last  three  terms  are  related  to  the  diffusive  terms.  Based 
on  an  analysis  of  a  typical  3D  flow-field  from  the  DNS  data  of  Le  &  Moin  (1994), 
the  maximum  values  (order  of  magnitude)  throughout  the  flow  field  of  each  of  the 
terms  in  the  curly  bracket  on  the  right-hand-side  of  equation  3.3-1  are: 


At 


|u| 

|u| 

|u;| 

2v 

2u 

2v 

—  + 
Ax 

Ay 

Az 

Ax2 

Ay2  + 

Az2  j 

6 • 10-2 

1 

2 • 10-2 

5 • 10-^ 

0.7 

2 • 10-^ 

The  terms  have  been  normalized  by  the  maximum  of  the  six  terms  in  the  curly 
bracket.  It  is  clear  that  both  the  convective  and  diffusive  terms  in  the  wall-normal 
direction  are  equally  important  in  limiting  the  time-step,  and  that  both  terms  are 
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far  more  important  than  any  other  term.  The  convective  term  in  the  wall-normal 
direction  contributes  significantly  to  limiting  the  time-step  because  the  fine  grid 
close  to  the  wall  in  the  inlet-section  extends  into  the  domain  downstream  of  the 
step.  In  the  recirculation  region  the  velocity  in  the  wall-normal  direction  is  of  order 
one.  The  convective  term  in  the  wall-normal  direction  therefore  introduces  a  severe 
Umitation  on  the  time-step.  It  is  desirable,  therefore,  to  treat  both  convective  and 
difiusive  terms  with  derivatives  in  the  wall-normal  direction  implicitly. 

In  the  absence  of  body  forces,  the  Navier-Stokes  and  continuity  equations  for 
incompressible,  variable  viscosity  fiow  are  given  by  (see  eqn.  2.2-3  and  2.2-4): 


(3.3-2) 

(3.3-3) 


(In  this  chapter  the  overline  indicating  grid-filtered  variables  has  been  dropped 
for  convenience).  Let  the  operators  A  and  B,  acting  on  the  velocity  vector,  repre¬ 
sent  the  terms  treated  explicitly  (third  order  Runge-Kutta)  and  implicitly  (Crank- 
Nicholson),  respectively.  The  three  step  time- advancement  scheme  (Spalart,  1987, 
Spalart  et  al.,  1991)  can  then  be  expressed  as: 


(3.3-4) 

(3.3-5) 


f  d  r  duii  d  f  duiui  duius^ 

^ dxi-  5x3  .^5x3] /'*'l  dxi  5x3  J 

f  5  r  5uii  5  5u2'|  d  5u3j't 

1 5xi  .  5xi .  ^  5x2  -  5xi  J  5x3  •  5xi  J  / 


(3.3-6a) 
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_  r  5  r  du2 1  d  du2 1 1  r  du2Ui  du2Uz '» 

^  ^dxi  .^dxi-  ^  dx3  .  dxi  dxz  J 


(3.3-66) 


—  j-  5  r  duzi  d  Sitai'i  r  du^ui  duzuz'i 
^  idxi  ^dxi-  ^  dxz  dxi  dxz  J 


(3.3-7a) 

(3.3-76) 

(3.3-7c) 


Superscript  k  (k  =  1,2,3)  represents  the  Runge-Kutta  sub-steps  such  that 
u'^~^  =  u”  for  k  =  1  and  for  k  =  3.  Superscript  n  represents  the  full 

time-step.  The  coefficients,  f3k,  7jt  and  Cfc  are  selected  such  that  the  total  time 
advancement  is  third  order  accurate  for  the  explicitly  treated  terms  and  second- 
order  accurate  for  the  implicitly  treated  terms.  These  coefficients  are: 

/?i  =  4/15,  (32  =  1/15,  (3z  =  1/6, 

71  =  8/15,  72  =  5/12,  73  =  3/4, 

Cl  =0,  C2  =  -17/60,  Cs  =  -5/12, 

3  3 

2/?fc  =  -b  Cfc)  =  1 

fc=l  fe=l 

The  cross-terms  on  the  right-hand-side  of  equation  3.3-2  arises  because  viscos¬ 
ity  is  a  function  of  space.  With  the  exception  of  the  term  d/dy(udv/dy),  these 
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terms  are  all  treated  explicitly.  This  is  not  thought  to  cause  any  severe  time-step 
limitations  since  the  minimum  grid-spacing  in  the  x-  and  z-directions  are  at  least 
an  order  of  magnitude  larger  than  the  minimum  grid-spacing  in  the  y-direction. 

Since  all  terms  in  the  streamwise  and  spanwise  directions  are  treated  explicitly, 
the  following  definition  is  adopted  for  the  stability  criterion  (SC)  of  the  time- 
integration  scheme: 


(3.3-8) 


The  stability  limit  for  the  third  order  Runge-Kutta  scheme  is  However, 
since  the  cross-terms,  which  are  all  treated  explicitly,  are  not  accounted  for  in 
the  analysis  leading  to  equation  3.3-8,  the  practical  limit  on  the  time-step  is  lower. 
Most  of  the  simulations  were  run  at  SC  of  about  0.7,  however,  some  (high  Reynolds 
number)  cases  used  SC  as  high  as  1.2. 


3.3.2  Linearization 

It  is  apparent  from  equation  3.3-76  that  due  to  implicit  treatment  of  the  B- 
operator  the  discrete  U2  momentum  equation  is  non-linear  in  U2.  However,  the  dis¬ 
crete  ui  and  Us  momentum  equations  are  linear  in  ui  and  us,  respectively.  Treating 
the  convective  terms  in  one  direction  (i.e.  convective  terms  with  derivatives  in  the 
wall-normal  direction)  with  an  implicit  time  integration  scheme  leads  to  only  one 
non-linear  equation.  The  benefit  of  having  only  one  non-linear  equation  over  a  set 
of  non-linear  equations  is  obvious.  Whereas  a  set  of  non-linear  equations  generally 
requires  a  complicated  and  costly  solution  technique,  having  only  one  non-linear 
equation  greatly  simplifies  the  solution  procedure.  Equations  3.3-7  show  that  the 
U2  momentum  equation  is  uncoupled  from  the  two  other  equations  (apart  from  the 
pressure  term  which  will  be  dealt  with  in  the  next  section),  whereas  solution  of  the 
ui  and  us  momentum  equations  depends  on  the  availability  of  uf .  The  solution 
strategy  is  therefore  to  linearize  the  U2  momentum  equation  and  solve  for  u*  first. 
The  two  other  equations  can  then  be  solved  in  a  straight  forward  manner. 

Linearization  of  the  convective  term  in  B2{u^)  follows  from  a  Taylor  series 
expansion: 


du2U2  _2^“2  ^^2 

dx2  dx2 


du^2~^u^2~^ 

dx2 


+  0{At‘^) 


(3.3-9) 
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B2{uj)  from  equation  3.3-76  can  therefore  be  replaced  by  equation  3.3-10  while 
maintaining  second  order  accuracy. 
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iK)  =  -2 — - + 


du 


5x2 


5x2 


+  2 


r 


5x0  L  5x0  J 


(3.3-10) 


3.3.3  Fractional  Step  Method 

The  fractional  step  method  developed  in  this  section  is  based  on  a  formulation 
first  introduced  by  Chorin  (1968)  and  Temam  (1969).  Since  then  several  different 
versions  have  been  developed  (e.g.  Kim  &  Moin,  1985,  Dukowicz  &  Dvinsky,  1992, 
and  Perot,  1993).  Kim  &  Moin  derived  a  version  in  which  the  Poisson  equation 
was  formulated  in  terms  of  a  “pseudo”  pressure,  <f).  Their  formulation  is  based  on 
the  assumption  that  the  discrete  operators  in  the  equations  commute.  However, 
this  is  not  always  the  case  (e.g.  commutivity  brakes  down  at  solid  surfaces)  which 
makes  the  splitting  strictly  first  order  in  time.  (However,  the  first  order  error  term 
thus  introduced  is  weak  and  will  in  general  decrease  the  overall  order  of  the  method 
only  at  very  small  time-steps).  In  addition,  their  method  is  suitable  only  when 
treating  linear  terms  in  the  momentum  equations  implicitly.  Treating  nonlinear 
terms  implicitly  gives  rise  to  first  order  error  terms. 

The  development  of  the  method  used  in  the  present  calculations  follows  closely 
the  derivation  described  by  Dukowicz  &  Dvinsky  (1992).  This  method  is  second 
order.  The  intermediate  velocity  field  is  a  second  order  approximation  to  the  di¬ 
vergence  free  velocity  field  and  special  boundary  conditions  for  the  intermediate 
velocity  field  are  therefore  not  needed. 

The  starting  point  is  the  temporally  discretized  version  of  the  Navier-Stokes 
and  continuity  equations,  given  here  in  vector  form; 

-  f3kAtM{u^)  -h  2/3kAtG{(f>’^  -  (3.3-11) 

D(u")  =  0  (3.3-12) 

where  G  is  the  gradient  operator  and  D  is  the  divergence  operator.  M  is  an  operator, 
operating  on  the  velocity  vector,  u.  The  components  of  M  are; 
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8x2) 

(3.3-13a) 

9u2~^-\  k 

Bx2  )“" 

(3.3-136) 

8X2)  " 

(3.3-13c) 

The  right-hand-side,  r,  is  given  by: 


dx2 


-I-  7ifcAMf +  CifcAtAf  2  -  2(3kAt- 


r‘-‘=u‘->+AA({2A[^^]} 


-1-  7fc -  2^k^t- 


k-i  k-i  .  .  .J  d  r  ^1 

r,  =u,  +p,At[^[u-^\- 


-|-  •jk^l-^z  ^  "b  CfcAtA*  ^  —  2/?fcA<- 


(3.3-14a) 


(3.3-146) 


(3.3-14c) 


Note  that  each  of  the  -momentum  equations  are  linear  in  uf .  Also  note  that 
equation  3.3-11  expresses  the  pressure  in  the  so-called  “delta-form”.  This  last  point 
is  important  in  order  to  make  the  following  approximate  factorization  second  order 
in  time.  Equations  3.3-11  and  3.3-12  can  be  written: 


I-l3kAtM  2/3kAtG 
D  0 


u" 

Lk  J.k-1 


(3.3-15) 


I  D  0  J  L  0  J 

In  order  to  factorize,  consider  the  following  approximation  to  equation  3.3-15: 
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■  I  -  Pk^tM  (/  -  pk^tM)2pkAtG' 

■  ■ 

1  ’ 

D  0 

(j>^  - 

0 

(3.3-16) 


The  approximate  system,  3.3-16,  can  be  factored  into  the  block  LU  decomposition: 


I  -  Pk^tM 
D 


0 

■/  2Pk^tG' 

■  u*  ■ 

■  j.fc-1  ■ 

2pk^tDG 

0  / 

0 

(3.3-17) 


which  can  be  decomposed  into: 


'I -pkAtM 

0 

■  1  ■ 

D 

-2Pk^tDG 

0 

(3.3-18) 


'/  2/3fcAtG* 

-  u'^  ' 

0  I 

(3.3-19) 


From  equation  3.3-19  it  follows  that  Thus  the  system  of  equations 

becomes: 


u’^  -  pkAtMiu^)  = 

(3.3-20) 

(3.3-21) 

u‘  =  u‘  -  2/3iA(G((6‘  - 

(3.3-22) 

The  solution  procedure  is  as  follows.  First  solve  the  momentum  equations 
3.3-20  for  the  intermediate  velocity  field,  u^.  The  divergence  of  the  intermedi¬ 
ate  velocity  field  yields  the  right-hand-side  of  the  Poisson  equation,  3.3-21.  After 
solving  for  the  intermediate  velocity  field  is  projected  onto  a  divergence  free 
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velocity  field  by  using  equation  3.3-22.  Prom  equation  3.3-13  it  is  clear  that  the  U2- 
momentum  equation  will  have  to  be  solved  first  since  its  solution  does  not  depend 
on  the  other  velocity  components.  However,  a  problem  still  arises  when  solving 
the  Ui-  and  ua-momentum  equations.  Before  solving  the  Poisson  equation  only  the 
intermediate  velocity,  u*  is  known.  Fortunately,  it  is  easy  to  show  that  using  uf 
instead  of  uf  iii  equations  3.3- 13a  and  3.3- 13c  preserves  second  order  accuracy.  This 
is  because  u*'  is  a  second  order  approximation  to  u* ,  as  can  be  seen  from  equation 
3.3-22.  The  final  set  of  equations  (given  in  “correct”  order)  therefore  becomes: 


{l-2/?iAt 


{l-i3fcAt 

{l-/?itAt 


d  r  d-  - 
dx2  L  dx2- 


d  d-  ■ 
dx2  I-  dx2- 


d{4>^  —4)^ 


dui 


dxidxi 


2/3kAt  dxi 


uf=uf-  2/3kAt 


dxi 


k  =  l,2,3 


(3.3-23a) 


(3.3-236) 


(3.3-23c) 


(3.3-24) 

(3.3-25) 


At  the  end  of  the  third  sub-step,  k  =  3,  the  solution  at  full  time-step  n  -|-  1  is: 
=  u*.  For  the  first  sub-step,  A:  =  1,  we  have  that  =  u".  Note  that  the 
coefficient  (i.e.  Cfc)  in  front  of  the  the  term  containing  (equation  3.3-4)  is  zero 
at  the  first  sub-step  (k  =  1). 

Boundary  conditions  at  the  intermediate  sub-steps  are  found  from  linear  inter¬ 
polation  of  the  boundary  conditions  at  time  and  Thus: 

«?=<  +  (<+' -0^2/3, 

1=1 

A  main  novelty  of  the  fractional  step  method  developed  above  is  that  the 
intermediate  velocity  field,  u*',  is  a  second  order  approximation  to  the  solenoidal 
velocity  field,  Thus,  the  same  boundary  conditions  can  be  used  for  the  two 


(3.3-26) 
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velocity  fields  without  loss  of  accuracy.  This  was  not  the  case  in,  for  example,  the 
scheme  developed  by  Kim  &  Moin  (1985),  where  separate  boundary  conditions  had 
to  be  developed  for  the  intermediate  velocity  field. 

3.3.4  Verification  of  Time  Accuracy 

Second  order  accuracy  of  the  numerical  scheme  was  confirmed  through  com¬ 
putations.  By  substituting  equation  3.3-22  into  equation  3.3-20  it  can  be  verified 
that  the  scheme  has  a  second  order  error  term  associated  with  the  velocity  vector. 
However,  an  interesting  point  to  note  is  that  the  pressure  is  only  estimated  to  first 
order  accuracy.  But,  as  pointed  out  by  Perot  (1993),  the  order  of  accuracy  of  the 
pressure  update  does  not  affect  the  order  of  accuracy  of  the  velocity  field. 

In  order  to  verify  the  order  of  accuracy  of  the  scheme,  a  numerical  experiment 
was  conducted  using  the  flow  over  a  backward  facing  step  at  low  Reynolds  numbers. 
(The  backward  facing  step  calculations  are  described  in  detail  in  chapter  4).  Several 
simulations  were  run  starting  from  a  fully  developed  turbulent  flow  field  at  time 
Ti,  advancing  to  time  T^.  The  number  of  time-steps  used  to  cover  the  given  time 
interval  was  increased  from  1  to  4000.  The  solution  obtained  using  the  smallest  At 
was  interpreted  as  the  “correct  solution”.  The  error  in  the  solutions  obtained  at 
increasing  At  was  formed  by  calculating  the  rms  of  the  difference  in  the  solution  for  a 
given  At  when  compared  with  the  “exact  solution” .  The  result  of  these  calculations 
is  shown  in  figure  3.3-1.  The  slope  of  the  curves  for  all  velocity  components  (in  log- 
log  coordinates)  is  2,  which  verifies  that  the  velocity  field  is  calculated  to  second 
order  accuracy.  Likewise  it  is  evident  that  the  pressure  is  only  first  order  accurate. 
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3.4  Poisson  Equation 

The  Poisson  equation  for  pressure  is  solved  using  a  combination  of  a  Fourier 
transform  method  and  an  iterative  solution  procedure.  Since  the  computational  grid 
is  uniform  in  the  spanwise  direction,  combined  with  the  use  of  periodic  boundary 
conditions,  Fourier  transforms  can  be  used  to  reduce  the  3-D  Poisson  equation  to 
a  set  of  tmcoupled  2-D  equations.  Since  the  computational  grid  is  non-uniform 
in  both  the  streamwise  and  wall-normal  directions  transform  methods  cannot  be 
applied  in  these  directions  and  an  iterative  technique  is  therefore  used  to  solve  the 
2-D  equations.  The  Poisson  equation,  3.3-21,  can  be  represented  by: 

=  /,  where  V’  =  </>*  -  and  /  =  (3-4-1) 

The  discrete  form  of  equation  3.4-1  is: 

Fourier  transforming  in  the  spanwise  direction  transforms  equation  3.4-1  into 
a  set  of  2-D,  uncoupled,  Helmholtz  equations: 

V  "  ^  [l  -  )]  (3-4-3) 

where  m  is  the  wave  number,  is  the  number  of  cells  and  A2:  is  the  grid  spacing 
in  the  spanwise  direction.  For  a  rectangular  domain  equation  3.4-3  represents  a 
banded,  penta-diagonal  matrix.  For  the  “L-shaped”  domain  of  the  backward  facing 
step  the  matrix  is  smaller,  due  to  the  fact  that  the  points  inside  the  step  are  not 
included  in  the  solution.  The  presence  of  the  step  also  introduces  two  additional 
diagonals,  making  the  resulting  matrix  septa-diagonal.  However,  the  structure  of 
the  matrix  is  still  such  that  any  element  on  the  diagonal  only  has  at  most  four 
neighbors  in  either  the  horizontal  or  vertical  directions.  This  is  illustrated  in  figure 
3.4-1  where  the  open  circles  show  positions  with  non-zero  elements.  The  iterative 
solution  procedure  applies  a  modified  version  of  an  ADI  (Alternate  Direction  Im¬ 
plicit)  technique.  When  employing  a  non-uniform  grid  the  stiffness  of  the  matrix 
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becomes  more  severe  as  the  degree  of  stretching  of  the  grid  increases.  Since  the 
ratio  (no  summation  over  i)  is  typically  of  the  order  of  100  in  the 

wall-normal  direction  {i  —  2)  and  10  in  the  streamwise  direction  (i  =  1)  it  is  bene¬ 
ficial  to  treat  the  wall-normal  direction  implicitly  at  all  iteration  steps.  (This  was 
verified  through  numerical  tests).  Discretizing  equation  3.4-3  gives: 


+  (^5  —  ■“  (3-4-4) 

where  i  =  1...5,  are  coefficients  determined  using  the  spatial  discretization  tech¬ 
nique  described  in  section  3.2.3.  Letting  superscript  n  denote  the  iteration  index, 
equation  3.4-4  is  solved  as  follows,  requiring  a  tridiagonal  inversion  for  every  i- 
location: 


+  (o=  -  kD’Pi.V.n  + 


In  order  to  improve  convergence,  the  ADI  scheme  is  combined  with  SOR  (Suc¬ 
cessive  Over  Relaxation).  The  solution  of  equation  3.4-5  is  in  this  case  interpreted 
as  an  intermediate  solution,  The  solution  at  n  -f  1  is  then  found  from: 


(3.4-6) 


The  optimum  value  of  the  acceleration  parameter,  u^m,  is  a  function  of  the 
spanwise  wave  number,  m,  and  is  typically  in  the  range  from  1.0  to  1.9.  For 
the  problem  at  hand,  which  has  an  irregular  geometry  and  non-uniform  grid,  the 
optimum  value  of  Um  cannot  be  determined  analytically.  The  optimum  values  of 
iOrn  are  instead  found  empirically. 

As  can  be  seen  from  equation  3.4-5,  the  matrix  becomes  more  and  more  diago¬ 
nally  dominant  as  the  modified  wave- number  (A:(„)  increases  (05  is  always  negative). 
With  increasing  diagonal  dominance  the  number  of  iterations  decreases.  Thus,  the 
lowest  wave-numbers  are  the  hardest  to  converge.  In  fact  the  equation  for  the  zero 
wave  number  required  an  excessive  number  of  iterations  for  convergence.  In  those 
cases  a  Cray  library  routine  based  on  LU-decomposition  of  the  full  matrix  was  em¬ 
ployed.  (Note  that  in  the  case  of  the  zero  wave  number  the  singularity  in  the  matrix 
is  removed  by  prescribing  the  solution  at  one  point  in  the  domain).  However,  as  the 
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number  of  iterations  decreases  (with  increasing  wave-number),  the  iterative  solver 
becomes  more  cost  effective  than  the  direct  matrix  solver.  The  direct  matrix  solver 
was  therefore  only  used  for  the  zero  wave  number  equation,  and  in  some  cases  for 
a  few  of  the  lowest  wave  number  equations.  A  drawback  of  the  direct  solver  is 
the  requirement  to  store  the  LU-decomposition.  This  has  to  be  done  for  every 
wave-number  and  requires  large  disk  space.  Keeping  the  number  of  wave-numbers 
treated  with  the  direct  solver  to  a  minimum  is  therefore  also  desirable  for  reduced 
storage  requirement. 

Treating  only  the  wall-normal  direction  implicitly,  as  well  as  optimizing  the 
convergence  parameter  in  the  SOR  scheme  at  the  start  of  each  simulation  result  in 
a  significant  reduction  in  computational  time  for  the  Poisson  solver.  However,  a 
few  other  time-saving  features  are  also  included: 

When  Fourier  transforming  a  set  of  real  numbers  the  result  will  be  complex. 
The  resulting  2-D  Helmholtz  equations  will  therefore  have  to  be  solved  for  both  the 
real  and  imaginary  part  of  the  complex  numbers.  However,  since  the  matrix  (formed 
by  the  coefficients  of  equation  3.4-4)  stays  the  same  and  only  the  right-hand-side 
of  the  2-D  Helmholtz  equation  is  different  for  the  real  and  imaginary  part  of  the 
number  of  iterations  needed  to  reach  convergence  is  roughly  the  same  for  the  real 
and  imaginary  part  of  the  solution.  The  real  and  imaginary  part  of  ^  are  therefore 
solved  for  simultaneously  and  convergence  checked  using  only  the  real  part  of  the 
solution.  This  reduces  the  effort  spent  checking  for  convergence,  thus  reducing  the 
overall  CPU  time.  Convergence  is  checked  by  calculating  and  comparing  the  rms  of 
the  error  in  the  entire  computational  domain  to  some  pre-defined  limit,  a  procedure 
involving  a  significant  number  of  operations. 

Since  the  matrix  (formed  by  the  coefficients  of  equation  3.4-4)  only  depends 
on  the  geometry  and  the  grid,  the  number  of  iterations  used  to  reach  convergence 
is  roughly  the  same  (for  each  spanwise  wave  number)  from  time-step  to  time-step. 
The  code  therefore  keeps  track  of  the  number  of  iterations  used  (for  each  spanwise 
wave  number)  at  each  time-step  and  uses  this  information  to  decide  when  to  start 
checking  for  convergence  at  the  following  time-step.  This  saves  about  90  percent 
of  the  calls  to  the  routine  checking  for  convergence,  compared  with  checking  for 
convergence  after  every  iteration  step. 

In  the  last  stage  of  this  work  one  more  feature  was  implemented  in  the  solution 
procedure  for  the  Poisson  equation,  cutting  the  total  cost  for  the  solver  by  approxi¬ 
mately  50  percent.  From  equation  3.3-21  it  is  clear  that  the  Poisson  equation  has  to 
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be  solved  at  every  sub-step  of  the  Runge-Kutta  scheme.  Thus  the  Poisson  equation 
is  solved  three  times  for  every  full  time  step.  It  turns  out,  however,  that  it  is  not 
necessary  to  fully  converge  the  Poisson  equation  at  the  two  intermediate  sub-steps 
in  the  RK  scheme.  Only  a  few  iterations  are  necessary  to  get  a  rough  approxi¬ 
mation  for  (f)^  —  As  a  result,  the  intermediate  velocity  field,  {k  =  1,2) 

does  not  strictly  satisfy  continuity,  however  this  proves  not  to  be  important  for 
stability.  At  the  last  sub-step  {k  =  3)  the  Poisson  equation  is  converged  to  the 
specified  limit,  and  the  velocity-field  at  each  full  time-step  is  divergence  free.  The 
“disadvantage”  of  this  approach  is  that  the  total  error  in  the  solution  increases, 
even  though  second  order  temporal  accuracy  is  retained.  (This  was  verified  though 
numerical  tests).  In  fact,  the  effect  on  the  error  is  the  same  as  if  the  time-step  was 
increased.  (Similar  to  the  numerical  scheme  developed  by  Le  &:  Moin,  attempts 
were  made  to  rewrite  the  scheme  developed  in  section  3.3  to  avoid  solving  the  Pois¬ 
son  equation  altogether  at  the  intermediate  sub-steps.  However,  this  resulted  in 
numerical  instability  problems). 
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3.5  Boundary  Conditions 

No-slip  condition  is  used  along  all  solid  walls  which  includes  the  lower  boiuidary 
of  the  computational  domain,  as  well  as  the  top  boundary  for  the  high  Reynolds 
niunber  case.  The  flow  is  assumed  to  be  homogenous  in  the  spanwise  direction 
justifying  the  use  of  periodic  boundary  conditions.  The  following  gives  a  brief 
description  of  the  inflow  and  outflow  boundary  conditions  as  well  as  the  no-stress 
condition  used  at  the  top  boundary  in  the  low  Reynolds  number  case. 

3.5.1  Inflow  Condition 

The  method  used  by  Le  &  Moin  (1994)  to  generate  turbulent  inflow  data 
consists  of  specifying  a  mean  velocity  profile,  U{y),  with  superimposed  random 
fluctuations,  u'/{y,z,t)  at  r  =  —Li.  The  mean  velocity  profile  is  taken  from  a 
flat  plate  turbulent  boundary  layer  calculation  (DNS)  performed  by  Spalart  (1988). 
Since  the  resulting  “turbulence”  does  not  contain  any  structures,  an  inlet  section  is 
required  for  the  flow  to  recover  and  develop  realistic  turbulence.  Le  Sz  Moin  found 
that  for  the  DNS  calculation  about  10  step  heights  {Li  =  lOh)  was  necessary  for 
the  flow  to  recover  before  reaching  the  step.  For  the  low  Reynolds  number  LES 
of  the  backward  facing  step  it  was  not  possible  to  make  the  flow  recover  in  the 
same  distance  using  this  method  (see  appendix  A. 2  for  details).  A  separate  LES 
was  therefore  performed  of  a  spatially  developing  boundary  layer,  using  a  fairly  fine 
grid  (see  chapter  4).  The  method  used  to  get  inflow  turbulence  for  the  boundary 
layer  calculation  was  the  same  as  that  employed  by  Le  Sz  Moin  for  the  backward 
facing  step.  A  plane  of  data  (velocity  vector)  was  saved  at  every  time-step  at  the 
streamwise  location  where  the  boundary  layer  had  recovered  from  the  random  inflow 
condition  (found  by  comparing  the  characteristics  of  the  flow  to  the  DNS  results 
of  Le  Sz  Moin  right  upstream  of  the  step).  After  proper  interpolation  to  account 
for  differences  in  the  resolution  of  the  boundary  layer  and  the  backward  facing 
step  calculations,  this  information  was  fed  into  the  LES  of  the  backward  facing 
step.  Since  the  inflow  now  consists  of  developed  turbulence,  a  long  inlet  section 
is  no  longer  needed  and  the  inflow  boundary  condition  was  therefore  imposed  at 
Li  =  0.3h. 

The  high  Reynolds  number  LES,  on  the  other  hand,  was  run  using  the  same 
inflow  method  as  employed  by  Le  k  Moin.  It  turns  out  that  with  the  reduced 
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damping  at  the  high  Reynolds  number,  the  flow  is  better  able  to  recover  from  the 
random  inflow  condition  imposed  at  Li  =  lOh.  The  inlet  mean  velocity  profile  was 
in  this  case  determined  by  fitting  the  log-law  thorough  the  experimental  data  from 
Adams  et  al.  (1984). 

3.5.2  Outflow  Condition 

Several  outflow  boundary  conditions  were  applied  to  an  unsteady  separated 
boundary  layer  by  Pauley  et  al.  (1988).  For  unsteady  problems,  the  convective 
boundary  condition: 

^  =  0  (3.5-1) 

was  best  suited  for  convecting  structures  out  of  the  computational  domain.  The 
boundary  condition  at  the  exit  at  time-step  n  -|-  1  is  found  by  integrating  equation 
3.5-1,  using  the  Explicit  Euler  time-marching  scheme.  The  discrete  equation  is 
given  by: 


n-|-l  _ 


AtUco 

Ax 


(3.5-2) 


The  convective  velocity  is  set  equal  to  the  mean  streamwise  velocity  integrated 
across  the  exit  plane,  consistent  with  the  approach  used  by  Le  &  Moin. 

It  should  be  pointed  out  that  in  statistically  steady  flows  the  convective  bound¬ 
ary  condition  forces  the  exit  streamlines  to  be  parallel  to  the  x-axis,  with  zero  mean 
wall-normal  velocity.  Thus,  equation  3.5-1  may  result  in  a  significant  domain  of 
influence  around  the  exit  boundary  unless  <v>t  naturally  is  close  to  zero.  Calcu¬ 
lations  done  by  Le  &:  Moin,  and  also  as  part  of  this  work,  verifies  that  at  the  exit 
boundary  of  the  backward  facing  step  <v>t  is  close  to  zero,  and  the  effect  of  the 
outflow  boundary  condition  extends  no  more  than  about  one  step  height  upstream 
of  the  boundary. 


3.5.3  No-Stress  Condition 

As  mentioned  in  section  3.1,  geometrical  parameters  and  boundary  conditions 
in  the  low  Reynolds  number  case  were  chosen  to  match  those  used  by  Le  &  Moin 
(1994)  in  their  DNS,  as  well  as  the  experimental  setup  used  by  Jovic  Sz  Driver 
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(1994).  Jovic  &  Driver’s  experimental  facility  consisted  of  a  double  expansion  with 
a  channel  height  of  lOh  upstream  of  the  step,  giving  an  expansion  ratio  of  1.2. 
The  boundary  layer  thickness  on  either  wall  was  about  1.2h.  Calculations  by  Le  & 
Moin  indicate  that  for  an  expansion  ratio  less  than  approximately  1.33,  the  upper 
boundary  does  not  interfere  with  the  free  shear  layer.  Thus,  in  those  cases  the 
region  around  the  centerline  (of  the  double  expansion)  is  characterized  by  potential 
flow  with  small  velocity  gradients.  This  provides  some  justiflcation  for  the  use  of 
no-stress  boundary  condition  in  the  calculation,  allowing  for  simulation  of  only  half 
of  the  symmetric  domain  used  in  the  experiment.  The  no-stress  condition  is  given 
mathematically  by: 


du  ^  dw 

V  =  0,  ^  =0, 

dy  dy 


(3.5-3) 
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3.6  Evaluation  of  Statistical  Quantities 

Statistical  quantities  are  calculated  by  averaging  over  time  as  well  as  the  homo¬ 
geneous  spanwise  direction.  Statistical  samples  are  collected  at  every  time-step.  In 
all  cases  statistics  are  collected  only  after  the  flow  has  reached  a  statistically  steady 
state.  Because  a  staggered  grid  is  used  problems  arise  when  calculating  quantities 
like  <u"v">tz  because  the  velocity  components  are  given  at  different  locations  in 
the  grid.  Therefore,  all  quantities  are  averaged  to  the  center  of  the  computational 
cells  (where  scalar  quantities  are  defined)  before  sampling  statistics.  Only  mean 
quantities  are  calculated  during  execution  of  the  program.  Statistical  quantities, 
like  rms  values,  are  evaluated  in  a  post-processing  routine.  Statistics  up  to  (and 
including)  second  order  were  considered  in  the  present  study. 
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Figure  3.2-4,  Stretching  function  in  the  wall-normal  direction. 
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RESULTS,  LOW  REYNOLDS  NUMBER  CASE 


This  chapter  summarizes  the  results  from  the  large  eddy  simulations  of  tur¬ 
bulent  flow  over  a  backward  facing  step  at  low  Reynolds  number.  Two  studies  are 
used  as  reference  for  the  large  eddy  simulations.  The  flrst  is  the  direct  numerical 
simulation  (DNS)  by  Le  &  Moin  (1994).  The  second  is  an  experimental  study  per¬ 
formed  by  Jovic  &  Driver  (1994).  The  experiment,  as  well  as  the  present  large  eddy 
simulations,  were  designed  to  match  as  closely  as  possible  the  parameters  used  in 
the  DNS  study.  Since  Le  k  Moin  have  already  shown  very  good  agreement  between 
their  calculation  and  the  experimental  results,  the  main  source  of  reference  for  the 
present  study  will  be  the  DNS  data  of  Le  k  Moin.  Details  of  the  DNS  and  the 
experiments  are  summarized  in  section  4.1. 

Section  4.2  gives  a  detedled  description  of  the  cases  studied.  A  variety  of  grid 
resolutions  were  studied  combined  with  three  different  subgrid  scale  (SGS)  models. 
In  addition,  one  case  was  run  using  LES  grid  resolution,  but  without  a  SGS  model. 
A  listing  of  the  different  cases  can  be  found  in  section  4.2.3. 

Section  4.3  discusses  the  results  obtained  at  different  grid  resolutions  using 
the  DM  model.  The  main  objective  is  to  evaluate  the  overall  performance  of  the 
DM  model,  and  to  determine  its  behavior  as  the  resolution  changes,  i.e.  establish 
convergence  towards  the  DNS  results.  It  is  also  of  importance  to  determine  the 
minimum  grid  resolution  requirement. 

Section  4.4  compares  the  results  from  a  large  eddy  simulation  using  the  DM 
model  with  similar  calculations  done  using  the  DLM  model  (Ghosal  et  al.,  1994) 
and  the  Smagorinsky  model  (1963). 

The  last  section,  4.6,  summarizes  the  performance  of  the  computer  code  with 
emphasis  on  the  CPU  time  associated  with  solving  for  the  eddy-viscosity  using  the 
dynamic  subgrid  scale  modeling  approach. 
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Additional  results  from  large  eddy  simulations  of  the  backward  facing  step  are 
included  in  appendix  A.  These  are  mostly  from  cases  computed  in  the  early  part 
of  the  study  that  were  used  to  guide  the  selection  of  computational  parameters  in 
the  final  calculations.  The  first  large  eddy  simulations  used  a  uniform  distribution 
of  grid  points  in  the  streamwise  direction.  However,  it  was  discovered  that  it  is 
important  to  resolve  the  flow  (in  the  streamwise  as  well  as  wall-normal  direction) 
around  the  corner  of  the  step  because  of  sharp  mean  gradients  and  numerical  prob¬ 
lems  associated  with  the  singular  corner  point.  Appendix  A.l  shows  a  comparison 
of  results  obtained  using  uniform  versus  non-uniform  streamwise  grids. 

As  already  mentioned  in  chapter  3,  the  inflow  boundary  condition  used  for 
the  LESs  was  different  than  that  used  for  the  DNS  (Le  &  Moin).  When  using  the 
DNS  inflow  condition  in  the  present  calculations,  the  flow  did  not  recover  from 
the  random  fluctuations  imposed  at  the  inlet.  Turbulence  stresses,  measured  at 
the  corner  of  the  step,  were  significantly  under-predicted  in  large  eddy  simulations 
which  affected  the  flow  downstream  of  the  expansion.  It  is  apparent  that  an  accurate 
prediction  of  the  flow  downstream  of  the  expansion  depends  on  the  ability  to  have 
an  accurate  realization  of  the  flow  conditions  upstream  of  the  step.  Appendix  A. 2 
shows  examples  of  results  from  the  earlier  studies  using  the  DNS  inflow  condition. 
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4.1  Reference  Cases 

4.1.1  DNS  Case  of  Le  Sz  Moin 

The  expansion  ratio  of  the  computational  domain  used  by  Le  8z  Moin  was  1.2. 
Periodic  boundary  conditions  were  used  in  the  spanwise  direction.  No  slip  condition 
was  used  at  the  lower  wall  and  a  no-stress  condition  at  the  top  boundary.  The 
Reynolds  number  was  5100  based  on  step- height,  h,  and  inlet  free-stream  velocity, 
Uq.  The  thickness  of  the  approaching  boundary  layer  was  about  1.2  step-heights.  A 
uniform  grid  was  used  in  the  streamwise  and  spanwise  directions  and  a  non-uniform 
grid  was  used  in  the  wall-normal  direction.  The  wall-normal  stretching  function 
clusters  points  along  the  lower  wall,  both  in  the  inlet  section  and  downstream  of 
the  step.  A  total  of  768  x  192  x  64  points  were  used  in  the  streamwise,  wall-normal, 
and  spanwise  directions,  respectively.  The  numerical  method  used  by  Le  &  Moin  is 
similar,  but  not  identical,  to  the  method  used  in  the  present  large  eddy  simulations. 
Statistical  quantities  are  calculated  by  averaging  in  both  the  homogenous  spanwise 
direction  and  time.  The  total  integration  time  covered  more  than  320  time  units 
(h/Uo). 

4.1.2  Experiments  by  Jovic  &:  Driver 

Jovic  &  Driver  (1994)  conducted  their  experiments  in  a  low  speed,  suction- 
driven  open-return  wind  tunnel  at  NASA  Ames  Research  Center.  The  experiment 
was  designed  to  match  the  geometry  and  flow  conditions  used  by  Le  &  Moin.  The 
experiment  used  a  double  sided  expansion  with  expansion  ratio  1.2,  the  boundary 
layer  thickness  on  either  wall  was  1.2  step-heights  and  the  flow  at  the  centerline  was 
therefore  essentially  undisturbed.  The  aspect  ratio  of  the  tunnel  was  Lz/h  =  31. 
The  tunnel  side  walls  were  slightly  diverged  to  compensate  for  the  blockage  effect 
due  to  the  boundary  layer  growth.  The  boundary  layers  were  tripped  approximately 
40/i  upstream  of  the  step  to  ensure  that  they  were  fully  developed  at  the  point  of 
expansion.  The  Reynolds  number,  based  on  step  height  and  inlet  velocity,  was 
5100.  A  Laser  Doppler  velocimeter  was  used  to  measure  mean  velocity  and  three 
Reynolds  stresses.  The  coefficient  of  friction  was  measured  with  an  Oil-Flow  Laser 
Interferometer. 
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4.2  Calculation  Setup 

4.2.1  Geometry 

The  inflow  boundary  condition  is  specified  0.3h  upstream  of  the  step.  The 
domain  extends  20h  downstream  of  the  step.  The  height  of  the  domain  is  5h 
upstream  of  the  step  giving  an  expansion  ratio  of  1.2.  The  spanwise  extent  of  the 
domain  is  4/i. 

4.2.2  Boundary  Conditions 

The  inflow  boundary  condition  consists  of  planes  of  data,  u(y,0,t),  generated 
by  running  a  separate  code  calculating  a  spatially  developing  boundary  layer.  Thus, 
the  flow  entering  the  backward  facing  step  domain  contains  fully  developed  turbu¬ 
lence,  eliminating  the  need  for  a  long  inlet  section.  The  y-z-planes  of  data  from  the 
boundary  layer  code  are  stored,  and  later  read  by  the  backward  facing  step  code. 
The  inflow  velocity  vectors,  u(y,  2,t),  were  generated  using  one  grid  resolution,  and 
interpolation  was  employed  in  cases  where  the  backstep  resolution  was  difierent 
from  that  used  in  the  boundary  layer  code. 

The  boundary  layer  code  is  essentially  calculating  an  extended  inlet  section 
for  the  backward  facing  step.  The  dimensions  of  the  domain  are  25^  x  4.2(J  x  3.35 
in  the  streamwise,  wall-normal  and  spanwise  directions,  respectively,  where  5  is 
the  boundary  layer  thickness  at  the  inlet  of  the  domain  (5  =  \.2h).  The  inflow 
boundary  condition  is  the  same  as  that  used  by  Le  &  Moin  in  the  DNS  of  the 
backward  facing  step.  A  mean  velocity  profile  (Spalart,  1988)  with  superimposed 
random  fluctuations  is  prescribed  at  the  inlet.  Because  the  inflow  lacks  turbulent 
structures,  the  flow  goes  through  a  transition  before  developing  normal  turbulence. 
The  grid  contains  96  x  31  x  64  points  in  the  streamwise,  wall-normal  and  spanwise 
directions,  respectively.  The  grid  in  the  wall-normal  direction  is  stretched  in  order 
to  resolve  the  wall-layer.  The  grid  is  uniform  in  the  streamwise  and  spanwise 
directions.  The  DM  model  (equation  2.2-25)  is  used  to  account  for  the  subgrid 
scale  stresses. 

Figure  4.2-1  compares  the  coefficient  of  friction  from  the  present  boundary 
layer  calculation  to  the  coefiicient  of  friction  in  the  inlet  section  of  the  backward 
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facing  step  DNS  of  Le  h  Moin.  Also  shown  is  the  coefficient  of  friction  obtained  by 
Spalart  (1988).  It  is  evident  that  the  flow  goes  through  a  transition  in  the  upstream 
part  of  the  domain  before  recovering.  At  x/h  =  10  the  coefficient  of  friction  from 
the  present  boundary  layer  calculation  has  not  yet  recovered  fully,  whereas  the  DNS 
of  Le  &  Moin  yields  an  over-prediction  (at  the  step)  compared  with  Spalart’s  value. 
The  values  of  the  coefficient  of  friction  at  x/h  =  10  are: 

Spalart  (1988)  :  C/  =  4.834  •  lO”^ 

Present  boundary  layer  calculation  :  C*/  =  4.436  •  10“^ 

Le  &  Moin  (1994)  :  C/  =  5.424  •  10“^ 

Figure  4.2-2  shows  rms  profiles  at  xfh  =  8.3  (x/h  =  10)  from  the  present 
boundary  layer  calculation  compared  with  rms  profiles  0.2h  upstream  of  the  step 
from  the  DNS  of  Le  &  Moin.  Also  shown  are  the  rms  profiles  from  Spalart  (1988). 
There  is  generally  good  agreement  between  the  profiles. 

Based  on  the  excellent  agreement  between  the  rms  profiles  from  the  boundary 
layer  calculation  (taken  at  x/fJ  =  8.3)  and  the  rms  profiles  0.2h  upstream  of  the  step 
from  the  DNS  of  Le  h  Moin,  it  is  deduced  that  the  characteristics  of  the  turbulence 
in  the  two  cases  are  similar.  Inflow  data  for  the  backward  facing  step  calculations 
was  therefore  generated  by  saving  y-z-planes  of  data,  taken  at  xjh  =  8.3,  from  the 
developing  boundary  layer  code.  This  information  was  later  fed  into  the  LES  of 
the  backward  facing  step  at  0.3/i,  upstream  of  the  step.  All  backward  facing  step 
cases  used  the  same  time  step  (held  constant)  as  that  used  in  the  initial  boundary 
layer  calculation.  This  is  not  strictly  necessary,  but  avoids  the  additional  work  of 
interpolating  the  inflow  data-base  in  time.  Matching  the  coefficient  of  friction  of 
Spalart’s  calculation  (or  Le  &  Moin’s  DNS)  was  not  regarded  to  be  as  significant 
as  matching  the  turbulence  statistics.  The  boundary  layer  thickness  at  the  corner 
of  the  step  was  approximately  1.2h,  the  same  as  in  the  DNS  of  Le  &  Moin. 

4.2.3  Case  Definitions 

Several  simulations  of  the  backward  facing  step  were  carried  out  changing  both 
the  grid  resolution  and  the  subgrid  scale  model.  As  already  mentioned,  the  length 
of  the  inlet  section  used  in  the  LES  was  only  0.3h,  compared  with  lO/i  in  the  DNS 
study  of  Le  &  Moin.  Therefore,  when  comparing  the  number  of  grid-points  used 
in  the  different  cases,  only  the  number  of  points  downstream  of  the  step  will  be 
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counted  in  the  streamwise  direction.  The  LES  cases  all  used  from  6  to  8  points 
to  cover  the  short  inlet  section.  The  DNS  case  of  Le  &  Moin  used  256  imiformly 
distributed  points  to  cover  an  extended  inlet  section. 

Table  4.2-1  lists  the  cases  studied.  Each  case  is  identified  by  four  characters 
that  will  be  used  throughout  this  report.  The  first  two  characters  indicate  the 
subgrid  scale  model  used  with  DM  being  the  DM  model,  DL  the  DLM  model, 
SM  the  Smagorinsky  model,  and  NM  meaning  no  model.  The  last  two  characters 
indicate  the  grid  used.  BA  represents  the  basic  resolution.  XI  has  reduced  number 
of  streamwise  grid  points  compared  with  the  basic  case,  and  X2  has  more  streamwise 
grid  points  than  the  basic  case.  Y1  and  Z1  represent  cases  with  less  grid  points 
in  the  wall-normal  and  spanwise  directions,  respectively,  compared  with  the  basic 
resolution.  The  last  case  listed  in  table  4.2-1,  DNS,  is  the  DNS  of  Le  &:  Moin  which 
has  been  included  for  comparison. 


Case  No. 

Case  ID 

Model 

Ny 

N, 

1 

DMXl 

DM 

70 

48 

32 

2 

DLXl 

DLM 

70 

48 

32 

3 

SMXl 

Smagorinsky 

70 

48 

32 

4 

NMXl 

No  SGS  Model 

70 

48 

32 

5 

DMBA 

DM 

112 

48 

32 

1 

6 

DMX2 

DM 

230 

48 

32 

7 

DMZl 

DM 

112 

48 

16 

8 

DMYl 

DM 

112 

29 

32 

9 

DNS 

DNS  (Le  &  Moin) 

512 

192 

64 

Table  4.2-1,  An  overview  of  the  cases  studied. 

The  basic  resolution  is  112  x  48  x  32  points  in  the  streamwise,  wall- normal 
and  spanwise  directions,  respectively.  Most  of  the  calculations  were,  however,  run 
with  a  reduced  number  of  streamwise  grid-points  (i.e.  70).  In  addition,  a  series  of 
calculations  were  run  using  the  DM  model,  but  with  a  systematic  change  in  grid 
resolution  in  order  to  verify  that  the  results  converge  towards  the  DNS  solution, 
and  also  to  determine  the  minimum  resolution  requirement. 
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As  indicated  in  table  4.2-1,  three  different  grid  resolutions  were  used  in  the 
streamwise  direction.  The  streamwise  grid  is  stretched  in  order  to  give  a  high 
density  of  grid  points  around  the  corner  of  the  step.  The  minimum  resolution 
occurs  at  the  corner  of  the  step  and  is  equal  to  0.045h  for  all  streamwise  grids.  The 
uniform  streamwise  grid  spacing  used  by  Le  &  Moin  was  0.039h.  Figure  4.2-3  shows 
the  grid  spacing,  Ar,  as  a  function  of  streamwise  distance  for  the  three  streamwise 
resolutions  (i.e.  70,  112  and  230  points).  Figure  4.2-4  shows  the  wall-normal  grid 
spacing,  Ay,  versus  y/h  for  the  two  wall-normal  grids  used  in  the  present  study,  as 
well  as  for  the  grid  used  in  the  DNS  by  Le  &  Moin. 


Case  No. 

^^max 

^ymin 

^Vmax 

A2+ 

1-4 

8.92 

92.9 

1.14 

91.7 

24.7 

5 

8.92 

56.2 

1.14 

91.7 

24.7 

6 

8.92 

24.1 

1.14 

91.7 

24.7 

7 

8.92 

56.2 

1.14 

91.7 

49.4 

8 

8.92 

92.9 

2.31 

148.3 

24.7 

9 

7.73 

7.73 

0.23 

24.7 

12.4 

Table  4.2-2,  Resolution  in  wall-coordinates. 


The  grid  resolutions  in  wall  coordinates,  given  in  table  4.2-2,  are  obtained  using 
the  friction  velocity  at  the  exit  of  the  computational  domain;  Ur/Uo  =  3.88  •  10“^. 
The  minimum  streamwise  grid-spacing  occurs  at  the  corner  of  the  step  and  the 
maximum  grid-spacing  occurs  at  the  exit  of  the  domain. 

The  initial  velocity  field  was  for  most  of  the  cases  generated  by  interpolating 
the  final  velocity-field  from  a  previous  case.  After  interpolation,  the  calculation 
was  run  for  130  time-units  {hfUo),  corresponding  to  about  5  flow-through  times,  in 
order  to  remove  transients  resulting  from  the  interpolation.  (A  flow-through  time 
is  defined  as  the  time  it  takes  a  fluid  particle  travelling  at  the  average  inlet  velocity 
to  pass  through  the  computational  domain.  For  the  LES  cases  one  flow-through 
time  corresponds  to  approximately  25  time-units).  Statistics  where  then  sampled 
at  every  time-step  over  a  period  of  390  time-units  (about  15  flow-through  times). 
The  time-step.  At,  was  kept  constant  at  0.02h/17o. 
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4.3  Results,  DM  Model 

This  chapter  describes  the  results  obtained  from  LESs  of  the  backward  facing 
step  using  the  DM  model.  Five  of  the  cases  listed  in  table  4.2-1  will  be  considered. 
These  include  the  case  with  basic  resolution,  DMBA,  and  each  of  the  cases  with 
reduced  resolution  in  either  coordinate  direction,  DMXl,  DMYl  and  DMZl.  The 
last  case  evaluated  is  DMX2,  which  has  increased  streamwise  resolution  compared 
with  the  basic  resolution  case,  DMBA.  Comparison  will  in  all  cases  be  made  with 
the  DNS  results  of  Le  &  Moin. 


4.3.1  Characteristics  of  the  Inflow 

Figure  4.3-1  shows  the  turbulence  intensities  and  turbulent  shear  stress  for 
cases,  DMBA,  DMXl  and  DMX2,  compared  with  DNS  (Le  &  Moin)  and  results 
from  the  boundary-layer  code.  Figure  4.3-2  gives  the  same  information  for  the  re¬ 
maining  two  cases,  DMYl  and  DMZl.  The  wall-normal  grid  used  in  the  boundary- 
layer  code  is  identical  to  the  wall-normal  grid  used  in  all  backward  facing  step 
calculations,  except  DMYl.  In  the  latter  case  the  velocity  vector  specified  at  the 
inlet  was  interpolated  in  the  wall-normal  direction  to  match  the  grid  of  the  back¬ 
ward  facing  step.  All  backward  facing  step  LES  cases  used  less  points  spanwise  than 
that  used  in  the  boundary  layer  code.  Interpolation  of  the  inflow  velocity  vector  in 
the  spanwise  direction  was  therefore  applied  in  all  cases. 

From  figure  4.3-1  it  is  seen  that  the  three  streamwise  grids  (DMBA,  DMXl, 
and  DMX2)  give  the  same  turbulent  statistics  upstream  of  the  step.  However, 
has  increased  and  and  have  decreased  compared  with  result  from  the 

boundary  layer  calculation.  This  is  a  well  known  consequence  of  inadequate  grid 
resolution  in  numerical  simulations  of  wall  bounded  flows.  The  turbulent  shear 
stress  on  the  other  hand  is  unchanged.  The  change  in  the  turbulence  intensities  is 
most  likely  due  to  a  loss  of  the  smallest  scales  when  interpolating  onto  the  coarser 
spanwise  grid.  However,  the  large  scale  structures  should  remain  unchanged,  and 
the  slight  deterioration  of  the  turbulence  intensities  (caused  by  the  interpolation 
procedure)  is  therefore  not  expected  to  have  a  significant  influence  on  the  flow 
downstream  of  the  expansion. 

Figure  4.3-2  shows  the  same  trend  for  cases  DMYl  and  DMZl,  with  the 
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exception  of  case  DMZl  (only  16  points  spanwise)  where  the  turbulent  shear  stress 
has  decreased  somewhat  compared  with  the  boundary  layer  calculation.  But,  as 
will  become  evident  in  later  sections,  this  small  change  does  not  seem  to  have  a 
significant  impact  on  the  fiow  conditions  downstream  of  the  step. 

4.3.2  Coefficient  of  Friction  and  Reattachment  Length 


The  coefficient  of  friction  along  the  lower  wall  of  the  domain  is  defined  as: 


or  in  non-dimensional  form  : 


where  Tu,  is  the  shear  stress  at  the  wall  and  Uo  is  the  inlet  velocity.  Figure  4.3-3 
shows  the  coefficient  of  friction  for  all  five  cases,  DMBA,  DMXl,  DMYl,  DMZl 
and  DMX2,  compared  with  DNS  (Le  k  Moin)  and  the  experimental  results  from 
Jovic  &  Driver.  Figure  4.3-4  gives  the  coefficient  of  friction  for  case  DMBA  in  order 
to  include  the  proper  scaling  of  the  vertical  axis. 

The  general  impression  when  studying  figure  4.3-3  is  that  all  LES  cases  agree 
well  with  the  DNS  data  except  for  case  DMYl.  The  latter  case  shows  poor  agree¬ 
ment,  particularly  in  the  recirculation  region  (i.e.  x/h  less  than  about  6.3).  The 
deviation  can  most  likely  be  attributed  to  the  use  of  only  29  wall- normal  grid  points. 

Comparing  the  three  cases  with  increasing  streamwise  grid  resolution  (DMXl, 
DMBA  and  DMX2),  a  slight  improvement  is  observed  as  the  streamwise  resolution 
increases.  This  is  particularly  noticeable  in  the  recirculation  region.  However,  note 
that  DMX2  uses  more  than  three  times  the  number  of  streamwise  grid-points  used 
in  case  DMXl.  It  can  be  concluded  that  the  results  are  close  to  being  independent 
of  the  streamwise  resolution  (to  the  extent  grid  independence  makes  sense  in  LES) 
and  that  convergence  towards  the  DNS  data  are  observed  as  the  streamwise  grid  is 
refined. 

The  last  case,  DMZl,  with  reduced  spanwise  resolution,  also  shows  overall  good 
agreement  with  DNS.  The  quality  of  this  solution  is  almost  as  good  as  DMXl.  It 
is  interesting  to  note  that  all  cases  are  able  to  capture  the  secondary  vortex  at  the 
lower  corner  of  the  step,  although  it  should  be  noted  that  the  streamwise  resolution 
is  fine  close  to  the  step  in  all  LES  cases. 

The  reattachment  length,  Xr,  can  be  found  in  figure  4.3-3  as  the  point  where 
the  coefficient  of  friction  is  zero.  The  values  are  summarized  in  table  4.3-1.  Also 
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included  is  the  deviation  from  the  reattachment  length  calculated  by  Le  &  Moin. 
A  minus  sign  indicates  a  shorter  reattachment  length  for  the  LES  compared  with 
DNS.  With  the  exception  of  DMYl,  all  resolutions  considered  give  a  reattachment 
length  that  differs  from  the  DNS  value  by  no  more  than  a  couple  of  percent.  The  8.8 
percent  deviation  in  the  reattachment  length  for  case  DMYl  reaffirms  the  conclu¬ 
sion  that  the  coarsest  wall-normal  grid  is  insufficient  for  the  low  Reynolds  number 
backstep  flow. 


Xnlh 

%  deviation 

Le  &  Moin 

6.28 

Jovic  &  Driver 

6  ±0.15 

DMXl 

6.19 

-1.4 

DMBA 

6.36 

1.3 

DMX2 

6.35 

1.1 

DMZl 

6.14 

-2.2 

DMYl 

6.83 

8.8 

Table  4.3-1,  Reattachment  length  for  the  LES  cases. 


Based  on  a  comparison  of  the  coefficient  of  friction  and  the  reattachment  length 
it  is  evident  that  the  DM  model  is  producing  high  quality  solutions  with  a  minimum 
number  of  grid  points.  In  terms  of  grid  resolution  the  present  comparisons  indicate 
that  the  minimum  wall- normal  grid  is  too  coarse.  However,  DMXl,  and  possibly 
also  DMZl,  show  overall  good  agreement  with  DNS.  Only  minor  improvements  are 
observed  when  refining  the  streamwise  or  spanwise  grids. 


4.3.3  Pressure  Coefficient 

The  mean  static  pressure  distribution  along  the  step  wall  is  shown  in  figure 
4.3-5  for  case  DMBA.  A  comparison  of  the  five  LES  cases  is  given  in  figure  4.3-6. 
The  pressure  coefficient,  Cp,  is  defined  as: 

r  -  P-^o 

^  \pui 

where  Uq  is  the  inlet  velocity  and  Pq  is  a  reference  pressure.  When  comparing  the 
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DNS  and  experimental  data,  Le  Sz  Moin  used  the  pressure  at  x  =  —5h  (upstream 
of  the  step)  as  reference.  However,  since  only  a  very  short  inlet  section  was  used  in 
the  LES  cases,  the  reference  pressure  for  the  DNS  and  LES  comparisons  was  taken 
at  the  corner  of  the  step  {xfh=0).  As  with  the  coefficient  of  friction,  good  overall 
agreement  between  LES  and  DNS  is  observed  for  all  cases  but  DMYl.  The  latter 
case  shows  a  “shift”  in  the  pressure  coefficient  compared  with  DNS,  similar  to  the 
shift  observed  for  the  coefficient  of  friction. 

From  studying  the  three  cases  with  increasing  streamwise  resolution  (DMXl, 
DMBA,  and  DMX2)  it  is  also  evident  that  the  agreement  with  DNS  data  gets  better 
as  the  resolution  increases.  This  is  particularly  evident  in  the  recovery  region  (i.e. 
ioT  x/h  larger  than  about  8).  The  accuracy  of  the  LES  with  the  coarsest  streamwise 
resolution  is  most  likely  adequate  for  practical  engineering  purposes.  The  case  with 
decreased  spanwise  resolution  (DMZl)  shows  a  larger  discrepancy  (compared  with 
DNS)  in  the  pressure  recovery  region  than  that  observed  for  case  DMXl,  but  the 
difference  is  small. 

4.3.4  Mean  Velocity  Profiles 

Mean  streamwise  velocity  profiles  from  cases  DMXl,  DMBA  and  DMX2  are 
compared  with  DNS  data  in  figure  4.3-7.  These  are  the  cases  with  varying  stream- 
wise  resolution.  Figure  4.3-8  shows  the  mean  streamwise  velocity  profiles  for  cases 
DMYl  and  DMZl.  The  first  six  positions,  shown  in  part  (a)  of  the  figures,  are 
selected  upstream  of  reattachment  (inside  the  recirculation  region),  and  the  last  six 
positions,  part  (b)  of  figures,  covers  the  region  downstream  of  reattachment.  The 
corresponding  mean  wall-normal  velocity  profiles  are  shown  in  figure  4.3-9  for  cases 
DMXl,  DMBA  and  DMX2,  and  in  figure  4.3-10  for  cases  DMYl  and  DMZl. 

Figure  4.3-7  shows  a  remarkable  agreement  between  LES  and  DNS  results. 
The  LES  velocity  profiles  match  the  DNS  data  almost  perfectly  at  all  streamwise 
stations.  It  is  even  hard  to  distinguish  between  the  results  from  the  three  LES  cases. 
The  profiles  at  xfh  =  3  show  a  slight  improvement  in  the  agreement  with  DNS  as 
the  streamwise  resolution  increases.  The  same  is  true  at  the  last  four  streamwise 
stations  downstream  of  reattachment.  At  xfh  =  14  and  x/h  =  IQ  in  particular,  the 
agreement  with  DNS  is  seen  to  progressively  get  better  as  the  streamwise  resolution 
increases. 

Figure  4.3-9  shows  that  this  conclusion  also  holds  for  the  mean  wall-normal 
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velocity  profiles.  While  the  agreement  with  DNS  seems  to  be  somewhat  poorer 
than  for  the  mean  streamwise  velocity  profiles  it  should  be  noted  that  the  mean 
wall-normal  velocity  is  an  order  of  magnitude  smaller  than  the  mean  streamwise 
velocity.  Overall,  the  agreement  with  DNS  data  is  very  good,  even  for  the  coarsest 
streamwise  resolution. 

Figure  4.3-8  provides  a  comparison  of  the  mean  streamwise  velocity  between 
LES  and  DNS  for  cases  DMYl  and  DMZl.  Case  DMYl  shows  clear  deviations  from 
the  DNS  data,  particularly  in  the  near  wall  region.  DMZl,  on  the  other  hand,  shows 
overall  good  agreement  with  DNS.  The  inadequacy  of  DMYl  become  more  appar¬ 
ent  when  examining  the  mean  wall- normal  velocity  profiles  in  figure  4.3-10.  Poor 
agreement,  compared  with  DNS,  is  observed  at  all,  but  the  last  few  stations.  Case 
DMZl  is  in  better  agreement,  and  considering  all  streamwise  stations,  is  probably 
as  good  as  case  DMXl,  at  least  downstream  of  reattachment. 

4.3.5  Turbulent  Statistics 

This  section  includes  profiles  of  the  turbulence  intensities  and  the  turbulent 
shear  stress.  As  explained  in  chapter  2,  only  the  anisotropic  part  of  the  subgrid 
scale  stress  tensor  is  modeled.  The  isotropic  part  is  lumped  together  with  the 
pressure  in  the  variable  <f>.  Only  the  resolved  part  of  the  turbulence  intensities 
are  therefore  shown  in  this  section.  The  subgrid  scale  part  of  the  turbulent  shear 
stress  can  on  the  other  hand  be  calculated  from  the  expression  :  ri2  =  —2utS\2, 
and  added  to  the  resolved  part  of  the  shear  stress  to  give  the  total  turbulent  shear 
stress.  The  total  turbulent  shear  stress  has  been  used  in  all  comparisons  with  DNS 
data. 

As  will  become  apparent  later  in  this  section,  the  subgrid  scale  part  of  the 
shear  stress  is  only  of  the  order  of  a  few  percent  of  the  total  shear  stress  for  the 
present  LES  cases.  It  is  therefore  reasonable  to  assume  that  the  subgrid  scale  part 
of  the  turbulence  intensities  also  are  small. 

Figure  4.3-11  shows  the  resolved  streamwise  turbulence  intensities  downstream 
of  the  step  for  cases  DMXl,  DMBA  and  DMX2.  The  streamwise  stations  used  are 
the  same  as  those  used  for  the  mean  velocity  profiles  (see  previous  section).  The 
difference  between  the  three  LES  cases  is  minimal.  The  overall  agreement  with 
DNS  data  is  good  for  all  streamwise  resolutions  considered.  This  is  particularly 
true  in  the  recirculation  region.  Downstream  of  reattachment  the  coarse  grid  LES 
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case  (DMXl)  over-predicts  However,  considering  that  only  a  minimal  im¬ 

provement  is  obtained  by  tripling  the  number  of  streamwise  grid-points,  the  coarse 
grid  solution  is  adequate. 

A  comparison  of  the  streamwise  turbulence  intensity  for  cases  DMYl  and 
DMZl  is  shown  in  figure  4.3-12.  The  agreement  with  DNS  is  still  fairly  good, 
but  DMZl  seems  to  over-predict  the  DNS  data  close  to  the  wall  in  the  recircula¬ 
tion  region,  whereas  DMYl  over-predicts  downstream  of  the  reattachment. 

Although  the  differences  are  not  large,  it  seems  clear  that  with  only  16  points  span- 
wise  the  grid  is  too  coarse  to  capture  the  important  near  wall-structures  of  the 
fiow.  As  already  established  from  comparison  of  other  quantities,  the  wall- normal 
resolution  in  case  DMYl  is  also  too  coarse  to  yield  accurate  results. 

Figure  4.3-13  shows  the  resolved  wall-normal  turbulence  intensities  downstream 
of  the  step  for  cases  DMXl,  DMBA  and  DMX2.  Again  the  agreement  with  DNS 
data  is  good  for  all  LES  cases.  It  can  be  noticed  that  for  x/h  larger  than  about  5, 
the  LES  results  are  lower  than  the  DNS  data  as  the  resolution  increases.  This  trend 
would  be  expected  based  on  the  fact  that  only  the  resolved  parts  of  the  intensity 
profiles  are  included. 

Figure  4.3-14  shows  the  resolved  wall-normal  turbulence  intensities  downstream 
of  the  step  for  DMYl  and  DMZl.  is  under-predicted  below  the  step  in  the 

recirculation  region  for  DMYl.  Above  the  step  is  over-predicted.  DMZl  is  in 
good  agreement  with  DNS  and  the  quality  of  the  solution  is  comparable  to  that  of 
case  DMXl. 

The  turbulent  stress,  <u"v"  >tz,  is  shown  in  figure  4.3-15  for  cases  DMXl, 
DMBA,  and  DMX2,  and  in  figure  4.3-16  for  cases  DMYl  and  DMZl.  In  figure 
4.3-15  the  agreement  with  DNS  and  LES  is  very  good,  particularly  in  the  recircu¬ 
lation  region.  Downstream  of  reattachment  the  coarse  grid  (DMXl)  over-predicts 
the  turbulent  shear  stress,  and  there  is  a  clear  trend  of  improved  agreement  with 
DNS  for  increased  streamwise  resolution.  DMYl  and  DMZl  both  have  problems, 
particularly  in  the  recirculation  region. 

Figure  4.3-17  shows  the  resolved  and  total  turbulent  shear  stress  for  case 
DMXl.  It  reveals  that  even  for  the  coarse  grid  used  in  case  DMXl,  the  resolved 
part  of  the  turbulent  shear  stress  is  not  very  different  from  the  total  turbulent  shear 
stress.  Figure  4.3-18  compares  the  subgrid  scale  shear  stress,  <Ti2>tz,  for  varying 
streamwise  resolution,  i.e.,  cases  DMXl,  DMBA  and  DMX2.  Figure  4.3-19  shows 
the  same  comparison  for  cases  DMZl  and  DMBA.  Finally,  figure  4.3-20  shows  a 
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measure  of  the  ratio  of  the  subgrid  scale  shear  stress  to  the  resolved  turbulent  shear 
stress.  The  norm,  e(x),  used  to  measure  the  ratio  is  defined  as: 


e{x)  =  100  X 


Jy  <Ti2>h  dy 

ly 


1/2 


(4.3-1) 


where  the  integration  is  carried  out  over  the  cross  section  area  of  the  geometry. 

Figure  4.3-18  clearly  shows  the  trend  of  decreasing  SGS  model  contribution 
with  increasing  grid  resolution.  It  it  also  obvious  that  the  subgrid  scale  stress  is 
largest  in  the  shear  layer  just  downstream  of  the  step.  Downstream  of  reattachment 
(i.e  for  x/h  larger  than  about  7),  the  subgrid  scale  stress  decreases  outside  the 
near  wall  region.  However,  close  to  the  wall  a  peak  in  the  SGS  stress  indicates 
boundary  layer  growth  in  the  recovery  region.  Figure  4.3-19  shows  the  same  trend 
with  changing  spanwise  grid  resolution.  However,  contrary  to  the  results  in  figure 
4.3-18,  the  difference  between  DMZl  and  DMBA  is  seen  to  persist  throughout  the 
recovery  region. 

From  figure  4.3-20a  it  is  seen  that  the  subgrid  scale  stress  contributes  a  maxi¬ 
mum  of  about  8  percent  to  the  total  shear  stress  at  x/h  =  1  (case  DMXl).  Further 
downstream  of  the  step  the  contribution  decreases,  and  is  less  that  2  percent  at 
x/h  =  16.  This  would  indicate  that  the  SGS  model  is  most  active  in  the  early  part 
of  the  shear  layer.  Similar  results  are  also  shown  for  cases  DMBA  and  DMX2.  As 
expected,  the  contribution  from  the  subgrid  scale  model  decreases  with  increasing 
resolution,  i.e.,  the  computational  grid  is  able  to  resolve  a  larger  part  of  the  small 
scale  motion  and  the  dynamic  model  properly  accounts  for  it.  The  model  contri¬ 
bution  to  the  turbulent  shear  stress  with  changing  spanwise  resolution  is  shown 
in  figure  4.3-206.  For  case  DMZl  the  peak  value  is  about  9.5-10  percent,  com¬ 
pared  with  about  6.5  percent  for  DMBA.  In  the  recovery  region  the  SGS  model 
contribution  (case  DMZl)  has  decreased  to  3.5-4  percent.  This  is  about  twice  the 
contribution  from  the  SGS  model  in  case  DMBA. 

Thus,  it  can  be  concluded  that  for  the  Reynolds  number  studied,  the  subgrid 
scale  stresses  contribute  little  to  the  total  turbulent  stress.  It  is  also  evident  that 
the  SGS  model  correctly  predicts  a  reduction  in  the  SGS  stresses  as  the  resolution 
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4.3.6  Eddy- Viscosity 

Figure  4.3-21,  shows  the  effect  of  changing  streamwise  resolution  (cases  DMXl, 
DMBA  and  DMX2)  on  the  dynamic  eddy-viscosity.  The  eddy-viscosity  has  a  maxi¬ 
mum  of  roughly  3-3.5  times  the  molecular  viscosity  for  the  coarse  grid  (DMXl),  and 
a  maximum  of  about  1.5  times  the  molecular  viscosity  for  the  fine  grid  (DMX2). 
The  eddy-viscosity  is  seen  to  attain  its  highest  value  in  the  shear  layer,  and,  as 
expected,  goes  to  zero  at  the  wall;  is  rather  small  close  to  the  step,  and  increases 
as  the  shear  layer  expands  downstream.  Most  of  this  effect  is  probably  due  to  the 
streamwise  grid  stretching  near  the  step. 

Figure  4.3-22  shows  that  with  changing  grid  resolution  in  the  wall-normal  direc¬ 
tion,  the  eddy-viscosity  remains  virtually  unchanged.  However,  since  test-filtering 

_ 2 

is  applied  only  in  the  streamwise  and  spanwise  directions,  CA  ,  calculated  from 

equation  2.2-25,  should  not  change  significantly  when  changing  the  wall-normal 

resolution.  Since  the  right-hand-side  of  equation  2.2-25  only  contains  the  ratio  of 

test-  to  grid-filter  widths,  it  will  be  insensitive  to  changes  in  the  wall- normal  resolu- 

—  —2 

tion.  Thus,  even  though  A  changes,  the  product  CA  remains  (nearly)  unchanged. 

Figure  4.3-23  shows  the  effect  of  decreasing  spanwise  resolution  on  the  eddy- 
viscosity.  A  very  substantial  increase  in  the  eddy- viscosity  is  observed  when  decreas¬ 
ing  the  spanwise  resolution  from  32  to  16  grid-points.  The  maximum  eddy- viscosity 
is  now  almost  4.5  times  the  molecular  viscosity. 


%  negative  {vt  +  I/ Re) 

%  negative  ut 

DMXl 

0.764 

11.48 

DMBA 

0.140 

10.47 

DMX2 

0.046 

8.460 

DMZl 

1.041 

12.83 

DMYl 

0.189 

11.61 

Table  4.3-2,  Percent  of  points  with  negative  eddy-viscosity  and  negative  total  viscosity 
(averaged  over  the  homogenous  spanwise  direction  and  time) . 

It  can  be  noticed  that  the  eddy- viscosity  goes  to  zero  above  roughly  y/h  =  4. 
Since  the  DM  model  vanishes  in  laminar  flow,  this  indicates  a  very  low,  or  no 
turbulent  activity  in  the  upper  part  of  the  computational  domain. 
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As  pointed  out  in  chapter  2,  the  DM  model  requires  an  ad  hoc  “clipping” 
procedure  to  remove  points  of  negative  total  viscosity  (sum  of  eddy-viscosity  and 
molecular  viscosity),  in  order  to  maintain  numerical  stability.  The  number  of  points 
with  negative  total  viscosity  as  well  as  points  with  negative  eddy-viscosity  were 
counted  at  each  time-step  before  applying  the  “clipping”  procedure.  Table  4.3-2 
gives  the  time  averaged  values  of  these  measures  as  percentages  of  the  total  number 
of  grid-points  in  the  domain. 

It  it  evident  that  even  for  the  coarse  grids,  no  more  than  1  percent  of  the  grid- 
points  had  negative  total  viscosity  at  any  point  in  time.  The  clipping  procedure  is 
therefore  not  thought  to  have  had  a  noticeable  impact  on  the  overall  results  from 
the  DM  model.  It  should  also  be  pointed  out  that  of  the  order  of  10  percent  of  the 
grid-points  had  negative  eddy-viscosity  which  means  that  the  model  does  provide 
for  some  limited  transfer  of  energy  from  small  to  large  scales  (“back-scatter”). 

4.3.7  Dissipation 

The  SGS  dissipation  can  be  calculated  from  :  esGS  =  ,  and  the  molecular 

dissipation  from  :  =  |5p/i2e.  ([51  was  defined  in  equation  2.2-2).  Figure 

4.3-24  shows  the  ratio  of  the  SGS  dissipation  to  molecular  dissipation  at  several 
streamwise  stations  for  cases  DMXl  and  DMBA  (different  streamwise  resolution). 
Figure  4.3-25  shows  the  same  information  for  cases  DMZl  and  DMBA  (different 
spanwise  resolution).  <esGS>tz  /  <^m>tz  is  seen  to  increase  with  decreasing  grid 
resolution,  both  in  the  streamwise  and  spanwise  directions.  (The  calculations  of  the 
dissipation  were  averaged  over  only  130  h/Uo,  which  explains  the  rather  “jagged” 
appearance  of  the  curves). 

Figure  4.3-26  shows  the  ratio  of  <tsGS>tz  and  <em>tz,  each  quantity  av¬ 
eraged  over  the  cross-sectional  area  of  the  computational  domain,  plotted  versus 
streamwise  distance.  This  figure  indicates  that  for  DMXl,  <  esGS  >tz  is  almost 
three  times  larger  than  <em>tz  at  its  peak,  located  at  x/h  =  4-5.  Case  DMZl  has 
a  peak  value  of  about  3.5.  Notice  the  similarities  between  figures  4.3-20  and  4.3-26; 
Downstream  of  about  x/h  =  8,  cases  DMXl  and  DMBA  yield  about  the  same  SGS 
contribution  to  both  dissipation  and  shear  stress.  Differences  between  the  two  cases 
are  mostly  found  upstream  of  reattachment.  However,  comparing  cases  DMZl  and 
DMBA,  it  is  clear  that  the  SGS  contribution  to  both  dissipation  and  shear  stress 
is  larger  for  the  coarser  grid  throughout  the  domain. 
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4.3.8  Summary 

The  findings  from  the  DM  model  simulations  can  be  summarized  as  follows: 

•  The  DM  model  yields  very  accurate  results,  compared  with  DNS,  using  only 
about  2  percent  of  the  grid-points  of  a  comparable  DNS.  Even  though  the  finest 
grid  yields  the  best  results,  the  coarse  grid  with  only  one  third  the  streamwise 
number  of  grid  points  as  the  finest  grid  gives  results  with  sufficient  accuracy  for 
engineering  purposes. 

•  It  has  been  established  that  the  LES  results  converge  toward  the  DNS  solution 
as  the  grid  is  refined.  This  was  particularly  evident  when  studying  three  cases  with 
increasing  streamwise  resolution. 

•  The  wall-normal  resolution  used  in  case  DMYl  is  too  coarse  to  yield  accurate 
results.  The  wall-normal  resolution  used  in  all  other  cases  (48  points)  seems  to  be 
adequate. 

•  The  coarse  spanwise  grid,  DMZl,  yields  results  in  fair  agreement  with  DNS.  A 
minimum  of  32  spanwise  grid-points  are,  however,  recommended  for  the  present 
backstep  calculations. 

•  The  eddy-viscosity  decreases  with  increasing  resolution  in  directions  where  ex¬ 
plicit  test-filtering  is  applied.  However,  the  eddy-viscosity  is  virtually  unaffected  by 
changes  in  the  grid  resolution  in  directions  where  no  explicit  test-filtering  is  applied. 

•  For  the  resolutions  studied  the  maximum  eddy-viscosity  is  of  the  order  of  2 
to  4  times  the  molecular  viscosity.  The  subgrid  scale  model  contributes  about  2 
to  8  percent  of  the  total  turbulent  stress,  and  from  50  to  80  percent  of  the  total 
dissipation. 

•  Less  that  1  percent  of  the  grid-points  have  negative  total  viscosity  at  any  given 
time-step.  Artificially  setting  the  total  viscosity  to  zero  at  these  points  is  not 
expected  to  affect  the  overall  results. 

•  About  10  percent  of  the  grid-points  have  negative  eddy- viscosity  at  any  given 
time-step  allowing  for  a  limited  transfer  of  energy  from  small  to  large  scales. 

It  has  been  shown  that  the  DM  model  is  capable  of  accurately  predicting 
turbulent  flow  over  a  backward  facing  step  at  a  low  Reynolds  number,  using  only  a 
fraction  of  the  grid-points  necessary  for  DNS.  The  minimum  grid  necessary  is  70  x 
48  X  32  points  in  the  streamwise,  wall-normal  and  spanwise  directions,  respectively. 
This  is  a  factor  of  60  reduction  compared  with  DNS. 
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4.4  Comparison  of  SGS  Models 

This  section  shows  results  from  three  LES  cases,  DMXl,  DLXl  and  SMXl. 
The  only  difference  between  the  cases  is  the  subgrid  scale  model  used.  The  first 
case,  which  was  also  described  in  the  previous  section,  uses  the  DM  model,  the 
second,  DLXl,  incorporates  the  DLM  model  (Ghosal  et  ai,  1994),  and  the  third, 
SMXl,  uses  the  standard  Smagorinsky  model  (1963)  with  C  =  0.01  (or  Cs  =  0.1), 
and  Van  Driest  (1956)  wall  damping. 

The  grid  resolution,  as  indicated  in  table  4.2-1,  was  the  same  in  all  cases. 
The  choice  of  resolution  for  comparing  the  subgrid  scale  models  was  based  on  the 
findings  from  section  4.3. 

4.4.1  Cf,  Cp  and  Reattachment  Length 

The  coefficient  of  friction  from  cases  DLXl  and  SMXl  are  compared  with 
the  coefficient  of  friction  from  case  DMXl  in  figures,  4.4-1  and  4.4-2,  respectively. 
Although  minor  differences  can  be  observed,  the  overall  conclusion  is  that  both  the 
DLM  model  and  the  Smagorinsky  model  give  results  almost  identical  to  that  of  the 
DM  model. 


Xnlh 

%  deviation  from  DNS 

DMXl 

6.19 

-1.4 

DLXl 

6.12 

-2.5 

SMXl 

6.04 

-3.8 

Table  4.4-1,  Reattachment  length  for  the  LES  cases. 


The  same  conclusion  can  be  drawn  by  examining  the  pressure  coefficient,  shown 
in  figures  4.4-3  and  4.4-4.  Only  minor  differences  can  be  observed  between  the 
different  cases,  and  no  claims  can  be  made  in  favor  of  any  of  the  models.  The 
reattachment  length  is  given  in  table  4.4-1.  Again,  only  minor  deviations  from  the 
DNS  results  of  Le  &  Moin  are  observed. 
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4.4.2  Mean  Velocity  Profiles 

Mean  streamwise  and  wall-normal  velocity  profiles  at  several  streamwise  sta¬ 
tions  are  plotted  in  figure  4.4-5  and  figure  4.4-6,  respectively.  The  mean  streamwise 
velocity  profiles  are  accurately  predicted  with  all  three  subgrid  scale  models,  at 
all  streamwise  stations.  The  mean  wall-normal  velocity  profiles  show  only  minor 
differences  between  the  three  cases. 

4.4.3  Turbulent  Statistics 

The  resolved  portion  of  the  streamwise  and  wall-normal  turbulence  intensities 
are  shown  in  figures  4.4-7  and  4.4-8,  respectively.  As  with  the  mean  velocity  profiles, 
all  three  subgrid  scale  models  give  closer  to  identical  results,  and  all  are  in  close 
agreement  with  DNS. 

Similar  conclusions  can  be  drawn  from  evaluating  the  turbulent  shear  stress, 
shown  in  figure  4.4-9.  No  major  differences  are  found  between  the  three  subgrid 
scale  models.  All  models  show  an  over-prediction  of  the  turbulent  shear  stress  in 
the  region  downstream  of  reattachment. 

Figure  4.4-10  shows  the  subgrid  scale  part  of  the  turbulent  shear  stress.  The 
DLM  model  is  seen  to  give  a  slightly  higher  subgrid  scale  stress  than  the  DM  model, 
but  the  difference  is  small.  The  Smagorinsky  model  gives  a  subgrid  scale  stress  of 
the  same  order  as  the  two  other  models.  The  “kink”  observed  at  y/h  =  1  is  due 
to  refinement  of  the  wall- normal  grid  around  the  corner  of  the  step.  As  is  obvious 
from  equation  2.2-43,  the  definition  used  for  A  is  very  sensitive  to  changes  in  grid¬ 
spacing  in  either  of  the  coordinate  directions.  Since  the  wall-normal  grid  is  very 
fine  around  y/h  =  1,  a  significant  decrease  in  A  is  observed  in  this  region.  (The 
dynamic  models  do  not  have  this  “problem”  since  the  eddy-viscosity  is  a  function 
of  the  ratio  of  test-  to  grid  filter  widths). 

Figure  4.4-11  shows  a  measure,  e(x),  (see  equation  4.3-1)  of  the  ratio  of  SGS 
shear  stress  and  resolved  turbulent  shear  stress.  The  DLM  model  gives  a  peak 
(around  x/h  =  1)  of  about  10  percent  compared  with  about  8  percent  for  the  DM 
model.  Further  downstream  the  contributions  from  the  dynamic  models  decrease 
to  a  few  percent.  The  Smagorinsky  model  shows  a  somewhat  different  trend.  The 
peak  in  e(x)  is  about  10  percent,  but  is  located  about  0.5h  downstream  of  the  step. 
The  peak  is  followed  by  a  sharp  drop.  A  second,  local  maximum,  then  follows  at 
about  x/h  =  4.  Further  downstream  the  contribution  is  only  a  few  percent. 
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4.4.4  Eddy- Viscosity 

Eddy- viscosities  from  the  three  models  are  shown  in  figure  4.4-12  at  several 
streamwise  stations.  The  “kink”  in  the  eddy-viscosity  profiles  from  the  Smagorinsky 
model  is  clearly  discernible  and  appears  for  reasons  explained  in  section  4.4.3. 

Section  4.3.6  showed  that  for  case  DMXl,  about  11.5  percent  of  the  points  in 
the  computational  domain  had  negative  eddy-viscosity  (but  positive  total  viscosity) 
at  any  given  time-step.  For  case  DLXl  the  number  is  27  percent.  Thus  the  DLM 
model  predicts  transfer  of  energy  from  small  to  large  scales  at  more  than  a  quarter 
of  the  points  in  the  domain.  (Since  the  model  equation  has  been  constrained,  the 
total  viscosity  is  always  positive).  Thus,  even  though  the  DLM  model  yields  higher 
eddy-viscosity  values  than  the  DM  model,  it  also  gives  a  larger  transfer  of  energy 
from  small  to  large  scales. 

4.4.5  Dissipation 

Figure  4.4-13  shows  the  ratio  of  the  SGS  dissipation  to  molecular  dissipation 
at  several  streamwise  stations  for  cases  DMXl,  DLXl,  and  SMXl.  It  is  seen  that 
<^SGS>tz  /  <^m>tz  is  almost  the  same  at  every  station  for  cases  DMXl  and 
DLXl.  However,  the  profiles  from  SMXl  have  the  “kink”  discussed  earlier.  The 
ratio,  <esGS>tz  /  <^m>tz:  is  a  maximum  of  about  4  for  all  models. 

Figure  4.4-14  shows  the  total  dissipation  (SGS  dissipation  plus  molecular  dis¬ 
sipation)  at  the  same  streamwise  stations.  Again,  the  two  dynamic  models  give 
nearly  identical  results.  Apart  from  traces  of  the  “kink”  at  y/h  =  1,  the  Smagorin¬ 
sky  model  is  in  good  agreement  with  the  two  other  models. 

To  better  visualize  the  difference  between  the  three  models,  figure  4.4-15  shows 
the  ratio  of  <esGS>tz  and  <em>tz,  each  quantity  averaged  over  the  cross-sectional 
area  of  the  computational  domain,  plotted  versus  streamwise  distance.  Figure  4.4- 
16  shows  the  total  dissipation  averaged  over  the  cross-sectional  area  and  plotted 
versus  streamwise  distance. 

Figure  4.4-15  shows  that  the  DM  model  and  the  DLM  model  give  about  the 
same  fraction  of  SGS  dissipation  throughout  the  computational  domain.  The  peak 
value  is  about  3  in  both  cases.  In  the  recovery  region  the  SGS  dissipation  decreases 
to  about  the  same  level  as  the  molecular  dissipation.  The  contribution  from  the 
Smagorinsky  model  is  about  the  same  as  from  the  other  models  in  the  recovery 
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region,  but  the  peak  value  (upstream  of  reattachment)  is  only  about  2.2.  It  is  thus 
interesting  to  note  from  figure  4.4-16  that  all  models  give  nearly  identical  total 
dissipation  at  all  streamwise  locations.  Lack  of  SGS  dissipation  in  the  Smagorinsky 
model  is  made  up  for  by  an  increase  in  the  molecular  dissipation.  It  should  also  be 
noted  that  the  total  dissipation  in  the  recovery  region  is  about  a  factor  of  four  less 
than  the  dissipation  upstream  of  reattachment. 

4.4.6  Summary 

It  has  been  shown  that  the  DM  model,  the  DLM  model,  and  the  Smagorinsky 
model  give  almost  identical  results  for  the  backward  facing  step  flow  at  low  Reynolds 
number.  The  SGS  contribution  to  the  turbulent  shear  stress  is  in  all  cases  a  max¬ 
imum  of  about  8-10  percent.  In  the  recovery  region  the  SGS  shear  stress  is  only 
about  2-3  percent  of  the  resolved  turbtilent  shear  stress.  However,  the  Smagorinsky 
model  gives  SGS  shear  stress  profiles  that  are  significantly  different  from  those  of 
the  dynamic  models.  All  models  give  the  same  total  dissipation  despite  the  fact 
that  the  SGS  part  of  the  dissipation  is  different  in  the  three  cases. 
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4.5  No  Model  Simulation 

This  section  shows  results  from  a  case  (NMXl)  that  was  run  without  a  subgrid 
scale  model,  using  the  same  grid  as  that  used  in  DMXl.  The  objective  of  the 
simulation  was  to  get  yet  another  measure  of  the  effect  of  the  subgrid  scale  model 
on  the  flow. 

4.5.1  Cf.  Cp  and  Reattachment  Length 

The  coefficient  of  friction  from  NMXl  is  compared  with  that  from  DMXl  and 
the  DNS  results  of  Le  &  Moin  in  figure  4.5-1.  Discrepancies  between  NMXl  and 
DMXl  can  be  observed,  particularly  in  the  recirculation  region.  The  reattachment 
length  is  given  in  table  4.5-1. 


Xn/h 

%  deviation  from  DNS 

DMXl 

6.19 

-1.4 

NMXl 

6.03 

-4.0 

Table  4.5-1,  Reattachment  length  for  the  LES  cases. 


The  no-model  case  is  doing  a  little  worse  than  DMXl  when  compared  with  the 
reattachment  length  of  the  DNS.  It  is  clear  that  in  terms  of  the  coefficient  of  friction, 
the  subgrid  scale  model  has  the  largest  contribution  immediately  downstream  of  the 
step.  From  about  x/h  =4,  only  minor  differences  between  NMXl  and  DMXl  are 
observed. 

The  pressure  coefficient  is  shown  in  figure  4.5-2.  It  seems  that  NMXl  yields  a 
better  overall  agreement,  compared  with  DNS  and  experiments,  than  DMXl. 

4.5.2  Mean  Velocity  Profiles 

Mean  streamwise  velocity  profiles  for  cases  NMXl  and  DMXl  are  compared 
with  the  DNS  data  of  Le  &  Moin  in  figure  4.5-3.  Noticeable  discrepancies  between 
NMXl  and  the  DNS  data  can  be  observed  close  to  and  below  the  step  {y/h  <  1). 
Discrepancies  between  NMXl  and  DMXl  (or  DNS)  can  also  be  observed  below 
about  y/h  =  0.5  in  the  recovery  region. 
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Figure  4.5-4  shows  mean  wall-normal  velocity  profiles  at  several  streamwise 
locations.  In  this  case  it  is  clear  that  the  no-model  case  is  particularly  inaccurate  in 
the  recirculation  region.  However,  the  agreement  improves  in  the  recovery  region. 
This  is  expected  since  the  subgrid  scale  model  contribution  (both  in  terms  of  SGS 
dissipation  and  turbulent  stress)  decreases  with  increasing  streamwise  distance. 

Based  on  the  mean  velocity  profiles  there  should  be  no  doubt  that  the  subgrid 
scale  model  is  affecting  the  state  of  the  flow,  yielding  improved  agreement  with 
DNS  results.  It  is  clear  that  the  model  has  the  largest  effect  close  to  the  step  in 
the  recirculation  region.  Downstream  of  reattachment  no  major  differences  are  seen 
between  NMXl  and  DMXl. 

4.5.3  Turbulent  Statistics 

The  largest  impact  of  the  subgrid  scale  model  can  be  found  by  comparing 
the  streamwise  and  wall-normal  turbulence  intensities.  Figure  4.5-5  reveals  large 
differences  in  the  streamwise  turbulence  intensities  between  NMXl  and  DMXl. 
Again  the  major  difference  is  found  in  the  recirculation  region,  and  just  downstream 
of  the  reattachment  point. 

Figure  4.5-6  shows  the  mean  wall-normal  turbulence  intensity.  The  difference 
between  NMXl  and  DMXl  are  largest  close  to  the  step  and  decreases  around,  and 
downstream  of  reattachment.  Close  to  the  step  the  no- model  case  yields  a  significant 
over- prediction  of  However,  downstream  of  reattachment  the  no- model  case 

agrees  better  with  DNS  data  than  DMXl. 

The  last  quantity  considered  is  the  turbulent  shear  stress,  shown  in  figure 
4.5-7.  In  this  case  the  results  from  NMXl  and  DMXl  are  strikingly  similar  in 
the  recirculation  region.  Downstream  of  reattachment,  NMXl  is  in  better  agree¬ 
ment  with  DNS.  However,  recall  from  figure  4.3-15  that  the  turbulent  stress  was 
over-predicted  downstream  of  reattachment  for  DMXl.  Upon  refining  the  grid  the 
calculated  stress  was  seen  to  move  close  to  the  DNS  results.  Thus,  the  apparently 
good  agreement  between  NMXl  and  DNS  downstream  of  reattachment  may  be 
fortuitous  and  disappear  with  grid  refinement. 
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4.5.4  Dissipation 

It  is  of  interest  to  compare  the  total  dissipation  between  the  LES  and  no¬ 
model  case.  (For  the  no-model  case  the  total  dissipation  is  equal  to  the  molecular 
dissipation).  Figure  4.5-8  shows  this  quantity  averaged  over  the  cross-sectional  area 
of  the  computational  domain,  plotted  versus  streamwise  distance.  It  is  clear  that 
the  no-model  case  significantly  over-predicts  the  total  dissipation  upstream  of  about 
x/h  =  3-3.5.  Further  downstream  an  under-prediction  is  observed. 

4.5.5  Summary 

From  the  results  presented  in  the  previous  sections  it  is  apparent  that  the 
subgrid  scale  model  has  an  appreciable  impact  on  the  flow.  Several  profiles  show 
rather  poor  agreement  with  DNS  without  the  subgrid  scale  model.  Activating 
the  DM  model  improves  the  agreement  with  DNS,  particularly  in  the  recirculation 
region. 

The  results  indicate  that  the  turbulence  intensities  are  more  sensitive  to 
whether  the  subgrid  scale  model  is  present  than  the  mean  velocity  components. 
The  case  without  a  subgrid  scale  model  does  in  general  over-predict  both  and 
The  dissipation  is  also  significantly  over-predicted  immediately  following  the 

step. 
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4.6  Performance  of  the  Computer  Program 

As  indicated  previously,  all  LES  cases  were  run  using  a  fixed  time-step  of 
At  =  0.02  time-units  (h/Uo).  Each  case  was  run  130  time-units  (about  5  fiow- 
through  times)  in  order  to  remove  transients  resulting  from  the  interpolation  process 
used  to  generate  the  initial  flow  fields.  Statistics  were  then  collected  over  a  period 
of  390  time-units  (about  15  flow-through  times).  This  corresponds  to  a  total  of 
26000  time-steps  for  each  simulation. 

A  similar  calculation  was  run  in  order  to  generate  the  inflow  boundary  condi¬ 
tion  used  for  the  backward  facing  step  calculations.  The  boundary  layer  calculation 
was  run  at  At  =  0.02  (matching  the  time-step  for  the  backward  facing  step  calcu¬ 
lations)  for  a  total  of  650  time-units.  Note  that  the  boundary  layer  calculation  was 
only  run  once,  generating  inflow  boundary  conditions  used  by  all  backward  facing 
step  cases. 


Case  ID 

Ti 

T2 

Ts 

DMXl 

0.873 

to 

1 

0 

6.30 

DLXl 

1.138 

1.0*  10"® 

8.22 

SMXl 

0.788 

7.0  •  10"® 

5.69 

NMXl 

0.758 

6.7- 10"® 

5.47 

DMBA 

1.220 

6.8- 10"® 

8.81 

DMX2 

2.190 

6.1- 10"® 

15.82 

BLAY 

0.643 

3.4  •  10"® 

5.72 

Table  4.6-1,  LES  code  performance  parameters  (Cray  C-90).  Ti  gives  CPU  time  per 
time  step  (in  seconds),  T2  gives  CPU  time  (seconds)  per  time-step  and  node,  and  T3  gives 
total  CPU  time  to  run  the  case  (in  hours). 

Table  4.6-1  gives  the  performance  of  the  LES  code  on  a  Cray  C-90  super¬ 
computer  in  terms  of  CPU  time  per  time-step  for  a  few  selected  cases.  Also  given  is 
the  total  CPU  time  (hours)  spent  for  the  full  520  time  units  used  to  get  converged 
statistics.  Case,  BLAY  gives  the  data  for  the  boundary  layer  calculation,  which 
was  run  a  total  of  32500  time-steps,  corresponding  to  650  time-units. 
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The  numbers  in  table  4.6-1  do  not  take  into  account  the  overhead  associated 
with  I/O  (input /output).  With  the  current  structure  of  the  code  the  overhead  was 
about  20  percent.  This  could,  however,  be  significantly  reduced  by  restructuring 
the  code. 

The  overhead  associated  with  the  subgrid  scale  model,  i.e.  calculating  the 
eddy- viscosity,  can  be  deduced  from  the  data  in  table  4.6-1.  The  following  is  the 
overhead  associated  with  evaluating  the  subgrid  scale  model,  compared  with  the 
case  run  without  a  model: 

Smagorinsky  model  :  4.0  % 

DM  model  :  15.2  % 

DLM  model  :  50.2  % 

The  large  overhead  associated  with  the  DLM  model  is  due  to  the  iterative 
solver  needed  for  the  integral  equation  (see  equation  2.2-35).  An  average  of  4.3 
iterations  were  needed  per  time-step  to  drop  the  residual  in  the  integral  equation 
by  two  orders  of  magnitude.  Tests  showed  that  reducing  the  residual  even  further 
did  not  alter  the  results  noticeably.  Thus,  considering  the  overhead  associated  with 
the  subgrid  scale  models,  there  is  a  considerable  incentive  for  using  the  DM  model 
instead  of  the  DLM  model. 

Le  &  Moin  report  that  their  DNS  consumed  about  21.8  CPU  seconds  per 
time-step.  They  used  a  fixed  time-step  of  At  =  0.0018  h/Uo,  corresponding  to  a 
CFL  number  of  about  1.2.  Since  the  numerical  algorithms  used  in  the  DNS  and 
LES  codes  are  different,  it  is  impossible  to  take  the  difference  in  the  CFL  numbers 
properly  into  account  when  comparing  the  costs.  It  should  also  be  pointed  out 
that  the  computational  domain  of  Le  &  Moin  included  a  significant  inlet  section 
upstream  of  the  step,  which  was  not  used  in  the  LES  cases.  Accounting  for  this 
difference  implies  that  the  DNS  code  spent  about  17.3  CPU  seconds  per  time-step 
computing  the  region  downstream  of  the  step.  Thus,  the  comparison  of  costs  of  LES 
and  DNS  assumes  that  a  data-base  of  inflow  data  already  exists  for  both  cases.  In 
order  to  cover  520  time-units,  the  DNS  calculation  will  then  require  about  1380 
CPU  hours.  (As  in  the  LES  cases,  the  overhead  associated  with  I/O  is  not  included 
in  this  number).  This  means  that  case  DMXl,  which  was  shown  to  give  good  results 
compared  with  DNS,  requires  only  about  0.5  percent  of  the  CPU  time  needed  for 
the  DNS  calculation. 
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Figure  4.2-1,  Coefficient  of  friction  (along  the  lower  wall).  -  :  LES  of 

developing  boundary  layer;  - :  DNS  of  Le  &  Moin  (upstream  of  the  step); 

.  ;  Spalaxt  (1988). 
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Cf  0 


Figure  4.3-3,  Coefficient  of  friction  along  the  lower  wall,  downstream  of  the  step 
- :  LES;  - :  DNS  (Le  &  Moin);  o  :  Experiment  (Jovic  &  Driver). 
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Figure  4.3-8,  Mean  streamwise  velocity  profiles.  - :  DMZl; 

- :  DMYl;  •  ;  DNS.  a)x/h^l-6,  b)  ar//i  =  7  -  16. 
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Figure  4.3-12,  Resolved  streamwise  turbulence  intensity.  - :  DMZl; 

- ;  DMYl;  •  :  DNS.  a)  x/h  =  1  —  6,  b)  xjh  =  7—16. 
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Figure  4.3-15,  Turbulent  shear  stress.  - :  DMXl;  - :  DI 

.  :  DMX2;  •  :  DNS.  a)  a;/h  =  1  -  6,  b)  x/h  =  7-  16. 
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Figure  4.3-21,  Ratio  of  eddy-viscosity  to  molecular  viscosity.  - :  DMXl; 

- :  DMBA;  .  :  DMX2.  a)  x/Zi  =  1  -  6,  b)  x//i  =  7  -  16. 
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Figure  4.3-22,  Ratio  of  eddy-viscosity  to  molecular  viscosity. 
- :  DMBA.  a)a;//i=:l-6,  b)  xM  =  7  -  16. 


Results,  DM  Model 


Figures,  Section  4-3 


Results,  DM  Model 


Figures,  Section  4-3 


Figure  4.3-24,  Ratio  of  SGS  dissipation  to  molecular  dissipation. 
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Figure  4.4-1,  Coefficient  of  friction  along  the  lower  wall,  downstream  of  the  step. 
- :  DLXl;  .  :  DMXl;  o  :  Experiment  (Jovic  Sz  Driver). 


Figure  4.4-2,  Coefficient  of  friction  along  the  lower  wall,  downstream  of  the  step. 
- :  SMXl;  .  :  DMXl;  o  :  Experiment  (Jovic  &  Driver). 
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Figure  4.4-10,  Subgrid  scale  shear  stress.  - ;  DMXl;  - 

.  :  SMXl.  a)  x/h  =  1  —  6,  b)  x/h  =  7—16. 
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Figure  4.4-12,  Ratio  of  eddy-viscosity  to  molecular  viscosity.  - :  DMXl; 

- :  DLXl;  .  :  SMXl.  a)  x/h  =  1  —  6,  b)  xjh  =  7  —  16. 
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Figure  4.4-14,  Sum  of  SGS  dissipation  and  molecular  dissipation.  - 

DMXl;  - :  DLXl;  .  :  SMXl.  a)  x/h  =  1—6,  b)  x/h  =  7  —  16. 
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:  DMXl;  •  :  DNS.  a)x/h  =  l-G,  b)  x//i  =  7  -  16. 


Figure  4.5-4,  Mean  wall-normal  velocity  profiles.  - :  NM 

.  :  DMXl;  •  :  DNS.  a)  xjh  =  1  —  6,  b)  xjh  =  7—16. 


Figure  4.5-5,  Resolved  streamwise  turbulence  intensity.  - :  NMXl; 


:  DMXl;  •  :  DNS.  a)  a;//i  =  1  -  6,  b)x//i  =  7-16. 
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Figure  4.5-6,  Resolved  wall-normal  turbulence  intensity.  - 

.  :  DMXl;  •  :  DNS.  a)  x/h  =  1  —  6,  b)  x/h  =  7  —  16. 
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RESULTS,  HIGH  REYNOLDS  NUMBER  CASE 

This  chapter  presents  the  results  from  three  large  eddy  simulations  of  turbulent 
flow  over  a  backward  facing  step  at  Reynolds  number,  Re  =  28000.  Only  one  grid 
resolution  was  considered,  however,  both  the  DM  model,  the  DLM  model  and  the 
Smagorinsky  model  were  used.  This  Reynolds  number  is  a  factor  of  5.5  larger 
than  that  used  for  the  simulations  described  in  chapter  4  and  falls  in  the  range 
of  engineering  interest.  It  is  also  outside  the  range  of  DNS.  Contrary  to  the  low 
Reynolds  number  case,  a  calculation  with  no  subgrid  scale  model  failed  to  produce 
meaningful  results  at  Re  =  28000. 

There  have  been  several  experimental  studies  of  the  backward  facing  step  in 
the  Reynolds  number  range,  20000  to  45000.  Eaton  &  Johnston  (1981)  give  an 
excellent  review  of  some  of  this  work.  The  experimental  investigation  selected  as 
reference  for  the  present  calculations  is  that  of  Adams  et  al.  (1984). 

The  objective  of  the  high  Reynolds  number  LES  study  is  to  evaluate  the  per¬ 
formance  of  the  DM  model  and  the  DLM  model  in  a  complex  flow  at  a  Reynolds 
number  of  engineering  interest. 

Section  5.1  gives  a  brief  description  of  the  experimental  study  by  Adams  et 
al.  Section  5.2  describes  the  computational  domain,  including  grid  resolution  and 
boundary  conditions.  All  results  are  described  in  section  5.3,  and  section  5.4  sum¬ 
marizes  the  computational  costs. 
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5.1  Reference  Case 

The  experiments  of  Adams  et  al.  (1984)  were  conducted  at  Stanford  University 
in  a  low-speed,  open-circuit  wind  tunnel.  The  development  section  upstream  of  the 
step  was  72h  long  and  the  side-wall  boundary  layers  were  removed  using  suction 
boxes  placed  12h  upstream  of  the  step.  The  last  6h  of  the  bottom  wall  in  the 
development  section  was  covered  with  a  porous  plate  used  for  suction  or  blowing 
in  order  to  create  a  boundary  layer  of  any  desired  thickness.  The  height  of  the 
development  section  was  4/i,  giving  an  expansion  ratio  of  1.25.  The  aspect  ratio 
(span wise-extent /step-height)  of  the  test  section  was  11.4. 

For  the  test-case  used  as  reference  for  the  present  calculations,  the  boundary 
layer  thickness  at  both  the  step- wall  and  the  upper  wall  was  about  \.2h.  Thus  the 
flow  approaching  the  step  consisted  of  two  developing  boundary  layers  with  a  mostly 
undisturbed  core.  Reference  pressure  and  reference  velocity  were  obtained  from 
values  3.3h  upstream  of  the  step  in  the  potential  flow  region.  The  Reynolds  number, 
based  on  step  height,  h,  and  inlet  free-stream  velocity,  Uq,  was  approximately  28000. 

Static  pressure  measurements  were  made  both  on  the  step- wall  and  top- wall  in 
the  test-section.  A  Laser  Doppler  Anemometer  was  used  for  measurement  of  mean 
and  fluctuating  components  of  the  streamwise  velocity.  The  coefficient  of  friction 
was  measured  using  a  pulsed  wall  probe  which  allows  the  magnitude  as  well  as  the 
sign  of  the  skin  friction  to  be  obtained. 

Profiles  of  the  mean  streamwise  velocity  and  streamwise  turbulence  intensity 
were  measured  both  upstream  and  downstream  of  the  step,  covering  the  recircula¬ 
tion  region  as  well  as  the  recovery  region.  No  measurements  were  made  of  either 
the  wall-normal  turbulence  intensity  or  the  turbulent  shear  stress. 
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5.2  Ccdculation  Setup 

This  section  gives  a  full  description  of  the  computational  setup,  including  ge¬ 
ometry  and  boundary  conditions.  Three  cases  were  calculated  using  the  same  grid 
resolution,  but  different  subgrid  scale  models. 

5.2.1  Geometry 

The  geometry  of  the  computational  domain  was  chosen  to  match  the  experi¬ 
mental  setup  of  Adams  et  al.  The  streamwise  extent  of  the  domain  is  30h  which 
includes  an  inlet  section  of  length  lOh.  The  height  of  the  inlet  section  is  Ah,  giving 
an  expansion  ratio  of  1.25.  The  top  boundary  consists  of  a  solid  wall.  The  spanwise 
extent  of  the  domain  is  3/i. 

5.2.2  Boundary  Conditions 

As  in  the  low  Reynolds  number  calculations,  the  no-slip  boundary  condition 
was  used  along  all  solid  walls.  The  exit  velocity  vector  was  calculated  using  the  con¬ 
vective  condition,  described  in  chapter  3.  Periodicity  was  assumed  in  the  spanwise 
direction. 

The  inflow  boundary  condition  is  essentially  the  same  as  that  used  by  Le  &: 
Moin  in  their  DNS  of  the  low  Reynolds  number  case.  However,  the  mean  inflow 
velocity  profile  was  found  by  fitting  the  log-law  through  the  experimental  data  of 
Adams  et  al.  (measured  Ih  upstream  of  the  step).  The  resulting  friction  velocity  at 
the  lower  wall  is  Ur  =  0.041,  corresponding  to  a  coefficient  of  friction  of  Cf  =  0.0034. 
This  is  the  same  as  that  measured  by  Adams  et  al. 

The  random  phase  method,  used  to  generate  the  fluctuating  part  of  the  inflow 
boundary  condition,  requires  target  values  for  the  turbulence  intensity  profiles. 
Since  only  the  the  streamwise  turbulence  intensity  was  measured,  the  target  rms 
profiles  were  found  by  scaling  the  rms  profiles  from  Spalart’s  (1988)  low  Reynolds 
number  boundary  layer  DNS.  The  scaling  factor  was  determined  as  the  value  that 
gave  the  best  fit  of  u"ms  values  measured  by  Adams  et  al. 

As  discussed  in  chapter  4,  the  random  phase  method  could  not  be  used  to  gen¬ 
erate  inflow  boundary  conditions  for  the  low  Reynolds  number  LES  cases,  because 
the  flow  was  not  able  to  recover  within  the  length  of  the  inlet  section.  However,  in 
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the  present  case  the  Reynolds  number  is  significantly  higher,  yielding  less  damping 
in  the  boundary  layer  of  the  inlet  section.  Figure  5.2-1  shows  the  coefiicient  of 
friction  in  the  inlet  section  versus  streamwise  distance,  compared  with  the  value 
measured  by  Adams  et  al.  Results  are  shown  for  all  LES  cases.  It  can  be  seen  that 
the  flow  goes  through  a  transition  immediately  after  entering  the  domain.  This  is 
caused  by  a  lack  of  turbulent  structures  in  the  inflow  velocity  field.  However,  in  the 
cases  using  the  DM  and  the  DLM  models,  the  flow  starts  to  recover  after  a  few  step 
heights.  At  the  corner  of  the  step  the  coefficient  of  friction  has  reached  about  0.003, 
which  is  only  about  10  percent  off  the  target  value  of  0.0034.  For  comparison,  the 
coefficient  of  friction  from  the  low  Reynolds  number  case,  using  the  random  phase 
method  (appendix  A. 2),  was  20  percent  lower  than  its  target  value  at  the  corner 
of  the  step.  The  coefficient  of  friction  from  the  Smagorinsky  model  shows  a  much 
slower  recovery. 

Unfortunately,  apart  from  the  streamwise  turbulence  intensity,  turbulence  statis¬ 
tics  were  not  measured  by  Adams  et  al.  Thus,  it  is  difficult  to  accurately  assess 
the  quality  of  the  computed  turbulence  upstream  of  the  step.  (For  completeness 
the  computed  second  order  statistics,  sampled  0.2h  upstream  of  the  step,  are  doc¬ 
umented  in  figure  5.2-2,  but  with  no  reference-  or  target  values  included). 

Despite  a  faster  recovery  from  the  random  number  inflow  boundary  condition 
in  the  present  cases,  it  should  be  acknowledged  that  the  inflow  method  used  in  the 
present  cases  is  a  potential  source  of  disagreement  with  the  experiment.  Calcula¬ 
tions,  using  the  inflow  method  of  chapter  4,  are  therefore  currently  in  progress  for 
the  high  Reynolds  number  cases. 

5.2.3  Case  Definitions 

Apart  from  the  SGS  model,  all  parameters  were  the  same  in  the  three  LES 
cases.  The  grid  contained  244  x  96  x  96  points  in  the  streamwise,  wall-normal,  and 
spanwise  directions,  respectively.  This  includes  the  101  streamwise  points  used  to 
cover  the  inlet  section.  Table  5.2-1  gives  the  grid  resolution  in  wall  coordinates, 
based  on  the  friction  velocity  at  the  exit  of  the  domain  {ut/Uq  —  0.028).  The 
minimum  streamwise  grid  spacing  occurs  at  the  corner  of  the  step,  whereas  the 
maximum  grid  spacing  occurs  at  the  exit  of  the  computational  domain.  The  grid 
was  stretched  in  the  wall-normal  direction,  both  in  the  inlet  section  as  well  as 
downstream  of  the  step.  Figure  5.2-3  shows  the  streamwise  grid  spacing  versus 
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streamwise  distance.  Figure  5.2-4  gives  the  same  information  for  the  wall-normal 
direction. 


/\  7;~^ 

Av"*”  • 

^2/max 

A2r+ 

11.7 

186 

1.25 

155 

24.5 

Table  5.2-1,  Resolution  in  wall-coordinates. 


The  initial  velocity  field  for  the  DM  model  was  obtained  by  interpolating  from 
a  run  with  a  coarser  resolution.  The  two  other  cases  were  run  later  using  a  restart 
field  from  the  DM  model  calculation  as  initial  condition.  About  75-100  time  units 
(hfUo)  were  used  to  remove  transients  from  the  initial  flow  fields.  Since  the  total 
length  of  the  computational  domain  for  the  high  Reynolds  number  cases  is  30h,  one 
flow-through  time  corresponds  to  about  35  time  units.  Thus,  2  to  3  flow-through 
times  were  used  to  get  rid  of  transients  in  the  initial  fields. 

The  statistical  sampling  period  used  for  the  DM  model  was  approximately  370 
time  units.  This  corresponds  to  just  over  10  flow-through  times.  The  two  other 
cases  covered  a  sampling  period  of  about  250  time  units  (or  7  flow-through  times). 
For  all  practical  purposes,  250  time  units  is  sufficient  to  get  converged  first  and 
second  order  statistics.  The  increased  sampling  time  used  in  DM  model  is  therefore 
strictly  not  necessary,  but  helps  smooth  some  of  the  statistics,  particularly  the 
eddy- viscosity  {<ut>tz)  which  proved  to  be  somewhat  harder  to  converge  than 
the  other  statistical  quantities.  As  in  the  low-Reynolds  number  cases,  statistics 
were  sampled  at  each  time-step  by  averaging  in  time  as  well  as  in  the  homogenous 
spanwise  direction. 
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5.3  Results 

This  section  contains  the  results  from  the  large  eddy  simulations  performed  of 
the  backward  facing  step  at  Re  =  28000.  It  should  also  be  mentioned  that  a  case 
was  attempted,  using  the  same  grid-resolution  as  in  the  LES  cases,  but  without  a 
subgrid  scale  model.  The  motivation  was  as  before  to  generate  a  basis  for  evaluating 
the  effect  of  the  subgrid  scale  models.  However,  removing  the  damping  provided  by 
the  eddy-viscosity  led  to  numerical  instabilities.  Thus  at  high  Reynolds  numbers, 
the  molecular  diflFusion  is  insufficient  to  maintain  a  stable  calculation,  and  a  subgrid 
scale  model  contribution  is  necessary,  not  only  to  get  good  results,  but  to  get  any 
results  at  all. 

5.3.1  Coefficient  of  Friction  and  Reattachment  Length 

The  coefficient  of  friction  along  the  lower  wall  is  shown  in  figure  5.3-1.  Contrary 
to  the  low-Reynolds  number  case,  small  differences  are  observed  between  the  two 
dynamic  models.  The  C/-curve  from  the  DM  model  is  shifted  slightly  to  the  right 
of  the  Cz-curve  from  the  DLM  model.  As  in  the  low  Reynolds  number  case,  the 
Smagorinsky  model  yields  overall  good  agreement  with  the  two  dynamic  models. 

Good  agreement  with  experimental  data  is  observed  upstream  of  about  x/h  = 
3  and  around  reattachment.  The  coefficient  of  friction  is  under-predicted  in  the 
last  part  of  the  computational  domain,  i.e.,  downstream  of  about  x/h  =  12.  The 
deviation  is  most  likely  due  to  the  grid  resolution  being  too  coarse  in  this  region 
(see  table  5.2-1  and  figure  5.2-3). 

Most  noticeable,  however,  is  the  significant  discrepancy  in  the  recirculation 
region,  around  x/h  =  4.  Whereas  the  minimum  value  predicted  by  the  experiment  is 
Cf  =  — 0.9T0~^,  the  calculations  predict  a  minimum  of  about  Cf  =  — 1.7T0“”*.  The 
reason  for  the  discrepancy  is  not  clear.  The  calculations  may  suffer  from  insufficient 
grid  resolution,  however,  since  only  one  resolution  was  explored,  conclusions  cannot 
be  drawn.  In  addition,  the  inflow  boundary  condition  used  was  found  to  cause 
problems  in  the  low  Reynolds  number  case,  and  might  therefore  also  be  a  possible 
source  for  error  in  the  present  case. 

With  the  overall  poor  agreement  between  the  calculations  and  the  experiment 
it  is  not  possible  to  claim  that  one  subgrid  scale  model  yields  better  results  than  the 
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others.  The  models  give  nearly  identical  results,  although  the  difference  between 
them  is  larger  than  that  observed  in  the  low- Reynolds  number  cases. 

The  reattachment  lengths  from  the  three  calculations  are  listed  in  table  5.3-1, 
together  with  the  deviation,  compared  with  the  experimental  value  of  Adams  et  al. 


Xn/h 

%  deviation 

Adams  et  al. 

6.7  ±  0.1 

DM  model 

7.07 

5.5 

DLM  model 

6.74 

0.6 

Smagorinsky  model 

6.80 

1.5 

Table  5.3-1,  Reattachment  length. 


The  DLM  model  is  seen  to  give  an  almost  identical  reattachment  length  to  that 
reported  by  Adams  et  al.  The  Smagorinsky  model  gives  a  1.5  percent  deviation 
compared  with  the  experiment.  The  DM  model,  on  the  other  hand,  gives  a  5.5 
percent  deviation,  which  is  outside  the  uncertainty  reported  in  the  experiment. 
Based  on  the  reattachment  length  it  would  therefore  seem  that  both  the  DLM 
model  and  the  Smagorinsky  model  are  doing  better  than  the  DM  model.  However, 
since  the  calculated  reattachment  length  is  tied  to  the  coefficient  of  friction,  which 
in  turn  shows  poor  agreement  with  the  experiment,  a  firm  conclusion  about  which 
model  is  better  cannot  be  drawn  based  on  Xr. 

Figure  5.3-2  shows  the  coefficient  of  friction  along  the  upper  wall  of  the  com¬ 
putational  domain.  No  measurements  were  taken  at  this  wall,  and  the  results  are 
included  for  completeness.  The  rather  large  difference  between  the  Smagorinsky 
model  and  the  two  dynamic  models  within  the  first  3  step  heights  is  due  the  slower 
recovery  in  the  inlet  section  (see  figure  5.2-1).  Downstream  oi  x/h  =  3  only  minor 
differences  are  observed  between  the  three  cases.  An  interesting  point  to  observe  is 
the  sharp  decrease  in  Cf  at  about  x/h  =  19.  This  is  clearly  an  effect  of  the  outflow 
boundary  condition. 
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5.3.2  Pressure  Coefficient 

The  pressure  coefficient  (defined  in  section  4.3.3)  is  plotted  in  figures  5.3-3 
and  5.3-4  for  the  lower  and  upper  walls,  respectively.  As  in  the  experiment,  the 
reference  pressure,  Pq,  is  determined  at  3.3h  upstream  of  the  step,  in  the  core  region 
of  the  flow.  A  clear  over-prediction  by  the  calculations  is  observed  compared  with 
measured  values.  However,  it  should  be  noted  that  the  pressure  is  over-predicted 
even  at  the  corner  of  the  step.  Since  the  flow  is  going  through  a  transition  in  the 
inlet  section,  recovering  from  the  random  inflow  conditions,  using  x/h  =  —3.3  as 
reference  point  might  not  be  appropriate. 

Figures  5.3-5  and  5.3-6  shows  the  pressure  coefficient  along  the  two  walls,  using 
the  pressure  at  the  corner  of  the  step  as  reference.  This  improves  agreement  with 
the  experimental  values,  but  Cp  is  still  over-predicted  by  the  calculations.  This 
is  the  same  trend  as  observed  in  the  low  Reynolds  number  calculations.  In  those 
cases  it  was  shown  that  agreement  with  the  reference  data  improved  with  increasing 
streamwise  grid  resolution.  It  is  therefore  likely  that  some  of  the  discrepancy  is  tied 
to  insufficient  grid  resolution,  also  in  the  high  Reynolds  number  cases.  In  addition, 
as  will  become  obvious  in  the  next  section,  the  core  flow  appeared  to  gain  mass 
through  Adams  et  al.'s  experimental  test  section,  an  effect  which  is  likely  caused 
by  side-wall  boundary  layers  developing  downstream  of  the  expansion.  This  would 
result  in  a  reduced  pressure  recovery  in  the  experiment,  as  observed  in  figures  5.3-5 
and  5.3-6. 


5.3.3  Mean  Velocity  Profiles 

Mean  streamwise  velocity  profiles  are  compared  at  eight  locations  downstream 
of  the  step  in  figure  5.3-7.  Focusing  on  the  calculated  profiles  first,  it  is  evident  that 
the  three  subgrid  scale  models  produce  nearly  identical  results.  The  only  difference 
can  be  found  in  the  near  wall  region  in  the  recirculation  and  reattachment  zones.  In 
this  region  the  velocity  profiles  from  the  DM  model  are  lagging  somewhat  behind 
those  from  the  DLM  model,  indicating  a  longer  recirculation  region  in  the  former 
case.  This  is  consistent  with  the  differences  observed  in  the  coefficient  of  friction  and 
reattachment  length  between  the  two  cases.  The  Smagorinsky  model  gives  results 
that  generally  fall  between  those  of  the  two  dynamic  models,  except  at  the  first 
measurement  station  where  the  Smagorinsky  model  yields  the  best  agreement  with 
experiments.  Even  though  the  differences  are  small,  the  DLM  model,  and  possibly 
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also  the  Smagorinsky  model,  give  results  in  better  agreement  with  the  experiment 
than  the  DM  model. 

Figure  5.3-76  reveals  that  the  calculated  velocity  profiles  are  lagging  behind 
the  experimental  results  at  the  last  four  streamwise  stations.  Since  the  numerical 
scheme  conserves  mass  it  appears  that  the  fiow  in  the  experiment  is  gaining  mass 
at  these  streamwise  stations.  This  was  confirmed  by  integrating  the  experimental 
profiles  at  the  corner  of  the  step  and  at  the  last  two  measurement  stations,  which 
shows  a  5  percent  increase  in  the  mass-fiow  through  the  experimental  test-section. 
The  speed-up  of  the  fiow  in  the  experiment  is  probably  caused  by  the  blocking  effect 
of  the  side- wall  boundary  layers.  The  growth  of  side- wall  boundary  layers  may  be 
part  of  the  reason  for  the  difference  in  the  pressure  coefficient  pointed  out  in  the 
previous  section. 

5.3.4  Turbulence  Statistics 

Calculated  streamwise  turbulence  intensity  profiles  are  compared  with  experi¬ 
mental  values  in  figure  5.3-8.  As  with  the  other  quantities,  only  minor  differences 
are  observed  between  the  three  LES  cases.  Overall  good  agreement  is  also  seen 
between  calculated  and  experimental  values.  However,  at  the  last  three  streamwise 
stations  is  over-predicted  by  the  calculations  along  the  upper  wall.  This  result 
is  characteristic  of  simulations  with  low  grid  resolution. 

Figure  5.3-9  shows  the  total  turbulent  shear  stress  (resolved  plus  SGS  contri¬ 
bution).  No  experimental  results  are  available  for  this  quantity  and  the  calculated 
values  are  included  only  to  show  the  similarity  in  the  results  from  the  three  sub¬ 
grid  scale  models.  Apart  from  the  first  few  measurement  stations,  the  models  give 
almost  identical  results. 

Figure  5.3-10  shows  the  SGS  shear  stress,  ri2,  for  the  three  SGS  models.  Signif¬ 
icant  differences  are  observed  between  the  models.  The  DLM  model  yields  the  high¬ 
est  SGS  shear  stress  in  the  shear  layer  coming  of  the  step,  however,  the  Smagorinsky 
model  gives  the  largest  contribution  in  the  boundary  layer  downstream  of  reattach¬ 
ment  and  in  the  boundary  layer  along  the  upper  wall.  (The  “kink”  in  the  profiles 
from  the  Smagorinsky  model  appears  for  reasons  explained  in  section  4.4.3).  The 
DM  model  is  seen  to  yield  the  smallest  contribution  to  the  turbulent  shear  stress  at 
all  streamwise  stations.  However,  as  shown  in  figure  5.3-11,  the  overall  contribution 
from  the  SGS  models  to  the  turbulent  shear  stress  is  small  in  all  cases. 


-  138- 


Results 


Section  5.3 


Figure  5.3-11  shows  that  the  ratio  of  the  subgrid  scale  shear  stress  to  resolved 
turbulent  shear  stress  for  the  DLM  model  peaks  at  about  7.3  percent  close  to  the 
step,  and  then  drops  rapidly  to  about  1.5-2. 5  percent.  For  the  DM  model  the  peak 
value  is  about  5.9  percent  which  decreases  to  about  0.8-1. 8  percent  downstream 
of  about  x/h  —  3.  The  Smagorinsky  model  has  a  peak  of  about  6  percent  which 
decreases  to  about  2  percent  in  the  recovery  region.  Thus,  it  can  be  concluded  that 
all  models  provide  only  a  small  contribution  to  the  turbulent  shear  stress. 


5.3.5  Eddy- Viscosity 

Figure  5.3-12  compares  the  eddy- viscosities  from  the  three  models.  There  is 
a  noticeable  difference  in  the  level  of  the  the  eddy- viscosities  between  the  cases. 
The  DM  model  gives  an  eddy-viscosity  which  peaks  at  about  4  times  the  molecular 
viscosity  in  the  recirculation  region.  The  eddy-viscosity  from  the  DLM  model  is 
more  than  a  factor  of  two  larger.  The  eddy-viscosity  from  the  Smagorinsky  model 
falls  in  between  those  of  the  two  dynamic  models. 

As  pointed  out  previously,  the  eddy-viscosity  produced  by  the  DM  model  had 
to  be  clipped  to  avoid  points  with  negative  total  viscosity.  An  average  of  2  percent 
of  the  points  in  the  computational  domain  had  to  be  zeroed.  The  DM  model 
gave  negative  eddy-viscosity  at  about  12  percent  of  the  points  in  the  computational 
domain.  The  DLM  model,  on  the  other  hand,  gave  negative  eddy-viscosity  at  about 
31  percent  of  the  points. 


5.3.6  Dissipation 

Figure  5.3-13  shows  the  ratio  of  the  SGS  dissipation  to  molecular  dissipation 
at  several  streamwise  stations  for  all  LES  cases.  It  is  seen  that  <tsGS>tz  /  <^m>tz 
is  almost  the  same  at  every  station  for  the  DLM  model  and  the  Smagorinsky  model 
(apart  from  the  “kink”  in  the  profiles  from  the  Smagorinsky  model;  discussed  in 
section  4.4.3).  However,  the  DM  model  yields  a  value  that  is  up  to  a  factor  of  two 
smaller  than  those  from  the  DLM  model  and  the  Smagorinsky  model.  (The  “jagged” 
appearance  of  the  curves  is  because  the  statistics  sampling  time  was  significantly 
shorter  for  quantities  related  to  dissipation  than  for  other  quantities). 

Figure  5.3-14  shows  the  total  dissipation  (SGS  dissipation  plus  molecular  dis¬ 
sipation)  at  the  same  streamwise  stations.  Apart  from  traces  of  the  “kink”  at 
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y/h  =  1,  the  models  give  roughly  the  same  results.  The  differences  observed  are 
likely  due  to  the  statistics  sampling  time  being  too  short. 

To  better  visualize  the  difference  between  the  three  models,  figure  5.3-15  shows 
the  ratio  of  <esGS>tz  and  <em>tz,  each  quantity  averaged  over  the  cross-sectional 
area  of  the  computational  domain,  plotted  versus  streamwise  distance.  Figure  5.3- 
16  shows  the  total  dissipation  averaged  over  the  cross-sectional  area  and  plotted 
versus  streamwise  distance. 

Figure  5.3-15  shows  that  the  DLM  model  and  the  Smagorinsky  model  give 
about  the  same  fraction  of  SGS  dissipation  upstream  of  reattachment.  The  peak 
value  is  about  2. 7-2. 8  in  both  cases.  The  contribution  from  the  DM  model  peaks  at 
about  2.2.  Despite  these  differences,  figure  5.3-16  shows  that  all  models  give  nearly 
identical  total  dissipation  at  all  streamwise  locations.  As  in  the  low  Reynolds 
number  cases,  the  total  dissipation  in  the  recovery  region  is  about  a  factor  of  four 
less  than  the  dissipation  upstream  of  reattachment. 

5.3.7  Summary 

Both  the  DM  model,  the  DLM  model,  and  the  Smagorinsky  model  have  been 
used  successfully  to  predict  turbulent  flow  over  a  backward  facings  step  at  Re  = 
28000.  There  are  some  discrepancies  in  the  coefficient  of  friction,  but  other  quan¬ 
tities  compare  favorably  with  the  experimental  data. 

The  models  produce  nearly  identical  results.  The  subgrid  scale  model  con¬ 
tributes  only  a  few  percent  of  the  total  turbulent  shear  stress.  However,  the  eddy- 
viscosity  is  from  4  to  8  times  higher  than  the  molecular  viscosity.  The  SGS  dissi¬ 
pation  is  as  much  as  7  times  the  molecular  dissipation  using  either  the  DLM  model 
or  the  Smagorinsky  model.  The  DM  model  gives  a  maximum  ratio  of  about  5. 
However,  the  total  dissipation  is  the  same  using  either  SGS  model. 

Both  dynamic  models  give  negative  eddy-viscosity  (but  positive  total  viscosity) 
in  sections  of  the  computational  domain,  thus  allowing  for  some  reverse  transfer  of 
energy. 
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5.4  Computer  Program  Performance 

The  DM  model  was  run  a  total  of  470  time  units  at  a  time-step,  At  of  0.010 
h/Uo-  This  includes  about  100  time  units  used  to  remove  transients  from  the  initial 
flow  fleld  before  starting  to  sample  statistics.  The  corresponding  number  of  time- 
steps  is  47000.  The  DLM  model  and  the  Smagorinsky  model  were  run  for  350 
time  units,  including  the  100  time  units  used  to  remove  transients  from  the  initial 
flow  fleld.  At  in  this  case  was  0.012  h/Uo  giving  a  total  integration  time  of  29170 
time-steps. 

Table  5.4-1  gives  the  CPU  time  per  time-step  as  well  as  the  total  CPU  time 
spent  for  each  calculation.  As  for  the  low  Reynolds  number  cases,  the  numbers 
in  table  5.4-1  do  not  include  overhead  associated  with  I/O  (input/output).  This 
overhead  was  from  5  to  20  percent,  depending  on  the  conflguration  of  the  external 
memory  of  the  Cray. 


Model 

CPU/time-step  (s) 

#  of  time-steps 

CPU  time  (h) 

DM 

10.41 

47000 

136 

DLM 

12.15 

29170 

98 

Smagorinsky 

9.50 

29170 

77 

Table  5.4-1,  Performance  of  LES  code  (on  a  Cray  C-90). 


It  can  be  noticed  that  the  difference  between  the  computational  cost  for  the 
two  dynamic  models  is  less  than  that  reported  in  the  low  Reynolds  number  case. 
The  main  reason  for  the  difference  is  that  the  error-tolerance  used  when  converging 
the  integral  equation  (DLM  model)  was  higher  in  the  present  case  than  that  used 
in  the  low  Reynolds  number  case.  An  average  of  2.6  iterations  were  needed  in  order 
to  drop  the  residual  in  the  integral  equation  by  a  factor  of  20  (the  low  Reynolds 
number  case  used  50). 
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Figure  5.2-1,  Coefficient  of  friction  along  the  lower  wall  in  the  inlet  section  (Re  = 

28000).  - :  DM  model;  - :  DLM  model;  .  ;  Smagorinsky  model; 

•  :  Adams  et  al.  (1984). 
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- :  DLM  model;  .  :  Smagorinsky  model  a)  Streamwise  rms  fluctuations,  b)  Wall-normal  rms 

fluctuations,  c)  Spanwise  rms  fluctuations,  d)  Turbulent  shear  stress  (including  SGS  term). 
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Figure  5.3-3,  Pressure  coefficient  along  the  lower  wall,  downstream  of  the  step 

{Re  =  28000).  Reference  point  at  x/h  =  —3.3.  - ;  DM  model;  - : 

DLM  model;  .  :  Smagorinsky  model;  o  :  Experiment  (Adams  et  ah). 


xjh 

Figure  5.3-4,  Pressure  coefficient  along  the  upper  wall  {Re  =  28000).  Reference 

point  at  x/h  =  —3.3.  - :  DM  model;  - :  DLM  model;  .  : 

Smagorinsky  model;  o  :  Experiment  (Adams  et  ah). 
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Figure  5.3-5,  Pressure  coefficient  along  the  lower  wall,  downstream  of  the  step 

(Re  =  28000).  Reference  point  at  x/h  =0.  - :  DM  model;  - :  DLM 

model;  .  :  Smagorinsky  model;  o  :  Experiment  (Adams  et  al). 


Figure  5.3-6,  Pressure  coefficient  along  the  upper  wall  [Re  —  28000).  Reference 

point  at  x/h  =  0.  -  :  DM  model;  - ;  DLM  model;  .  : 

Smagorinsky  model;  o  :  Experiment  (Adams  et  al). 


Figure  5.3-7,  Mean  streamwise  velocity  profiles  {Re  =  28000).  -  :  DM 

model;  - ;  DLM  model;  .  :  Smagorinsky  model;  o  ;  Experiment 

(Adams  et  al). 
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Figure  5.3-9,  Turbulent  shear  stress  {Re  =  28000).  -  :  DM  model; 

- :  DLM  model;  .  :  Smagorinsky  model. 
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Figure  5.3-11,  e{x)  (defined  in  equation  4.3-1)  is  a  measure  of  the  ratio  of  the 
SGS  shear  stress  to  the  resolved  turbulent  shear  stress  {Re  =  28000). 

- :  DM  model;  - :  DLM  model;  .  :  Smagorinsky  model. 
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Figure  5.3-13,  Ratio  of  SGS  dissipation  to  molecular  dissipation  (Re  =  28000). 
- :  DM  model;  - :  DLM  model;  .  :  Smagorinsky  model. 
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Figure  5.3-14,  Sum  of  SGS  dissipation  and  molecular  dissipation  {Re  =  28000). 
- :  DM  model;  - :  DLM  model;  .  :  Smagorinsky  model. 
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Figure  5.3-15,  Ratio  of  SGS  dissipation  and  Molecular  dissipation,  both  averaged 

over  the  cross-sectional  area.  - :  DM  model;  - :  DLM  model; 

.  :  Smagorinsky  model. 


Figure  5.3-16,  Sum  of  SGS  dissipation  and  Molecular  dissipation,  averaged  over 

the  cross-sectional  area  {Re  =  28000).  - :  DM  model;  - :  DLM  model; 

.  :  Smagorinsky  model. 


-  156- 


Chapter  6 


CONCLUSIONS 


The  overall  objective  of  this  work  was  “to  implement,  test,  and  assess  the 
performance  of  the  DM  model  and  the  DLM  model  in  a  complex  flow” . 

DM  Model 

The  DM  model  was  implemented  and  tested  in  turbulent  flow  over  a  backward 
facing  step  at  two  Reynolds  numbers;  Re  =  5100  and  Re  =  28000.  Results  from 
the  low  Reynolds  number  calculations  are  in  excellent  agreement  with  DNS  data 
for  all  quantities  considered  (i.e.  first  and  second  order  statistics).  These  results 
were  obtained  at  roughly  0.5  percent  of  the  computational  cost  necessary  for  a 
corresponding  DNS  (Le  &  Moin).  Fully  converged  statistics  were  obtained  in  about 
6-7  CPU  hours  on  a  Cray  C-90. 

The  second  set  of  calculations,  at  Re=28000,  was  performed  in  order  to  extend 
the  test  of  the  DM  model  to  a  Reynolds  number  of  engineering  interest.  All  calcu¬ 
lated  results  were  shown  to  be  in  good  agreement  with  experimental  data,  except 
for  the  coeSicient  of  friction.  Discrepancies  were  found  in  the  C /-curve,  both  in 
the  recirculation  region  as  well  as  in  the  recovery  region.  The  reason  for  the  dis¬ 
crepancy  remain  unclear,  but  is  likely  due  to  problems  with  the  inflow  condition  or 
measurement  inaccuracies  in  the  recirculation  region.  The  high  Reynolds  number 
calculation  required  about  one  order  of  magnitude  more  grid-points  than  for  the 
low  Reynolds  number  case. 

Several  properties  of  the  DM  model,  previously  demonstrated  in  simpler  flows, 
were  shown  to  hold  in  the  present  case.  In  particular  it  was  shown  that  the  effect 
of  the  subgrid  scale  model  decreases  as  the  grid-resolution  increases.  It  was  shown 
that  the  dynamic  eddy- viscosity  was  insensitive  to  changes  in  the  grid-resolution  in 
coordinate  directions  were  test-filtering  was  not  applied. 
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In  order  to  better  assess  the  effect  of  the  subgrid  scale  model  a  separate  calcu¬ 
lation  was  done  using  the  same  grid  as  that  used  in  a  LES,  but  without  the  subgrid 
scale  model.  Large  discrepancies  were  seen  when  results  from  the  “no-model”  cal¬ 
culations  were  compared  with  the  DNS  or  LES.  This  was  particularly  apparent  in 
the  recirculation  region  where  the  SGS  turbulent  shear  stress  and  dissipation  were 
the  largest  (indicating  the  most  significant  model  contribution). 

Comparison  of  SGS  models 

Calculations  were  also  preformed  using  the  mathematically  consistent  DLM 
model  and  the  standard  Smagorinsky  model  (with  C  =  0.01  and  Van  Driest  damp¬ 
ing  along  walls).  In  the  low  Reynolds  number  cases  no  noticeable  differences  were 
found  in  the  results  from  either  model.  In  the  high  Reynolds  number  case,  small 
differences  were  observed  in  the  results  from  the  three  models,  with  the  DLM  model 
and  the  Smagorinsky  model  yielding  closer  agreement  with  experiments  than  the 
DM  model.  However,  the  differences  were  small,  particularly  when  taking  the  ex¬ 
perimental  uncertainties  into  account. 

In  all  cases  the  SGS  model  contribution  to  the  turbulent  shear  stress  was  a 
maximum  of  about  8-10  percent.  The  peak  was  located  in  the  recirculation  region, 
close  to  the  step.  The  peak  moved  closer  to  the  step  with  increasing  Reynolds 
number.  Downstream  of  reattachment  the  SGS  shear  stress  was  only  a  few  percent 
of  the  resolved  turbulent  shear  stress  (all  models;  both  Reynolds  numbers). 

At  the  low  Reynolds  number  the  ratio  of  the  SGS  dissipation  to  molecular  dis¬ 
sipation  peaked  (towards  the  end  of  the  recirculation  region)  at  about  4  using  either 
SGS  model.  This  means  that  up  to  80  percent  of  the  total  dissipation  is  supplied  by 
the  SGS  model.  However,  at  other  streamwise  stations  the  SGS  model  contribution 
to  the  dissipation  varied  between  the  three  models.  It  is  thus  interesting  to  note 
that  the  total  dissipation  was  the  same  at  all  streamwise  stations,  using  either  the 
DM  model,  the  DLM  model,  or  the  Smagorinsky  model. 

At  the  high  Reynolds  number  the  SGS  dissipation  was  as  much  as  7  times 
the  molecular  dissipation  using  either  the  DLM  model  or  the  Smagorinsky  model. 
The  DM  model  gave  a  maximum  ratio  of  abut  5.  However,  the  total  dissipation 
was  the  same  at  all  streamwise  stations,  using  either  SGS  model.  These  results 
seem  to  indicate  that  as  long  as  the  total  dissipation  is  predicted  correctly,  other 
low  order  statistical  features  can  be  expected  to  be  reasonably  predicted  as  well. 
The  fact  that  the  SGS  contribution  to  the  dissipation  varied  between  the  models 
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indicates  that  the  small  scales  of  the  flow  adapt  thus  keeping  the  total  dissipation 
unchanged.  The  level  of  the  dynamic  eddy-viscosity,  which  varied  signiflcantly 
between  the  three  SGS  models,  is  not  an  appropriate  measure  when  comparing  the 
effect  of  the  models. 

Computational  Issues 

It  was  shown  to  be  important  to  resolve  the  flow  around  the  corner  of  the 
step,  both  in  the  streamwise  as  well  as  wall- normal  direction.  The  errors  generated 
in  the  corner  region  would  convect  downstream  of  the  step  and  corrupt  the  entire 
solution.  It  is  also  important  to  have  a  good  inflow  boundary  condition.  The  flow 
downstream  of  the  expansion  is  sensitive  to  the  flow  state  upstream  of  the  step. 

The  temporal  integration  scheme  used  for  the  present  calculations  treated  all 
terms  (convective  and  diffusive)  with  derivatives  in  the  wall-normal  direction  im¬ 
plicitly.  All  other  terms  were  treated  explicitly.  This  is  in  contrast  to  the  method 
used  by  Le  &  Moin  (DNS)  which  treated  all  diffusive  terms  with  an  implicit  scheme 
and  aU  convective  terms  with  an  explicit  scheme.  The  result  is  a  method  which 
allows  the  maximum  time-step  to  be  3-5  times  larger  than  that  permitted  by  the 
procedure  used  by  Le  &  Moin. 

A  special  version  of  the  fractional  step  method  was  also  developed.  The  method 
assures  that  errors  associated  with  the  approximate  factorization  are  of  the  same 
order  as  the  errors  in  the  time-integration  scheme.  In  addition,  the  intermediate 
velocity  field  is  a  second  order  approximation  to  the  divergence  free  velocity  field 
which  means  that  special  boundary  conditions  for  the  intermediate  velocity  field 
are  not  needed. 
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INTRODUCTION 


The  second  part  of  this  report  is  concerned  with  large  eddy  simulations  (LES) 
of  the  coaxial  jet-combustor.  This  geometry  is  a  natural  extension  of  the  back¬ 
ward  facing  step,  and  yet  far  more  complex.  The  coaxial  jet-combustor  consists  of 
confined  coannular  jets  that  discharge  into  a  sudden  expansion.  The  central  pipe 
normally  supplies  the  fuel  and  the  annular  pipe  supplies  the  oxidizer  (air).  This 
geometry  provides  a  recirculation  zone  that  is  similar  to  those  found  in  modern  gas 
turbine  combustors.  The  recirculation  zone  established  by  the  step  is  important 
because  it  aids  in  stabilizing  the  flame.  Figure  1.1-1  shows  a  sketch  of  the  combus¬ 
tor.  A  side-view  is  shown  in  figure  1.1-2  which  also  includes  some  of  the  important 
flow-  and  combustion  zones  in  the  device. 

When  operated  in  a  fuel  rich  mode  the  flame  is  very  stable  and  is  anchored 
in  the  jet  shear  layer  by  a  pilot  flame  attached  to  the  step,  near  the  outer  edge  of 
the  annular  air  tube.  As  the  fuel  to  air  ratio  decreases,  the  flame  becomes  more 
and  more  unstable  until  a  point  where  the  entire  flame  lifts  from  the  base  region  of 
the  burner  and  stabilizes  further  downstream.  Reducing  the  fuel  to  air  ratio  even 
further  results  in  a  progressively  less  stable  flame  which  eventually  blows  out.  This 
process  is  known  as  lean-blow-out  (LBO). 

1.1  Motivation 

A  precise  understanding  of  the  phenomenon  leading  to  LBO  have  become  more 
important  recently  because  advancements  in  gas  turbine  technology  have  reduced 
design  tolerances.  The  ability  to  accurately  predict  LBO  for  combustion  chambers 
is  considered  important  since  it  is  related  to  combustion  stability  which  is  criti¬ 
cal  to  safety  and  reliability.  The  problems  related  to  predicting  LBO  are  many. 
LBO  is  usually  encountered  during  engine  transients  and  it  may  therefore  be  diffi¬ 
cult  to  separate  overall  system  behavior  from  the  combustor  characteristics.  The 
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mechanisms  of  blow-out  in  one  combustor  design  might  therefore  be  different  from 
those  of  another  design,  and  even  be  sensitive  to  small  design  changes  to  the  point 
that  manufacturing  and  assembly  tolerances  in  a  system  component  may  be  a  sig¬ 
nificant  factor.  As  will  become  apparent  the  phenomena  of  LBO  is  highly  transient 
and  cannot  be  adequately  described  by  typical  time-averaged  CFD  (computational 
fluid  dynamics)  models. 

Roquemore  et  al.  (1991)  investigated  the  phenomena  related  to  LBO  in  a 
combined  experimental  and  computational  study  in  order  to  gain  insight  into  the 
characteristics  that  a  model  must  have  for  correctly  predicting  the  LBO  process. 
The  following  is  a  summary  of  their  findings. 

As  indicated  above,  the  combustor  seems  to  be  operating  in  two  distinct  modes: 
in  the  fuel  rich  mode  the  flame  is  attached  at  the  face  of  the  combustor,  near  the 
edge  of  the  step;  in  the  second  mode  the  flame  is  stabilized  downstream  near  the 
end  of  the  recirculation  zone  established  by  the  step.  However,  there  is  a  certain 
degree  of  intermittency  in  both  these  states  such  that  in  the  fuel  rich  mode  the 
flame  occasionally  lifts  from  the  base  of  the  burner,  but  stays  attached  most  of 
the  time.  Likewise,  in  the  fuel  lean  mode,  the  flame  occasionally  flashes  back  and 
momentarily  attaches  to  the  base  of  the  burner,  but  stays  lifted  most  of  the  time. 
Whether  the  flame  is  attached  or  lifted  is  believed  to  be  closely  related  to  the 
amount  of  fuel  and  hot  combustion  products  being  entrained  into  the  recirculation 
zone. 

When  running  in  a  fuel  rich  mode  a  region  of  intense  combustion  is  established 
in  the  region  where  the  shear  layers  between  the  air-  and  recirculation  zone  and  the 
air-  and  fuel  stream  merge  (a  few  fuel-pipe  diameters  downstream  of  the  base  of  the 
burner).  This  combustion  zone  is  being  fed  directly  by  fuel  coming  from  the  fuel 
jet.  However,  this  flame  is  piloted  by  a  weaker  flame  fed  from  the  the  recirculation 
zone  and  attached  at  the  outer  region  of  the  air-tube,  at  the  base  of  the  burner.  It  is 
proposed  that  unburned  fuel  and  hot  combustion  products  escape  through  “holes” 
in  the  flame  into  the  recirculation  zone  (as  indicated  by  the  arrows  in  figure  1.1-2). 
The  holes  appear  to  be  formed  in  the  braid  regions  of  the  vortex  trains.  Stretching 
and  fast  mixing  normally  occur  in  the  braid  regions  which  might  lead  to  quenching 
of  the  flame  by  finite  rate  chemistry,  thus  forming  holes  in  the  flame.  However,  the 
formation  of  holes,  and  consequent  escape  of  fuel  and  hot  combustion  products  is  a 
highly  intermittent  process.  The  fuel  concentration  in  the  recirculation  zone  might 
therefore  at  some  points  in  time  be  too  low  to  support  the  pilot  flame  at  the  base  of 
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the  burner  and  the  flame  therefore  intermittently  lifts  off.  However,  the  likelihood 
of  this  occurring  decreases  with  increasing  fuel  to  air  ratio.  But  as  the  fuel  to  air 
ratio  decreases  lift-off  becomes  more  frequent  to  the  point  where  the  flame  is  lifted 
most  of  the  time. 

It  is  apparent  that  an  understanding  of  how  fuel  and  hot  combustion  products 
are  entrained  into  the  recirculation  zone  is  critical  in  order  to  understand  the  pro¬ 
cesses  that  makes  the  flame  lift  from  the  base  of  the  burner  and  eventually  blow 
out.  In  the  case  of  a  lifted  flame,  knowledge  of  how  much  fuel  and  air  are  trans¬ 
ported  into  the  recirculation  zone  will  help  determine  whether  a  flammable  fuel 
to  air  mixture  might  exist  which  could  ignite  and  make  the  flame  flash  back  and 
attach  at  the  base  of  the  burner.  As  indicated  by  Roquemore  et  al.  (1991),  it  would 
be  instructive  to  use  a  cold-flow  calculation  to  examine  the  characteristics  of  the 
recirculation  zone  for  the  lifted  flame. 

Roquemore  et  al.  (1991)  report  that  depending  on  the  ratio  of  fuel  to  air 
flow-rates,  a  small  fuel  jet  recirculation  zone  is  formed  at  the  fuel  jet  exit.  This 
recirculation  zone  is  similar  to  that  formed  behind  bluff  bodies  and  is  a  result  of 
the  air  flow-rate  being  much  higher  than  the  fuel  flow-rate.  The  high  velocity 
annular  air  jet  expands  and  entrains  surrounding  fluid  as  it  enters  the  combustion 
chamber.  However,  the  small  mass-flow  of  the  fuel  jet  is  not  sufficient  to  satisfy  the 
entrainment  requirement  of  the  expanding  air  jet,  and  the  air- fuel  mixture  turns 
back  on  itself  and  is  entrained  back  into  the  air  jet  much  like  the  flow  behind  a  bluff 
body.  The  mixture  in  this  recirculation  zone  is  however  too  fuel  rich  to  support 
combustion. 

The  CFD  model  used  by  Roquemore  et  al.  (1991)  is  based  on  the  Reynolds 
average  approach  using  an  isotropic  k-e  model.  The  code  includes  a  simple  global 
chemical  reaction  scheme  involving  propane,  oxygen,  water,  carbon  dioxide  and  in¬ 
ert  nitrogen.  Parabolic  velocity  profiles  are  specified  at  the  inlet  and  approximate 
boundary  conditions  are  used  along  walls  to  avoid  refinement  of  the  computational 
grid.  All  species  transport  properties  (viscosity,  thermal  conductivity  and  diffu- 
sivity)  are  assumed  to  be  constant.  The  CFD  code  gave  results  in  qualitative 
agreement  with  experiments,  but  were  unable  to  accurately  predict  the  concen¬ 
tration  of  fuel  in  the  recirculation  zone  thus  failing  to  predict  the  attached  flame 
condition.  It  is  also  apparent  that  steady  state  calculations  are  unlikely  to  be  able 
to  predict  the  highly  transient  phenomenon  associated  with  LBO.  Roquemore  et 
al.  (1991)  conclude  that  the  biggest  difficulty  is  to  correctly  model  the  processes 
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responsible  for  entraining  and  transporting  fuel,  products,  and  heat  into  and  out  of 
the  recirculation  zone. 

The  present  work  uses  LES  to  study  the  phenomenon  of  mixing  and  entrain¬ 
ment  of  fuel  and  air  in  the  recirculation  zone.  The  study  focuses  on  fluid  flow 
phenomena  and  does  not  involve  chemical  reactions.  The  calculations  are  designed 
to  match  an  experimental  setup  used  by  Johnson  &:  Bennett  (1981,  1984).  The 
experiments  used  water  for  both  the  air  and  fuel  jets  and  were  performed  to  study 
mixing  of  the  two  jets  in  the  combustion  chamber.  The  fuel  stream  was  visualized 
using  dye.  The  results  include  mean  velocity  profiles,  mean  concentration  profiles 
(fuel  in  air),  turbulence  intensities,  rms  profiles  of  the  concentration,  as  well  as  mass 
transport  quantities.  Details  of  the  experiment  are  described  later  in  this  report. 
The  experimental  data-base  is  used  to  verify  the  accuracy  of  the  present  calculation 
model. 

It  is  apparent  that  due  to  the  high  Reynolds  number  (38000  based  on  com¬ 
bustion  chamber  diameter  and  bulk  velocity),  direct  numerical  simulation  (DNS)  is 
unsuitable  for  the  present  calculations.  In  addition,  Roquemore  et  al.  (1991)  have 
shown  that  their  Reynolds  averaged  method  was  incapable  of  correctly  predicting 
important  features  of  the  flow.  The  current  study  therefore  employs  the  technique 
of  large  eddy  simulation  in  an  attempt  to  understand  the  processes  involved  in 
LBO. 

This  is  believed  to  be  the  first  study  using  LES  in  such  a  complicated  flow. 
However,  a  related  study  was  performed  by  Wagner  &  Friedrich  (1994).  They  used 
DNS  to  calculate  turbulent  flow  in  a  sudden  pipe  expansion.  This  flow  is  simpler 
than  that  of  the  coaxial  jet-combustor  in  that  it  contains  only  one  incoming  jet  and 
hence  only  one  shear  layer. 
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1.2  Objectives 

The  objective  of  the  present  study  is  to  use  the  LES  technique  to  calculate 
mixing  of  fuel  and  air  in  a  coaxial  jet-combustor  in  order  to  aid  in  understanding 
the  processes  leading  to  LBO.  As  a  first  step  in  a  general  study,  the  effects  of 
chemical  reactions  and  variable  density  are  not  included. 

Statistical  quantities  from  LES  axe  compared  with  their  experimental  counter¬ 
parts.  Certain  parameters,  like  the  fuel  concentration  are  animated  and  recorded 
on  video  tape  in  order  to  aid  in  analyzing  the  transient  phenomenon  involved  in 
the  mixing  process. 
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Figure  l.l-l,  Coaxial  jet-combustor  geometry.  3-D  view 


Reattachment 


Figure  1.1-2,  Coaxial  jet-combustor  geometry.  Side  view. 


Chapter  2 


MATHEMATICAL  FORMULATION 


The  governing  equations  are  the  incompressible  Navier-Stokes  equations  and 
the  continuity  equation.  The  only  difference  from  the  backward  facing  step  case  is 
that  the  equations  are  written  in  cylindrical  instead  of  Cartesian  coordinates.  The 
Navier-Stokes  and  the  continuity  equations  in  cylindrical  coordinates  are  summa¬ 
rized  in  section  2.1.  A  detailed  description  of  issues  related  to  cylindrical  coordi¬ 
nates  is  given  in  appendix  B.  Similar  to  the  conditions  in  the  experimental  facility 
(Johnson  k  Bennett),  all  fluid  properties  (density  and  viscosity)  are  assumed  to  be 
the  same  for  the  two  jets  entering  the  combustion  chamber. 

Mixing  of  fuel  and  air  in  the  coaxial  jet-combustor  is  tracked  by  solving  a 
passive  scalar  transport  equation,  where  the  scalar  represents  the  mass-fraction  of 
fuel.  This  equation  is  described  in  section  2.2. 


2.1  Governing  Equations 

The  governing  equations  for  LES  of  the  backward  facing  step  were  devel¬ 
oped  in  Cartesian  coordinates  in  chapter  2,  part  I.  The  quantities  used  to  non- 
dimensionalize  the  equations  in  the  case  of  the  coaxial  jet-combustor  are  the  bulk 
velocity,  Uc,  in  the  central  fuel  pipe,  and  the  step  height,  h.  (The  step  height 
is  measured  from  the  outer  wall  of  the  annular  pipe  to  the  wall  of  the  combustion 
chamber).  Equations  2.1-1  and  2.1-2  are  the  filtered,  non-dimensional  Navier-Stokes 
and  continuity  equations  given  in  vector  form.  (An  overline  indicates  a  filtered 
quantity) . 

^  -b  V  •  (u  (8)  u)  =  -V(j>  +  V  •  {i/Vu}  -b  V  •  {I'i'Vnf}  (2.1-1) 

c/t 

V-u  =  0  (2.1-2) 
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where  u  represents  the  total  viscosity,  equal  to  + 1  /Re.  cf)  is  the  sum  of  the  filtered 
pressure  and  the  trace  of  the  subgrid  scale  stress  tensor  i.e.  ^  =  p+  \Tkk-  Note 
that  the  dynamic  subgrid  scale  model  with 


9ij  —  ‘lUtSij 


(2.1-3) 


has  been  implemented  in  equation  2.1-1.  {qij  is  the  anisotropic  part  of  the  subgrid 
scale  stress  tensor,  Tij).  The  strain  rate  tensor,  S'ij,  in  cylindrical  coordinates  is 
given  in  equation  2.1-10.  Equation  2.1-1  takes  the  following  form  when  written  in 
cylindrical  coordinates  (conservative  formulation); 
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(2.1-4a) 


(2.1-46) 


(2.1-4c) 


Subscript  X  is  used  to  denote  the  axial  (or  streamwise)  direction,  r  represents 
the  radial  direction,  and  6  represents  the  azimuthal  direction.  For  convenience, 
subscripts  1,  2,  and  3  are  sometimes  used  to  denote  the  streamwise,  radial  and 
azimuthal  directions,  respectively.  The  terms  in  the  (symmetric)  stress  tensor,  Sij, 
are  given  by: 


•St-t-  =  2i/ 
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By  combining  the  convective  and  diffusive  fluxes  in  equation  2.1-4  into  a  single 
(symmetric)  tensor  /,j-,  the  equation  can  be  simplified  as  follows: 


dx  dx  r  dr  r  30 


5r  r  dr  r  30  r 


ld4>  dfg^  Idrfff^  Idfpg  fsr 

r  30  dx  r  3r  r  30  r 


(2.1-6a) 

(2.1-66) 

(2.1-6c) 


where 

f  XX  ~  UxUx,  f  xr  ~  UxUrt 

f  xr  ~  Uj-Uj-,  f  r6  ~  UrUff^ 

The  continuity  equation  becomes: 


f  xO  —  ^x6  UxUff, 

fee  =  '^ee-ueue  (2.1-7) 


dux  ,  1  3{rur)  _  Q 

3x  r  dr  r  30 


(2.1-8) 


The  DM  model  is  used  to  represent  the  subgrid  scale  stresses  in  all  calculations 
of  the  coaxial  jet-combustor.  The  eddy-viscosity  is  calculated  according  to: 


...  =  CA1S|, 


|5|  =  J2SijSij 


Cij  =  UiUj  -  UiUj,  Mij  =  (A  /A^)  I  5  I  5iy  -  I  5  I  S-  (2.1-9) 

The  symmetric  strain  rate  tensor,  S'jj,  in  cylindrical  coordinates  is  given  by: 
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2.2  Passive  Scalar  Transport 

A  passive  scalar,  (/?,  is  used  to  track  mixing  of  fuel  and  air  in  the  combustion 
chamber.  represents  the  fuel  mass-fraction  in  the  mixture  with  ip  =  1  being  pure 
fuel,  and  9?  =  0  being  pure  air.  In  vector  form  the  equation  governing  convection 
and  diffusion  of  a  passive  scalar  is: 


dp 


-V  •  (uv?)  +  V  •  (am'^p) 


(2.2-1) 


where  is  the  molecular  diffusivity.  The  equation  has  been  non-dimensionalized 
using  the  same  variables  as  used  in  the  governing  flow  equations,  i.e.  the  step 
height,  h,  and  the  bulk  velocity,  Uc,  of  the  central  fuel  jet.  The  convective  and 
diffusive  terms  in  cylindrical  coordinates  are  given  by: 


Filtering  equation  2.2-1  at  the  grid-filter  level  yields: 

dp 

—  = -W  ■{up)  +  V  ■{a„,'Vp-q)  (2.2-4) 

The  vector  q  gives  the  subgrid  scale  scalar  flux.  It  should  not  be  confused  with 
the  tensor  qij  used  to  denote  the  anisotropic  part  of  the  subgrid  scale  stresses.  The 
subgrid  scale  scalar  flux  is  given  by: 

q  =  u^-U(^  (2.2-5) 

The  subgrid  scale  scalar  flux  represents  transport  of  the  scalar  p  caused  by 
turbulent  scales  too  small  to  be  resolved  on  the  computational  grid.  Following  the 
approach  of  Moin  et  al.  (1991),  the  subgrid  scale  scalar  flux  is  modeled  assuming 
it  is  aligned  with  the  scalar  gradient  vector: 
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As  in  the  expression  for  the  model  parameter  C  (used  to  get  the  eddy- viscosity), 
the  numerator  and  denominator  in  the  expression  for  are  averaged  over  direc¬ 
tions  of  flow-homogeneity.  (In  the  case  of  the  coaxial  jet-combustor,  only  the  az¬ 
imuthal  direction  is  homogenous).  This  means  that  C,p  will  only  be  a  function  of 
the  streamwise  and  radial  coordinate  (as  well  as  time). 

Averaging  the  numerator  and  denominator  of  equation  2.2-8  over  the  azimuthal 
direction  was  not  sufficient  to  avoid  points  with  negative  and  clipping  was 
therefore  used  to  constrain  the  total  diffusivity  to  be  positive.  The  deflnitions  used 
for  the  Alter  widths,  A  and  A,  both  for  the  eddy-viscosity  and  the  eddy-diffusivity 
are  the  same  as  those  used  for  the  backward  facing  step  calculations. 
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NUMERICAL  METHOD 


This  chapter  describes  the  numerical  method  used  for  the  coaxial  jet-combustor. 
The  method  is  in  principle  the  same  as  that  used  for  the  backward  facing  step  (see 
chapter  3,  part  I),  but  with  some  important  differences.  Only  the  differences  will 
be  described  here. 

Section  3.1  defines  the  nomenclature  associated  with  the  coaxial  jet-combustor. 
Section  3.2  describes  the  geometry  and  flow  rates,  and  section  3.3  gives  the  compu¬ 
tational  grid.  Section  3.4  outlines  the  spatial  discretization  scheme,  with  particular 
emphasis  on  the  centerline  problems  faced  in  axisymmetric  geometries. 

The  temporal  integration  scheme  is  essentially  identical  to  the  one  used  for 
the  backward  facing  step.  The  only  difference  is  in  the  selection  of  terms  to  treat 
implicitly.  The  problem  with  a  cylindrical  grid  is  that  in  order  to  get  satisfactory 
azimuthal  resolution  at  the  outer  wall,  the  grid  becomes  unnecessarily  fine  at  the 
centerline,  resulting  in  a  severe  time-step  restriction.  On  the  other  hand,  due  to 
refinement  of  the  grid  along  the  walls  in  the  radial  direction,  diffusive  terms  pose 
a  severe  time-step  restriction  unless  treated  implicitly.  Section  3.5  describes  a  new 
method  developed  to  deal  with  these  problems. 

The  solution  procedure  for  the  Poisson  equation  for  pressure  is  in  principle 
the  same  in  cylindrical  and  Cartesian  coordinates.  However,  the  coefficients  in  the 
equation  are  different,  and  the  centerline  represents  an  added  complexity.  Details 
of  the  solution  procedure  in  cylindrical  coordinates  are  outlined  in  section  3.6. 
Boundary  conditions  are  summarized  in  section  3.7. 

Section  3.8  describes  the  numerical  solution  technique  used  for  the  passive 
scalar  transport  equation.  This  equation  is  almost  identical  to  the  momentum 
equations  and  is  thus  solved  using  a  nearly  identical  numerical  scheme.  However, 
there  are  minor  differences,  particularly  in  the  treatment  of  the  convective  terms, 
which  deserve  special  attention. 


-  172- 


Nomenclature 


Section  3.1 


3.1  Nomenclature 

Figure  3.1-1  identifies  the  nomenclature  used  in  the  remaining  chapters  of  this 
report.  As  shown,  the  inlet  section  of  the  computational  domain  consists  of  the 
central  pipe  (or  fuel  pipe),  surrounded  by  the  annular  pipe  (or  air  pipe).  The  two 
pipes  exit  into  a  larger  diameter  pipe  referred  to  as  the  combustion  chamber.  The 
axial  location  where  the  inlet  section  is  attached  to  the  combustion  chamber  is 
referred  to  as  the  base  of  the  burner  (or  the  point  of  expansion).  The  intersection 
between  the  outer  wall  of  the  annular  pipe  and  the  base  of  the  burner  is  referred  to 
as  the  corner  of  the  step.  The  outer  corner  of  the  step  is  the  corner  created  by  the 
intersection  of  the  base  of  the  burner  and  the  wall  of  the  combustion  chamber.  The 
shear  layer  forming  between  the  annular  jet  and  the  recirculation  zone  is  referred 
to  as  the  step  shear  layer.  The  shear  layer  between  the  annular  and  central  jets  is 
referred  to  as  the  fuel-pipe  shear  layer. 
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3.2  Computational  Domain  and  Flow  Rates 

The  computational  domain  used  for  the  coaxial  jet-combustor  is  shown  in  figure 
3.2-1.  (Recall  that  the  device  is  axisymmetric,  as  shown  in  figure  1.1-1).  All  lengths 
have  been  non-dimensionalized  using  the  the  step-height,  h.  A  velocity  scale  is 
provided  by  the  bulk  velocity  in  the  central  fuel  pipe,  Uc-  U a  gives  the  bulk  velocity 
in  the  annular  air  pipe  and  Uq  gives  the  bulk  velocity  in  the  combustion  chamber. 
The  radius  of  the  central  pipe  and  the  combustion  chamber  are  denoted  Tc  and  tq, 
respectively.  The  outer  radius  of  the  annular  pipe  is  denoted  Tq  .  The  wall  between 
the  central  fuel  pipe  and  the  annular  air  pipe  is  assumed  to  be  infinitely  thin. 

Figure  3.2-1  indicates  that  the  coordinate  system  is  located  at  the  point  of 
expansion,  with  r  =  0  at  the  centerline,  x  is  used  to  denote  the  axial  (or  streamwise) 
coordinate,  and  6  is  used  to  denote  the  azimuthal  coordinate. 

The  length  of  the  combustion  chamber  is  19. 2h.  The  inlet  section  consists  of 
two  concentric  pipes  separated  by  a  zero  thickness  wall.  The  radius  of  the  central 
pipe  is  0.441h  and  the  outer  radius  of  the  annular  pipe  is  0.937h.  The  radial 
dimensions  are  the  same  as  those  in  the  experimental  facility  of  Johnson  &  Bennett 
(1981,  1984).  Note  that  the  radius  of  the  central  pipe  corresponds  to  the  radius  at 
the  end  of  the  tapered  section  of  the  central  pipe  in  the  experimental  facility  (see 
chapter  4). 

Table  3.2-1,  below,  gives  the  volumetric  flow- rates  for  the  simulations.  They 
were  chosen  to  match  as  closely  as  possible  the  flow-rates  used  in  the  experiment 
by  Johnson  &  Bennett. 


Central 

Annular 

Comb.  Chamber 

U bulk/Uc 

1.0 

3.132 

0.600 

QI{h?Uc) 

0.741 

6.308 

7.049 

Table  3.2-1,  Bulk  velocities  and  volumetric  flow-rates  used  in  the  calculations. 

The  Reynolds  number,  based  on  the  step  height,  h,  and  the  bulk  velocity  in 
the  central  fuel  pipe,  Uc,  is  16400.  The  corresponding  value  from  the  experiment 
was  16310. 
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3.3  Computational  Grid 

The  following  is  a  description  of  the  computational  grid  used  for  the  basic 
case  (defined  in  chapter  5).  The  basic  case  used  215  x  76  x  128  grid-points  in  the 
axial,  radial,  and  azimuthal  directions,  respectively.  34  of  the  215  axial  grid-points 
were  used  to  cover  the  inlet  section  (upstream  of  the  expansion).  The  axial  grid  is 
compressed  around  the  point  of  expansion  and  stretched  on  either  side.  The  radial 
grid  is  stretched  in  order  to  cluster  grid-points  along  all  solid  walls,  both  upstream 
and  downstream  of  the  expansion.  Figure  3.3-1  shows  the  grid  spacing,  Aa;,  versus 
axial  distance.  Figure  3.3-2  shows  the  same  information  for  the  radial  direction. 

The  friction  velocity  in  the  central  pipe,  annulus,  and  combustion  chamber, 
are  estimated  using  the  empirical  correlation  (Kays  &  Crawford)  for  fully  developed 
turbulent  flow  in  a  smooth  pipe: 

C//2  =  0.039i7e-“-25  (3.3-1) 

where  the  Reynolds  number,  i?e,  is  based  on  the  bulk  velocity  and  diameter  (or 
the  hydraulic  diameter  in  the  case  of  the  annulus).  The  friction  velocity  is  found 
from  Ur  =  Ui,ulk\/Cjj2.  The  friction  velocities  in  the  different  sections,  based  on 
Cf  from  equation  3.3-1,  are  listed  in  table  3.3-1. 


Central 

Annular 

Comb,  chamber 

Re 

14465 

46304 

38000 

Cf 

0.00711 

0.00532 

0.00559 

Ur 

0.0596 

0.1615 

0.0316 

Table  3.3-1,  Friction  velocities  based  on  an  empirical  correlation. 

The  resolution,  in  wall-coordinates,  for  the  central  pipe,  the  annular  pipe,  and 
the  combustion  chamber  are  listed  in  table  3.3-2. 

Subscripts  c,  a,  and  0,  indicate  that  the  quantity  is  evaluated  at  the  wall  of 
the  central  pipe,  outer  wall  of  annulus,  and  combustion  chamber,  respectively.  (See 
also  figure  3.2-1  for  definitions).  Subscript  cl  indicates  a  quantity  evaluated  at  the 
centerline.  The  radial  grid  spacing  at  the  wall  gives  the  location  for  the  first  Ur 
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velocity-point  off  the  wall.  (The  first  Ux  and  ue  velocity-points  are  located  at  half 
this  distance  above  the  wall).  For  the  central-  and  annular  pipes,  the  maximum  axial 
grid-spacing  occurs  at  the  inlet  of  the  computational  domain.  For  the  combustion 
chamber  the  maximum  axial  grid-spacing  occurs  at  the  exit  of  the  computational 
domain.  The  minimum  axial  grid-spacing  is  found  at  the  point  of  expansion. 


Central 

Annular 

Comb,  chamber 

Aa:"*"  • 

19.5 

52.6 

10.4 

max 

51.0 

138.3 

152.1 

Ar+ 

4.47 

12.6 

Ar+ 

12.6 

Ar+ 

5.30 

(rA«)J 

2.30 

1.22 

(rA«)+ 

23.3 

63.1 

(rA9)+ 

121.8 

(rAe)J 

49.3 

Table  3.3-2,  Grid  resolution  for  the  basic  case  (defined  in  chapter  5)  based  on  Ur  from 
table  3.3-1. 

The  radial  dimensions,  and  distribution  of  grid-points,  for  the  inflow  generator 
(see  figure  3.2-1)  are  the  same  as  those  quoted  above  for  the  inlet-section  of  the 
coaxial  jet-combustor.  The  axial  extension  is  2.51h  which  is  covered  by  48  equally 
spaced  grid-points.  This  gives  an  axial  resolution  of  =  51.0  in  the  central  pipe, 
and  Ax"*"  =  138.3  in  the  annular  pipe.  A  uniform  grid  of  128  points  are  used  in  the 
azimuthal  direction.  Radially,  20  grid-points  are  used  in  the  central  pipe  (from  the 
centerline  to  the  wall)  and  25  grid-points  are  used  in  the  annular  pipe. 
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3.4  Spatial  Discretization 

The  momentum  equations  are  discretized  in  space  using  a  second  order  finite 
volume  formulation.  From  appendix  B  it  is  evident  that  there  are  no  significant 
differences  between  the  discrete  Navier-Stokes  equations  expressed  in  cylindrical 
versus  Cartesian  coordinates.  However,  in  cylindrical  coordinates  the  1/r  factors  in 
the  equations  cause  difficulties.  The  following  explains  how  the  numerical  scheme 
deals  with  this  particular  problem. 

Figure  3.4-1  shows  the  locations  of  control- volumes  for  all  momentum  equa¬ 
tions  both  at  and  away  from  the  centerline.  The  momentum  equations  were  given 
in  the  previous  chapter,  but  are  reproduced  here  for  convenience.  The  axial  (or 
streamwise)  momentum  equation  is: 

dux  d4>  dfxx  1  drfxr  1  dfx0  /o  ..  1 N 

at  ox  ox  r  dr  r  od 

The  two  last  terms  in  equation  3.4-1  are  potential  candidates  for  trouble  due 
to  the  l/r  factors.  However,  the  radius,  r,  appearing  in  front  of  the  derivatives  is 
evaluated  at  the  location  of  the  u^-velocity  points  in  the  grid.  (See  appendix  B.2 
for  details).  From  figure  3.4-1  it  is  apparent  that  even  for  the  “pie-shaped”  control- 
volume  next  to  the  centerline,  the  i«a;-velocity  point  is  located  a  distance  Ar/2  away 
from  the  centerline.  Thus,  division  by  zero  will  never  take  place.  In  addition  it  is 
seen  that  the  flux,  fxri  in  the  radial  direction  multiplies  the  radius  (or  really  the  area 
of  the  control- volume  surface).  Thus,  assuming  that  fxr  is  finite  at  the  centerline, 
this  term  is  zero  due  to  r  =  0.  The  discrete  axial  momentum  equation  can  therefore 
be  evaluated  without  any  special  treatment  at  the  centerline,  i.e.  without  the  need 
to  evaluate  any  quantity  at  the  centerline  itself. 

The  radial  momentum  equation  (equation  3.4-2),  on  the  other  hand,  causes  a 
slight  problem.  Again,  the  equation  contains  l/r  factors,  but  since  the  the  radius,  r, 
appearing  in  the  l/r  terms  are  evaluated  at  the  locations  of  the  Ur-velocity  points, 
division  by  zero  will  not  take  place. 


dur  ^  d(t)  dfrx  1  drfrr  1  dfr6  foO  r3  4  9i 

dt  dr  dx  r  dr  r  do  r 

However,  a  problem  arises  with  the  flux  term,  /^r,  in  the  radial  direction.  Since 
the  Ur-control- volume  closest  to  the  centerline  does  not  extend  all  the  way  to  the 
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centerline,  the  radial  flux  will  have  to  be  evaluated  on  both  sides  (radial  direction) 
of  the  control-volume.  This  means  that  the  term: 

frr  =  -  '^rUr  (3.4-3) 

will  have  to  be  evaluated  at  the  radial  surface  closest  to  the  centerline.  As  is  evident 
from  flgure  3.4-1,  the  discrete  evaluation  of  frr  at  this  surface  will  require  knowledge 
of  Ur  at  the  centerline  itself. 

The  problem  is  that  neither  Ur  nor  us  are  deflned  at  the  centerline.  In  fact, 
these  quantities  can  be  perceived  as  being  multi-valued  at  this  location.  (It  should 
be  pointed  out  that  the  centerline  problem  arises  due  to  the  cylindrical  coordinate 
system.  The  flow-fleld  itself  is  not  singular  at  the  centerline.  Also  note  that  the 
problem  is  only  present  in  Ur  and  us-  Scalar  quantities  as  well  as  the  axial  velocity, 
Ux,  are  well  deflned  and  can  be  evaluated  at  the  centerline  without  difficulties). 

Eggels  (1994)  tested  a  few  different  approaches  for  dealing  with  the  centerline 
problem.  These  included  extrapolating  Ur  from  r  >  Ar  to  get  Ur  and  therefore 
also  the  convective  flux  at  the  control- volume  surface  closest  to  the  centerline.  The 
diffusive  flux  was  determined  using  a  one-sided  differencing  stencil,  including  points 
at  r  >  Ar,  preserving  second-order  accuracy.  In  another  variant  the  Ur  control- 
volume  was  extended  to  the  centerline,  giving  it  a  pie-shaped  form,  thus  eliminating 
the  need  for  knowing  the  flux  at  one  surface  of  the  control-volume.  This  method 
was,  however,  found  to  give  increased  rms  fluctuations  near  the  centerline  and  was 
therefore  judged  to  be  unsuitable. 

The  method  found  to  give  best  results  involved  determining  an  “artiflcial”  value 
for  Ur  at  the  centerline.  This  method  was  also  employed  in  the  present  work.  At 
the  centerline  the  radial  velocity  component  is  assumed  to  be  multi-valued  and  is  at 
each  point  found  by  linear  interpolation  across  the  centerline.  This  means  that  the 
radial  velocity  component  at  two  points  located  opposite  one  another  (180°  apart) 
at  the  centerline  will  be  the  same,  except  for  having  opposite  signs.  (Conceptually 
it  might  be  easiest  to  think  of  the  centerline  in  this  method  as  a  circle  of  small, 
but  flnite  radius  e  «  Ar).  Results  from  tests  done  calculating  turbulent  flow  in  a 
cylindrical  pipe,  using  this  method  (see  appendix  C),  showed  good  agreement  with 
experimental  and  computational  results  from  the  literature.  Thus,  the  method  was 
used  in  all  coaxial  jet-combustor  calculations. 
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The  azimuthal  momentum  equation  is  given  in  equation  3.4-4.  Again,  since  r 
in  the  1/r  factors  in  the  equation  is  not  evaluated  at  the  centerline  itself,  division 
by  zero  will  not  take  place.  As  in  the  axial  momentum  equation,  the  flux,  fsri  in 
the  radial  direction  at  the  centerline  multiplies  zero  and  the  term  drops  out  of  the 
equation,  assuming  for  is  finite. 


due  _  dfsx  1  drfer  1  dfee 

dt  r  do  dx  r  dr  r  dO  r 


(3.4-4) 


The  problem  in  this  case,  however,  arises  because  some  of  the  terms  involved 
in  calculating  the  fluxes,  fee  and  fer  at  the  control- volume  surface  with  normal  in 
the  azimuthal  direction  will  require  Ur  and  ue  at  the  centerline  (see  appendix  B.2 
for  details).  As  with  the  radial  momentum-equation,  these  values  are  determined 
using  linear  interpolation  across  the  centerline. 
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3.5  Temporal  Discretization 

A  modified  third  order  Runge-Kutta  scheme  (Spalart,  1987,  Spalart  et  al., 
1991)  is  used  for  terms  treated  explicitly  and  second  order  Crank-Nicholson  is  used 
for  the  terms  treated  implicitly.  The  fractional  step  method,  described  in  details 
in  section  3.3.3,  part  I,  is  used  to  remove  the  implicit  pressure  dependence  in  the 
momentum-equations. 

The  special  problems  that  arise  with  cylindrical  coordinates  can  be  illustrated 
by  examining  the  computational  grid,  displayed  in  figure  3.5-1.  The  grid  is  stretched 
in  the  radial  direction  in  order  to  resolve  the  boundary  layers  along  all  walls,  includ¬ 
ing  the  walls  of  the  central-  and  annular  pipes  of  the  inlet  section.  The  fine  radial 
grid  which  is  necessary  to  resolve  the  boundary  layers  in  the  inlet  section  extends 
downstream  into  the  combustion  chamber.  Since  large  radial  velocities  are  expected 
in  this  region,  it  is  desirable  to  treat  all  convective  terms  with  derivatives  in  the 
radial  direction  implicitly.  Diffusive  terms  with  derivatives  in  the  radial  direction 
will  also  have  to  be  treated  implicitly.  This  problem  is  identical  to  the  problem 
described  for  the  backward  facing  step. 

Thus,  it  seems  desirable  to  treat  all  terms  with  derivatives  in  the  radial  di¬ 
rection  with  an  implicit  time-integration  scheme  (similar  to  what  was  done  for  the 
backward  facing  step).  However,  there  is  an  additional  problem  with  the  cylindrical 
geometry.  In  order  to  get  acceptable  azimuthal  resolution  at  the  outer  wall,  the 
azimuthal  resolution  around  the  centerline  becomes  unnecessarily  fine.  Since  the 
azimuthal  convection  velocity  may  be  significant  around  the  centerline  it  is  clear 
that  all  terms  (convective  and  diffusive)  with  derivatives  in  the  azimuthal  direction 
should  be  treated  implicitly  in  order  to  avoid  imposing  a  severe  restriction  on  the 
time-step. 

The  two  requirements  combined  implies  that  one  should  treat  all  convective 
and  diffusive  terms  with  derivatives  in  both  the  radial  and  azimuthal  directions  with 
an  implicit  time-integration  scheme.  However,  this  would  lead  to  a  set  of  coupled 
non-linear  equations  which  requires  a  costly  solution  procedure  (often  involving 
iterations  or  approximate  factorization  techniques). 

The  approach  used  to  integrate  the  Navier-Stokes  equations  in  the  present 
study  circumvents  the  need  to  solve  a  coupled  set  of  non-linear  equations  by  dividing 
the  computational  domain  into  two  separate  parts.  The  first  part  is  the  so-called 
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“core-region”  which  includes  the  centerline,  and  extends  to  a  given  radius,  rcore- 
The  rest  of  the  domain  is  denoted  the  “outer-region” .  The  idea  is  to  treat  all  terms 
with  derivatives  in  the  azimuthal  direction  implicitly  in  the  core-region.  All  other 
terms  in  this  region  are  treated  explicitly.  In  the  outer-region  terms  with  derivatives 
in  the  radial  direction  are  treated  implicitly.  All  other  terms  are  treated  explicitly. 

In  the  core-region,  the  azimuthal  momentum  equation  will  be  non-linear  since 
the  convective  terms  with  derivatives  in  the  azimuthal  direction  are  treated  im¬ 
plicitly.  The  axial  and  radial  momentum  equations  remain  linear  in  Ux  and 
respectively.  The  azimuthal  momentum  equation  is  therefore  linearized  and  solved 
first  to  yield  uj.  This  solution  is  then  used  when  integrating  the  other  two  equa¬ 
tions.  (The  form  of  the  linear  and  non-linear  operators,  A  and  B,  needed  in  equation 
3.3-4,  part  I,  is  described  in  appendix  B.3).  In  the  outer-region,  the  solution  pro¬ 
cedure  is  similar,  except  that  the  radial  momentum  equation  has  to  be  linearized 
and  solved  prior  to  solving  the  axial  and  azimuthal  momentum  equations. 

The  interface  between  the  core-region  and  outer-region  should  be  located  some¬ 
where  in  the  range,  0  <  Vcore  <  'f'c-  This  will  assure  that  all  zones  with  a  fine  radial 
grid  fall  in  the  outer-region.  The  interface  itself  is  treated  such  that  overall  second 
order  temporal  accuracy  is  retained.  In  order  to  validate  this  method,  it  was  ap¬ 
plied  to  DNS  and  LES  of  turbulent  pipe-flow.  The  results  from  these  calculations 
are  compared  with  experimental  and  computational  results  from  the  literature  in 
appendix  C. 

The  following  is  a  more  detailed  description  of  the  solution  procedure.  The 
first  step  involves  integrating  the  momentum  equations  in  the  core-region.  The 
core-region  is  shown  as  the  shaded  area  in  figure  3.5-2.  For  the  axial  and  azimuthal 
momentum  equations,  integration  includes  all  points  marked  by  solid  symbols,  up  to 
and  including  the  points  with  radial  index  j  =  J .  The  radial  momentum  equation, 
on  the  other  hand,  can  only  be  integrated  up  to  and  including  points  with  radial 
index  j  =  J  —  1,  as  seen  by  studying  the  coefficients  a^-,  6*,  and  Ck  in  equation  3.5- 
15.  (Equation  3.5-1  shows  the  general  form  of  the  discrete  momentum  equations  in 
the  core-region).  The  coefficients  a^-,  hk,  and  Ck  are  the  elements  of  the  diagonals 
of  the  tri-diagonal  matrix  formed  on  the  left-hand-side  of  the  equations. 
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Ux  momentum  equation  {j  <  J): 

+  ^kUiJ^k  +  ^kUiJ,k+l  = 

where,  the  functional  dependence  of  the  coefficients  are: 

Ck  =  Ckiwf^^jk^wlj^k) 


(3.5-la) 


Ur  momentum  equation  (j  <  J  —  1): 

<^kViJ,k-l  +  bkvfj^k  +  ^kvfj^k+i  =  ^H^lj,k 


where 


bk  =  bk{wlj+^^k-u'^i,j,k-u^i,j+i,kywlj^k) 
Ck  =  Ck{wlj+i^k,'^i,j,k) 


(3.5-16) 


ue  momentum  equation  (j  <  J): 

akwlj^k-i  +  bkwfj^k  +  Ckwlj^k+i  =  RHSljl 


where 


bk  = 

Ck  —  Ck{w^ji^_^.i,W-ji^) 


(3.5-lc) 


(In  equations  3.5-1  and  3.5-2,  u,  v,  and  w  are  used  to  denote  the  axial,  radial 
and  azimuthal  velocity  components,  respectively).  The  subscripts  {i,j,k)  give  the 
nodal  position  at  which  the  velocity  components  and  the  right-hand-side,  RHS,  are 
evaluated.  The  right-hand-side  contains  only  known  information  (i.e.  from  substep 
A:  -  1). 

As  explained  above  the  azimuthal  momentum  equation  has  to  be  inverted 
first.  Equation  3.5-lc  shows  that  the  coefficients,  ajt,  bk,  and  Ck,  only  depend 
on  information  from  the  previous  sub-step  (k-1)  (due  to  linearization)  and  the 
azimuthal  momentum  equation  can  therefore  be  integrated  up  to  and  including 
points  with  radial  coordinate  j  =  J.  It  is  further  seen  that  evaluation  of  Uk,  bk, 
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and  Ck  for  the  axial  momentum  equation  will  require  Ug  (=u;*)  up  to  an  including 
radial  location  j  =  J,  which  is  now  available. 

The  “problem”  arises  in  the  radial  momentum  equation  where  it  is  seen  from 
equation  3.5-16  that  the  coefficients  ajt,  6^,  and  Cjt,  depend  on  up  to  an  including 
radial  location  i  +  1.  The  radial  momentum  equation  can  therefore  only  be  solved 
at  points  with  radial  location  up  to  and  including  ji  =  J  —  1  (in  the  core-region). 

The  outer-region  contains  all  points  not  included  in  the  core-region.  Thus, 
the  axial  and  azimuthal  momentum  equations  are  integrated  from  j  =  J  -t-  1  to 
the  wall,  and  the  radial  momentum  equation  is  integrated  from  j  =  J  to  the  wall. 
Since  all  terms  with  derivatives  in  the  radial  direction  are  treated  implicitly  in  the 
outer-region,  the  general  form  of  the  discrete  momentum  equations  in  this  region 
become: 


Ux  momentum  equation  (j  >  J  +  1): 


where 


(3.5-2a) 


Ur  momentum  equation  {j  >  J): 

o-ptj-i,k  +  ^M,j,k  + 

where 

U0  momentum  equation  (i  >  J  -|-  1): 


where 


Cj  = 


(3.5-26) 


(3.5-2c) 
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In  this  case  the  radial  momentum  equation  (equation  3.5-26)  will  have  to  solved 
first  to  yield  u*.  After  solving  equation  3.5-26,  is  known  in  the  entire  domain 
and  the  the  coefficients  at,  6^,  and  c*  in  the  two  other  momentum  equations  can 
easily  be  calculated. 

Solution  of  equation  3.5-2  will,  however,  require  some  sort  of  boundary  condi¬ 
tion  at  j  =  J  (axial  and  azimuthal  momentum  equations)  and  j  =  J  —  1  (radial 
momentum  equation).  But,  since  equation  3.5-1  has  been  solved  first,  and 

Ug  are  already  known  at  their  respective  boundaries  (j  =  J  for  Ux  and  and 
j  =  J  —  1  for  Ur)  and  can  be  used  as  boundary  condition  when  solving  equation 
3.5-2.  It  is  easily  verified  that  this  preserves  second  order  temporal  accuracy. 

Since  different  terms  are  treated  with  implicit  and  explicit  time-integration 
schemes  in  the  core-  and  outer-regions,  the  definition  used  for  calculating  the  sta¬ 
bility  criterion  will  also  be  different  in  the  two  regions.  As  in  the  definition  used  in 
part  I  (equation  3.3-8),  only  terms  treated  explicitly  are  taken  into  account  when 
calculating  the  stability  criterion  (SC).  The  definitions  adopted  in  the  cylindrical 
case  are: 


Core-region  : 


SC 


(  Ax 


Mr\  ,  (  1 
+  ■ 


Ax  Ar 


Ax^  Ar^ 


(3.5-3) 


Outer-region  :  SC 


=  At| 


Ax  rA6 


+ 


1 


Ax^  (rAO)"^ 


(3.5-4) 


The  basic  case  (defined  in  chapter  5)  was  run  at  a  fixed  time-step  of  0.0025 
h/Uc-  The  corresponding  value  of  the  stability  criterion,  SC,  (found  in  the  outer- 
region  for  this  particular  grid)  was  about  0.9.  The  calculation  was  run  for  3  flow¬ 
through  times  (90  time-units)  in  order  to  remove  transients  resulting  from  inter¬ 
polation  of  the  initial  flow-field.  Statistics  were  then  sampled  over  a  period  of  6 
flow-through  times  (180  time- units).  (A  flow-through  time  is  defined  to  be  30  time- 
units,  corresponding  roughly  to  the  time  it  takes  a  fluid  particle  to  travel  through 
the  combustion  chamber  at  l!7o=0.6). 
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3.6  Poisson  Equation 

As  in  the  backward  facing  step  calculations,  continuity  is  enforced  by  solving  a 
Poisson  equation  for  pressure.  Since  the  same  time-integration  scheme  is  used,  the 
Poisson  equation  takes  the  form  of  equation  3.3-21,  part  I: 

V-‘  =  (3.6-1) 

where  D  is  the  divergence  operator,  and  is  the  intermediate  velocity  field  re¬ 
sulting  from  solving  the  momentum  equations.  (3k  is  a  factor  associated  with  the 
Runge-Kutta  time-integration  scheme  (defined  in  section  3.3.1,  part  I).  In  cylindri¬ 
cal  coordinates  this  equation  can  be  expressed  as: 

d  ,  1  ^  15/1  _  1  f  du^  1  1  dug  j 

dx\dx)  r  5r  \  dr  )  ^  r  56  \r  dO  )  2(3kAt  I  5a:  r  dr  r  56  3 

(3.6-2) 

The  solution  procedure  is  identical  to  that  used  for  the  backward  facing  step. 
Equation  3.6-2  is  first  Fourier  transformed  in  the  azimuthal  direction  to  give  a  set  of 
uncoupled  Helmholtz  equations.  These  equations  are  then  solved  using  the  iterative 
technique  outlined  in  section  3.4,  part  I. 

It  is  easily  verified  that  the  centerline  causes  no  added  complexity  in  the  present 
case.  The  control-volumes  for  pressure  coincide  with  the  control-volumes  for  the 
axial  velocity  component,  when  viewed  in  the  r-^-plane.  From  figure  3.4-1  it  is  seen 
that  the  control- volume  closest  to  the  centerline  is  pie-shaped,  with  zero  area  at  the 
centerline  itself.  Thus,  assuming  that  the  flux  at  this  surface  is  finite,  it  need  not  be 
calculated  since  it  multiplies  zero.  As  with  the  momentum  equations,  the  radius, 
r,  in  the  1/r  factors  in  equation  3.6-2  is  evaluated  at  the  center  of  the  control- 
volume  and  is  therefore  never  zero  (in  the  discrete  equation).  Thus,  even  though 
the  pressure  at  the  centerline  is  well  defined,  it  is  never  needed,  and  therefore  not 
calculated. 
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3.7  Boundary  Conditions 

No-slip  boundary  conditions  are  used  along  all  solid  walls.  Periodic  condition 
is  applied  in  the  azimuthal  direction.  As  in  the  backward  facing  step  calculations  of 
part  I,  convective  outflow  boundary  conditions  are  used.  As  indicated  in  part  I  this 
condition  will  create  errors  in  the  solution  around  the  exit  of  the  domain.  However, 
the  domain  of  influence  for  the  backward  facing  step  was  limited  to  about  1  step 
height.  Analysis  of  results  from  the  coaxial  jet-combustor  calculations  indicates 
a  domain  of  influence  of  similar  extent.  Thus,  the  solution  upstream  of  about 
r/h  =  18  is  not  signiflcantly  affected  by  the  outflow  boundary  condition. 

The  inflow  boundary  condition  consists  of  fully  developed  turbulent  flow  cal¬ 
culated  in  a  separate  periodic  pipeflow  section,  with  radial  dimensions  identical  to 
those  of  the  inlet  section  of  the  coaxial  jet-combustor.  The  “inflow  generator”  is 
shown  schematically  in  flgure  3.2-1.  The  radial  and  azimuthal  grids  used  in  the  in¬ 
flow  generator  are  identical  to  those  in  the  inlet  section  of  the  coaxial  jet-combustor. 
The  axial  grid  is  uniform  with  spacing  equal  to  the  axial  grid-spacing  at  the  inlet 
of  the  computational  domain  of  the  coaxial  jet-combustor. 

The  inflow  generator  is  linked  into  the  coaxial  jet-combustor  code  as  a  separate 
subroutine.  The  two  codes  are  therefore  run  in  parallel  thus  avoiding  interpolation 
in  time  when  transferring  a  plane  of  velocity  vectors  from  the  inflow  generator  to  the 
inlet  of  the  coaxial  jet-combustor.  Also,  there  is  no  need  to  store  the  inflow  velocity 
vectors  on  file,  which  significantly  reduces  storage  requirements  and  increases  the 
flexibility  of  the  simulations. 
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3.8  Passive  Scalcir  Transport  Equation 

A  passive  scalar  transport  equation  is  used  to  calculate  the  fuel  mass-fraction 
in  the  fuel/air  mixture.  The  equation  contains  convective  and  diffusive  terms,  but 
no  sources  or  sinks.  It  is  given  by: 


dt 


— V  •  (u  <^)  -H  V  •  (qV(/?) 


(3.8-1) 


where  a  is  the  total  diffusivity  (equal  to  the  sum  of  the  molecular-  and  eddy- 
diflFusivity).  The  convective  and  diffusive  terms  are  given  by: 


_  , _ .  d  . _ ,  15, _ ,  15/ _ N 

V  .  u)  =  +  -^r^rurip)  + 


(3.8-2) 


3.8.1  Spatial  Discretization 

The  standard  second  order  control-volume  formulation  leads  to  the  equiva¬ 
lent  of  discrete  central  differencing  formulas  for  both  the  convective  and  diffusive 
terms.  At  high  Reynolds  numbers,  central  differencing  applied  to  convective  terms 
might  lead  to  instabilities,  usually  observed  as  spatial  point-to-point  oscillations. 
The  instability  is  usually  triggered  by  boundary  conditions  or  stretching  of  the 
computational  grid.  It  is  sustained  and  amplified  in  the  scalar  equation  because 
of  the  absence  of  a  pressure  like  term  and  insufficient  physical  diffusion.  As  an 
example,  the  instability  is  never  observed  in  calculation  of  turbulent  channel  flow 
when  using  periodic  boundary  conditions  and  a  uniform  grid.  However,  the  use  of 
inflow-outflow  boundary  conditions,  or  stretching  the  grid,  will  likely  trigger  the 
instability. 

A  common  fix  to  the  problem  is  to  use  upwind,  or  upwind  biased  schemes, 
which  reduces  or  removes  the  instability  by  adding  numerical  diffusion.  The  method 
used  in  the  present  calculations  is  an  upwind  biased  scheme,  known  as  the  QUICK 
(Quadratic  Upstream  Interpolation  for  Convective  Kinematics)  scheme  (Leonard, 
1979,  1988).  The  fluxes  at  the  control- volume  faces  are  determined  by  quadratically 
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interpolating  the  solution  from  the  two  adjacent,  upwind  grid  points  and  the  one 
adjacent  downwind  point  of  each  face.  With  reference  to  the  (Cartesian)  grid  in 
figture  3.8-1,  the  value  of  the  scalar  at  the  east  surface  of  the  control- voliune  is: 


■|v^«+2  + 


if  Ue  >  0 


if  We  <  0 


(3.8-4) 


The  fact  that  the  upwind  biased  scheme  introduces  numerical  diffusion  is  easily 
seen  by  rearranging  equation  3.8-4: 


— 


|(V3i  -f  (^i+l)  -  |(<^,-1  -  2(pi  -I-  v?i+i),  if  Ue  >  0 

\{pi  +  <^i-f-i)  -  |(9?i  -  2v?i+i  +  v?i-f-2),  if  Ue  <  0 


(3.8-5) 


The  convective  flux  at  the  east  surface  of  the  control- volume  can  be  calculated 
according  to: 


—  \uA  I  1 


}  ~  -i-  <^,+2) 


(3.8-6) 


Similar  expressions  apply  to  the  other  surfaces  of  the  control  volume.  It  should 
be  mentioned  that  the  previous  development  applies  to  uniform  grids,  but  the  idea 
is  easily  extended  to  nonuniform  grids.  The  upwind  biased  QUICK  scheme  is  second 
order  accurate,  but  has  a  third  (and  higher)  order  diffusive  error  term(s). 


3.8.2  Temporal  Discretization 

The  temporal  integration  scheme  used  for  the  passive  scalar  equation  is  similar 
to  that  used  for  the  momentum  equations.  Third  order  Runge-Kutta  is  used  for  the 
explicitly  treated  terms  and  second  order  Crank-Nicholson  is  used  for  the  implic¬ 
itly  treated  terms.  Since  the  passive  scalar  equation  is  similar  to  the  momentum 
equations,  the  same  arguments  used  for  the  momentum  equations  applies  when  de¬ 
termining  which  terms  to  treat  implicitly.  Thus,  the  computational  domain  is  split 
into  two  parts,  the  core-region  and  the  outer-region. 
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All  terms  with  derivatives  in  the  azimuthal  direction  axe  treated  implicitly  in 
the  core-region,  and  all  terms  with  derivatives  in  the  radial  direction  axe  treated 
implicitly  in  the  outer-region.  The  discrete  equation  is  given  by  (where  the  bar  over 
the  symbols  has  been  dropped  for  simplicity): 


+  ,  u”+' )  +  a  ,  u"+‘ ) 


(3.8-7) 


Since  the  momentum  equations  are  solved  prior  to  solving  for  the  scalar, 
the  velocity  vector  at  full  time-step  n  -b  1  is  known,  and  is  used  as  input  in 

the  passive  scalar  transport  equation,  is  used  for  all  Runge-Kutta  sub-steps 

in  the  passive  scalar  transport  equation).  The  explicit  operator  A,  and  implicit 
operator  B,  are  given  by: 

Core- Region: 


Id,  .  1  d  /  1  dip\ 

-  7d9^^^‘^^'^rdev'r'de) 


(3.8-9) 


Outer-Region: 


dx^  rde^  dx\  dx)  r  d9\  r  do )  ^  ’ 


(3.8-11) 
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3.8.3  Boundary  Conditions 

Periodic  boundary  condition  is  used  in  the  azimuthal  direction.  The  outflow 
boundary  condition  is  the  same  convective  condition  as  used  for  the  momentum 
equations.  Neumann  condition  (gradient  of  the  scalar  normal  to  a  surface  is  zero) 
is  enforced  along  all  horizontal  and  vertical  walls.  The  inflow  boundary  condition 
is  determined  using  a  Dirichlet  condition:  the  scalar  is  set  to  1  in  the  central  fuel 
pipe,  and  0  in  the  annular  air  pipe. 

3.8.4  Centerline 

As  with  the  Poisson  equation  for  pressure  (see  section  3.6),  the  centerline  does 
not  cause  any  problems  for  the  passive  scalar  equation.  This  is  easily  verified 
by  studying  the  control- volumes  in  figure  3.4-1.  Since  the  control- volume  for  the 
passive  scalar  coincides  with  that  of  the  pressure  (which  again  is  the  same  as  that 
of  the  Ux  momentum  equation  in  the  r-0-plane),  the  area  of  the  control-volume 
adjacent  to  the  centerline  is  zero.  There  is  therefore  no  need  to  evaluate  the  flux 
in  the  radial  direction  at  the  centerline  (assuming  that  it  is  finite).  Also,  any  r, 
appearing  in  l/r  factors,  is  evaluated  at  the  center  of  the  control- volume  which 
means  that  division  by  zero  will  never  take  place.  Thus,  the  value  of  the  scalar  is 
never  needed,  and  therefore  never  calculated,  at  the  centerline  itself. 
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Figure  3.1-1,  Sketch  of  the  computational  domain  identifying  the  notation  used 
in  the  text. 
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Figure  3.2-1,  Computational  domain  for  the  coaxial  jet-combustor.  Also  shown 
is  the  periodic  pipeflow  section  used  to  generate  the  inflow  data. 
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Figure  3.4-1,  Control-volume  locations  in  cylindrical  coordinates  on  a  staggered 
grid. 
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Figure  3.5-1,  Example  of  computational  grid.  (This  particular  grid  has  fewer 
points  than  that  used  in  the  calculations,  but  the  distribution  of  points  is  similar). 
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Figure  3.5-2,  Illustration  of  computational  domain.  Shaded  area  is  the  “core¬ 
region”,  which  is  surrounded  by  the  “outer-region” .  o  :  Ur]  o  :  us 
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Figure  3.8-1,  Illustration  for  the  QUICK  upwind  biased  differencing  scheme. 
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The  computational  setup  (described  in  the  chapter  3)  was  designed  to  match 
as  closely  as  possible  the  experimental  setup  used  by  Johnson  &  Bennett  (1981, 
1984).  The  experimental  setup  is  described  below. 

Johnson  &  Bennett  performed  a  series  of  experiments  studying  the  mixing  of 
coaxial  jets  discharging  in  an  expanded  duct.  The  objective  of  the  study  was  to 
obtain  data  that  could  be  used  for  evaluation  and  improvement  of  turbulent  trans¬ 
port  models,  used  for  combustor  flow  modeling.  The  study  used  laser  velocimeter 
(LV)  and  laser  induced  fluorescence  (LIF)  techniques  to  measure  velocities  and 
concentration.  Visualization  techniques  were  used  to  qualitatively  determine  the 
time  dependent  characteristics  of  the  flow  as  well  as  the  scale  and  structure  of  the 
turbulent  eddies. 

Axial,  radial  and  azimuthal  velocities,  and  turbulent  momentum  and  scalar 
transport  rates  were  measured  in  x-r  and  r-6  planes  and  were  used  to  determine 
mean  values,  rms  values,  skewness  and  kurtosis. 

A  sketch  of  the  experimental  test-section  is  shown  in  figure  4-1.  The  step- 
height,  h,  is  defined  as  the  distance  between  the  outer  wall  of  the  annular  pipe  and 
the  wall  of  the  test-section.  The  working  fluid  for  the  experiment  was  water  at  a 
temperature  of  approximately  20° C.  The  kinematic  viscosity  of  water  at  20° C  is 
1.004-  10“®m^/s  (pg.  545,  Olson). 

The  test  section  consisted  of  a  122mm  inside  diameter  by  Im  long,  thin-wall 
glass  tube  mounted  in  an  optical  box.  The  flat-faced  optical  box  surrounding  the 
circular  test  section  was  filled  with  water,  and  was  necessary  in  order  to  decrease 
the  optical  distortion  obtained  through  water-glass-air  interfaces  when  conducting 
flow  visualization  and  optical  experiments  in  circular  tubes. 

The  inlet  plenum  for  the  annular  duct  contained  three  perforated  plates  to 
produce  approximately  uniform  flow  and  a  honeycomb  section  to  remove  swirl  from 


-  197- 


Reference  Case 


Chapter  4 


the  flow.  No  flow  straightening  devices  were  used  for  the  central  pipe  which  was 
approximately  25mm  in  diameter  and  was  fed  through  a  pipe/hose  combination 
with  the  same  diameter  and  a  total  length  of  over  300mm. 

For  tests  with  fluorescein  dye,  the  dye  was  added  to  the  central  jet  (fuel)  in  a 
mixing  chamber  located  a  short  distance  upstream  of  a  metering  valve  used  to  set 
the  central  jet  flow-rate.  Uniform  flow  of  dye  was  obtained  by  metering  dye  through 
a  micrometering  valve  with  large  pressure  drop  compared  with  other  pressure  drops 
in  the  system.  This  ensured  a  uniform  concentration  of  dye  in  the  central  jet  fluid. 


Central 

Annular 

test-section 

Area  [m^] 

0.7354  •  10-^ 

1.9986  •  10-3 

11.6898-10-3 

Area  [h^] 

0.7412 

2.0142 

11.7812 

t/-bulk  [m/s] 

0.52 

1.66 

0.318 

U-bulk  [Uc\ 

1.0 

3.192 

0.612 

Q  [m^/5] 

0.3912-10-3 

3.331  •  10-3 

3.722  -  10-3 

Q  [h'‘Uc] 

0.758 

6.456 

7.214 

Table  4-1,  Flow  variables  specified  in  the  experiments,  h  is  the  step  height,  and  Uc  is 
the  bulk  velocity  in  the  central  jet. 

The  cross  sectional  area  of  the  central  pipe,  annulus  and  test-section  are  listed 
in  table  4-1,  both  in  m^  and  normalized  by  the  step-height,  h.  The  radius  of  the 
central  pipe  is  taken  to  be  that  at  the  end  of  the  tapered  section  (see  figure  4-1). 
Also  included  in  table  4-1  are  the  bulk  velocities  and  volume-flow  rates  reported 
by  Johnson  &  Bennett.  These  parameters  are  given  both  in  dimensional  and  non- 
dimensional  forms.  For  the  purpose  of  comparing  the  computational  results  to  the 
measurements,  the  measured  data  were  non-dimensionalized  using  the  central  pipe 
bulk  velocity,  Uc  =  0.52m/s,  and  the  step  height,  h  =  31.5mm.  The  Reynolds 
number  was  16310,  based  on  the  step  height  and  the  central  pipe  bulk  velocity. 
(This  corresponds  to  a  Reynolds  number  of  38600,  based  on  the  bulk  velocity  and 
diameter  of  the  combustion  chamber). 

Small  differences  between  the  experimental  and  computational  (table  3.2-1) 
flow-rates  can  be  observed.  Small  discrepancies  are  also  found  when  calculating  the 
experimental  bulk  velocities  from  the  quoted  volume  flow-rates,  or  visa  versa. 
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However,  there  appears  to  be  a  more  serious  inconsistency  in  the  experimental 
database  of  Johnston  &  Bennett.  Prom  table  4-1  it  is  seen  that  the  bulk  velocity 
ratio  of  the  two  incoming  jets  was  about  3.2  (corresponding  to  a  peak  velocity  ratio 
of  about  3).  However,  as  will  become  apparent  in  chapter  5,  the  axial  velocity 
profile  measured  by  Johnston  &  Bennett  at  x/h  =  0.41  seems  to  indicate  that  the 
ratio  of  the  peak  velocities  in  the  profiles  was  closer  to  2.  It  is  unlikely  that  the 
entrainment  of  air  into  the  fuel  stream  was  large  enough  to  drop  the  velocity  ratio 
from  3  to  2  within  the  first  0.41  step  heights  after  the  expansion.  (Particularly 
since  the  ratio  of  the  measured  peak  velocities  stays  about  2  also  at  the  second  and 
third  measurement  stations,  i.e.,  at  x/h  —  1.62  and  x/h  =  3.24). 

Appendix  D.3  presents  a  discussion  of  the  problems  apparently  associated  with 
the  experimental  data.  This  includes  results  from  a  simulation  in  which  the  ratio 
of  the  air-  to  fuel  flow-rates  was  changed  to  give  a  bulk  velocity  ratio  of  2.2  (corre¬ 
sponding  to  a  peak  velocity  ratio  of  2).  These  results  clearly  fit  the  experimental 
data  better  in  the  first  part  of  the  combustion  chamber,  indicating  that  the  flow- 
rates  used  in  the  experiments  were  not  as  quoted  by  Johnston  &  Bennett. 


Station 

Distance  [mm] 

Distance  [h] 

1 

13 

0.41 

2 

51 

1.62 

3 

102 

3.24 

4 

152 

4.83 

5 

203 

6.44 

6 

254 

8.06 

7 

305 

9.68 

Table  4-2,  Axial  measurement  stations. 


However,  the  results  of  appendix  D.3  are  inconclusive  in  terms  of  determining 
the  flow-rates  actually  used  in  the  experiment.  It  was  therefore  decided  to  use 
the  flow-rates  quoted  by  Johnston  &  Bennett.  The  analysis  and  comparison  with 
experimental  data  in  chapter  5  is  based  on  the  assumption  that  the  experiment 
used  the  flow-rates  quoted. 

Axial  measurement  stations  were  set  up  at  seven  locations  downstream  of  the 
expansion.  At  each  station,  measurements  were  taken  at  one  or  several  of  four 
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azimuthal  locations,  spaced  90°  apart.  The  measurement  stations  axe  listed  in  ta¬ 
ble  4-2.  In  the  present  work  different  symbols  are  used  when  plotting  experimental 
results  measured  in  different  runs  or  at  different  azimuthal  stations,  but  no  distinc¬ 
tion  is  made  between  these  when  comparing  the  experimental  results  to  those  of 
the  calculations. 

It  should  be  pointed  out  that  Johnson  &:  Bennett  made  no  measurements  in 
either  the  central-  or  annular  pipe  in  the  inlet  section  thus  making  a  comparison 
of  the  flow  conditions  upstream  of  the  expansion  impossible.  The  section  feeding 
the  central  pipe  of  the  test-facility  consisted  of  a  pipe/hose  combination  of  length 
24rc.  It  is  questionable  whether  this  was  sufficient  to  ensure  fully  developed  flow 
at  the  exit  of  the  pipe  in  the  combustion  chamber.  In  addition  it  is  probable  that 
the  tapering  at  the  end  of  the  central  pipe  has  an  effect  on  the  flow,  although  it  is 
impossible  to  quantify  it  without  reproducing  the  exact  geometry  in  the  simulations. 

The  length  of  the  annular  inlet  section  was  not  quoted  by  Johnson  Bennett. 
But  since  it  contained  three  perforated  plates  (at  unspecifled  locations)  and  a  hon¬ 
eycomb  section,  it  is  unlikely  that  the  annular  flow  was  fully  developed  at  the  point 
of  expansion  into  the  combustion  chamber.  Since  it  is  not  possible  to  determine 
the  state  of  the  flow  in  the  experiment,  either  in  the  central-  or  annular  pipe,  the 
calculations  were  performed  assuming  fully  developed  turbulent  flow. 
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Figure  4-1,  Sketch  of  the  experimental  setup  used  by  Johnson  &  Bennett. 
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RESULTS 


This  chapter  describes  the  results  from  large  eddy  simulations  done  to  study 
turbulent  mixing  in  a  coaxial  jet-combustor.  All  calculations  are  “cold-flow”  cal¬ 
culations;  that  is,  the  effect  of  chemical  reactions  has  not  been  taken  into  account. 
As  pointed  out  by  Roquemore  et  al.  (1991)  it  seems  appropriate  to  use  cold-flow 
calculations  to  examine  the  characteristics  of  the  recirculation  zone  when  the  flame 
is  in  a  lifted  state.  However,  at  fuel  rich  conditions,  with  the  flame  attached  to  the 
base  of  the  burner,  this  assumption  poses  more  severe  restrictions  on  the  analysis 
and  interpretation  of  the  results. 

Two  main  calculations,  referred  to  as  the  animation  case  and  the  basic  case, 
and  several  preliminary  calculations  were  performed.  The  preliminary  calculations, 
discussed  in  appendix  D.l,  were  necessary  in  order  to  assess  grid  resolution  require¬ 
ments.  Apart  from  grid  resolution,  and  in  some  cases  the  length  of  the  inlet  section, 
all  parameters  used  in  the  different  computational  cases  were  the  same. 

The  purpose  of  the  basic  case  was  to  generate  a  statistically  averaged  database 
in  order  to  evaluate  the  characteristic  features  of  the  flow  and  scalar  distribution  in 
the  combustion  chamber,  with  particular  emphasis  on  the  recirculation  zone.  This 
data-set  was  also  used  to  validate  the  simulation  results  against  the  experimental 
data. 

The  animation  case  was  set  up  to  study  the  transient  behavior  of  the  mixing 
process.  Results  from  this  calculation  were  animated  and  recorded  on  video-tape. 
Appendix  D.2  describes  the  details  of  this  calculation.  The  animation  case  used  a 
coarser  grid  than  that  used  for  the  basic  case.  This  was  done  simply  to  keep  the  size 
of  the  database  manageable.  However,  as  is  shown  in  appendix  D.2,  the  turbulent 
statistics  from  the  animation  case  agree  reasonably  well  with  those  from  the  better 
resolved  basic  case,  and  the  qualitative  (transient)  behavior  of  the  flow  captured  on 
video-tape  is  not  thought  to  have  suffered  from  the  coarser  grid-resolution. 
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A  thorough  comparison  of  experimental  results  (Johnson  &  Bennett)  and  com¬ 
putational  results  from  the  basic  case  is  presented  in  section  5.1.  This  includes  mean 
velocity  profiles  and  turbulent  stresses.  Also  shown  axe  the  eddy-viscosity  and  SGS 
turbulent  Schmidt  number  profiles. 

Section  5.2  focuses  on  an  analysis  of  results  from  the  basic  case  and  the  anima¬ 
tion  case  in  order  to  investigate  the  mixing  process  and  entrainment  of  fuel  into  the 
recirculation  zone.  Steady  state  results  from  the  basic  case  are  used  to  determine 
the  fuel  mass-fraction  in  the  recirculation  zone.  Contour  plots  of  the  mean  veloc¬ 
ity  components  are  used  to  evaluate  where  significant  entrainment  of  fuel  into  the 
recirculation  zone  might  occur.  These  plots  are  also  helpful  in  determining  where 
fluid  from  the  recirculation  zone  is  likely  to  be  entrained  into  the  step  shear  layer. 
A  study  of  the  animated  results  are  used  to  shed  light  on  instantaneous  character¬ 
istics  of  the  mixing  process.  In  particular  it  is  of  importance  to  determine  whether 
fuel-rich  pockets  of  fluid  are  able  to  cross  the  annular  air  stream  to  be  entrained  in 
the  recirculation  zone. 

Section  5.3,  gives  a  summary  of  the  computer-resources  used  for  the  calcula¬ 
tions. 
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5.1  Code  Verification 

This  section  contains  a  detailed  comparison  of  statistical  results  from  the  basic 
case  with  the  experimental  results  of  Johnson  &  Bennett  (1981).  Quantities  com¬ 
pared  include  mean  velocity  profiles,  turbulence  intensities,  turbulent  shear  stress, 
and  mean  fuel  mass-fraction  profiles.  Also  shown  are  profiles  of  the  eddy- viscosity 
and  SGS  turbulent  Schmidt  number  which  assist  in  an  evaluation  of  the  effect  of 
the  subgrid  scale  models. 

5.1.1  Characteristics  of  the  Inflow 

As  mentioned  in  chapter  4  the  experiments  by  Johnson  &  Bennett  did  not 
include  any  measurements  of  the  fiow  in  either  the  central  fuel  pipe  or  the  annular 
air  pipe.  Thus,  a  comparison  between  the  computational  and  experimental  fiow 
condition  upstream  of  the  expansion  is  not  possible.  This  section  presents  some 
statistical  quantities  calculated  in  the  “infiow  generator”  (see  figure  3.2-1)  in  order 
to  document  the  condition  of  the  fiow  used  as  infiow  boundary  condition  for  the 
coaxial  jet-combustor. 


Central 

Annular  (iw) 

Annular  (ow) 

Re 

14465 

46304 

46304 

Cf{e) 

0.00711 

0.00532 

0.00532 

Cf{c) 

0.00672 

0.00486 

0.00344 

Ur  (e) 

0.0596 

0.1615 

0.1615 

Ur  (c) 

0.0580 

0.1543 

0.1300 

Rtr  (e) 

475 

597 

597 

Rtr  (c) 

462 

571 

481 

Table  5.1-1,  Statistical  quantities  from  the  inflow  generator,  (c):  computational, 

(e):  empirical  (see  table  3.3-1),  (iw):  inner  wall,  (ow):  outer  wall. 

Table  5.1-1  lists  the  friction  velocity  and  coefficient  of  friction  from  the  cal¬ 
culations.  These  are  compared  with  the  empirically  calculated  values  from  table 
3.3-1.  The  Reynolds  number  in  the  central  pipe  is  based  on  the  bulk-velocity  and 
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diameter  of  the  pipe,  whereas  the  bulk-velocity  and  hydraulic  diameter  is  used  for 
the  annular  pipe.  The  coefficient  of  friction  is  normalized  by  the  bulk  velocity.  Also 
given  is  the  friction  velocity  Reynolds  number,  which  for  the  central  pipe  is 
based  on  the  pipe-radius,  and  for  the  annular  pipe  is  based  on  half  the  distance 
between  the  two  walls. 

Good  agreement  is  observed  between  computational  and  empirical  values  for 
the  central  pipe.  However,  appreciable  discrepancies  are  present  in  the  results  from 
the  annular  pipe,  particularly  at  the  outer  wall.  Most  of  the  discrepancies  can  be 
attributed  to  the  azimuthal  resolution  (or  rather  lack  of  azimuthal  resolution)  at 
the  outer  wall.  From  table  3.3-2  it  is  seen  that  whereas  (rA^)'*'  =  23  at  the  wall  of 
the  central  pipe,  the  resolution  increases  to  (rA^)"*"  =  122  at  the  outer  wall  of  the 
annular  pipe. 

Figure  5.1-1  shows  the  mean  axial  velocity  profiles  from  the  central-  and  annu¬ 
lar  pipes,  plotted  in  wall- coordinates.  Figure  5.1-2  shows  the  mean  axial  velocity 
profiles  normalized  by  the  central  pipe  bulk  velocity,  Uc-  From  figure  5.1-1  it  is 
seen  that  the  velocity  profile  in  the  central  pipe  is  in  good  agreement  with  the 
log-law.  However,  the  velocity  profiles  at  the  walls  of  the  annular  pipe  show  clear 
signs  of  resolution  problems.  Particularly  at  the  outer  wall  where  (rA^)"''  =  122  a 
significant  overshoot  is  observed  compared  with  the  log-law. 

Figures  5.1-3  and  5.1-4  show  the  axial  and  radial  turbulence  intensities,  re¬ 
spectively,  plotted  in  wall-coordinates.  (Each  data-set  has  been  normalized  by  the 
friction  velocity  calculated  at  the  respective  wall,  given  in  table  5.1-1).  The  peak 
of  the  {u")rms  profile  is  clearly  over-predicted  at  both  walls  of  the  annular  pipe,  a 
result  attributable  to  a  lack  of  azimuthal  resolution  (and  possibly  also  lack  of  axial 
resolution).  Similarly,  {u'J^)rms  is  clearly  under-predicted  in  the  annular  pipe.  The 
results  are  similar  to  results  found  in  large  eddy  simulations  of  turbulent  channel 
fiow  when  the  spanwise  grid  is  too  coarse. 

Thus,  it  seems  clear  that  the  fiow  in  the  annular  pipe  is  under-resolved.  How¬ 
ever,  the  flow  statistics  in  the  central  pipe  look  reasonable.  The  grid-resolution 
studies  summarized  in  appendix  D.l  indicate  that  the  effect  of  the  inlet  grid  reso¬ 
lution  on  the  fiow  downstream  of  the  expansion  is  small. 
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5.1.2  Mean  Velocity  Profiles 

Mean  axial  velocity  profiles  are  shown  at  six  axial  measurement  stations,  rang¬ 
ing  from  x/h  =  0.41  to  x/h  =  8.06,  in  figure  5.1-5.  As  pointed  out  previously,  John¬ 
son  and  Bennett  made  several  measurements  for  the  same  flow  condition.  During 
each  run  they  made  measurements  at  one  to  four  azimuthal  locations  (at  each  axial 
measurement  station),  spaced  90°  apart.  These  measurements  are  represented  by 
different  symbols  in  the  following  figures,  however,  no  effort  is  made  to  distinguish 
between  measurements  taken  in  different  runs  or  at  different  azimuthal  locations 
when  comparing  with  the  computational  results. 

Overall  agreement  between  experiments  and  calculation  is  seen  to  be  good 
at  most  measurement  stations.  However,  closest  to  the  expansion,  particularly  at 
x/h  =  0.41,  a  fairly  significant  difference  is  observed  between  computational  and 
experimental  results.  It  seems  as  though  the  flow-rate  in  the  central  jet  was  higher 
in  the  experiments  than  in  the  calculation  and  conversely  in  the  annular  air  jet. 
Integration  of  the  mean  velocity  profiles  from  the  calculation  and  experiments  does 
however  reveal  that  the  total  flow-rate  (in  the  combustion  chamber)  was  the  same 
in  all  cases. 

The  reason  for  the  discrepancy  is  not  obvious.  Johnson  &  Bennett  made  no 
measurements  in  the  inlet  section  of  the  experimental  facility  thus  making  it  im¬ 
possible  to  compare  the  upstream  flow  conditions.  However,  the  flow-rates  used  in 
the  calculation,  both  in  the  central  and  annular  pipes,  match  the  flow-rates  quoted 
by  Johnson  &  Bennett.  It  would  therefore  seem  that  the  fuel  stream  in  the  exper¬ 
iments  entrains  a  larger  amount  of  air  immediately  downstream  of  the  expansion, 
than  that  of  the  calculation,  making  the  central  part  of  the  flow  speed  up  and  the 
annulcir  jet  slow  down.  However,  as  pointed  out  in  chapter  4  there  is  some  evidence 
to  suggest  that  the  flow-rates  in  the  experiments  were  not  as  quoted  in  the  report 
by  Johnson  &  Bennett.  If  this  is  the  case  it  would  explain  some  of  the  differences 
observed  at  the  first  axial  measurement  stations.  (See  appendix  D.3  for  an  analysis 
of  the  effect  of  changing  fuel  to  air  ratio). 

However,  assuming  the  flow-rates  axe  correct,  the  discrepancy  is  most  likely 
caused  by  differences  in  the  inflow  in  the  experiment  and  the  calculation.  Recall  that 
the  central  pipe  used  in  the  experiments  had  a  tapered  exit  whereas  an  infinitely  thin 
wall  was  assumed  in  the  calculation.  In  addition,  and  perhaps  most  importantly. 
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the  flow  in  the  experiment,  particularly  in  the  annulus,  was  most  likely  far  from 
developed  at  the  point  of  expansion. 

The  difference  between  experiments  and  calculation  is  still  present  at  x/h  = 
1.62,  but  has  almost  vanished  at  the  third  measurement  station,  x/h  =  3.24.  Fur¬ 
ther  downstream  only  minor  difierences  are  observed  between  experiments  and  cal¬ 
culation.  In  particular  it  is  seen  that  the  calculated  velocity  profiles  lead  those  of 
the  experiments  in  the  central  region  of  the  flow,  and  lag  in  the  outer  part  (i.e.  for 
rjh  larger  than  about  0.7).  This  effect  is  most  clearly  seen  at  x/h  =  6.44. 

Radial  velocity 

Figure  5.1-6  shows  mean  radial  velocity  profiles  downstream  of  the  expansion. 
In  this  case  it  is  more  difficult  to  assess  the  agreement  between  experiments  and 
calculation  due  to  the  rather  large  scatter  in  the  experimental  data.  At  the  first 
measurement  station  it  is  nevertheless  interesting  to  note  that  despite  the  scatter 
in  the  experimental  data,  the  experiments  seem  to  predict  a  larger  negative  radial 
velocity  in  the  region  0.3  <  r/h  <  0.8  than  that  predicted  by  the  calculation.  This 
means  that  the  radial  flow-rate  towards  the  centerline  was  larger  in  the  experiments 
than  in  the  calculation,  a  result  which  is  consistent  with  the  larger  axial  velocity 
measured  in  the  experiments  in  this  region  (see  figure  5.1-5). 

Further  downstream  (in  particular  at  x/h  =  3.24  and  x/h  =■  4.83)  it  is  seen 
that  even  though  the  qualitative  agreement  between  experiments  and  calculation  is 
fair,  the  experiments  predict  larger  peaks,  both  positive  and  negative,  in  the  profiles 
compared  with  those  of  the  calculation.  The  agreement  between  experiments  and 
calculation  improves  further  downstream.  However,  it  is  clear  that  with  the  large 
scatter  present  in  the  experimental  results,  a  detailed  comparison  is  not  possible. 
But  the  calculated  velocity  profiles  for  the  most  part  fall  within  the  rather  large 
margin  of  error  associated  with  the  experimental  data. 

Azimuthal  velocity 

Since  the  flow  was  designed  to  be  swirl  free,  the  mean  value  of  the  azimuthal 
velocity  component  should  be  zero.  However,  it  turns  out  that  this  quantity  was 
not  exactly  zero  in  the  experiments  by  Johnson  &  Bennett.  They  attribute  this 
to  the  fact  that  it  was  difficult  to  (experimentally)  obtain  a  completely  swirl-free 
flow.  Figure  5.1-7  shows  the  magnitude  of  the  mean  azimuthal  velocity  compo¬ 
nent  measured  by  Johnson  &  Bennett.  Also  shown  in  figure  5.1-7  are  the  mean 
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azimuthal  velocity  profiles  from  the  calculation.  Since  there  is  no  swirl  present  in 
the  calculation  Ue  should  be  zero.  The  fact  that  it  is  not  is  a  result  of  the  insuf¬ 
ficient  statistical  sample  used  in  the  calculation.  Increasing  the  statistical  sample 
would  reduce  Ue  further,  but  experience  shows  that  convergence  is  slow.  Since  Ue 
is  already  very  small  (compared  with  {u'g)rmai  even  at  x/h  =  1-62),  the  results  are 
regarded  as  adequately  converged. 

5.1.3  Turbulence  Intensities 

Resolved  turbulence  intensities  from  the  calculation  are  compared  with  corre¬ 
sponding  experimental  results  at  six  axial  locations  ranging  from  x/h  =  0.41  to 
x/h  =  8.06.  Recall  that  only  the  resolved  part  of  the  turbulence  intensities  are 
shown. 

Figure  5.1-8  shows  the  axial  turbulence  intensity,  (u^)rms-  Although  the  qual¬ 
itative  agreement  between  experimental  and  computational  results  is  good,  the 
calculation  tends  to  over-predict  {u")rms  at  almost  all  axial  stations.  It  should 
be  noticed  once  again  that  there  is  a  rather  significant  scatter  in  the  experimental 
data. 

The  tendency  to  over-predict  (u")rms  is  consistent  with  similar  results  from 
large  eddy  simulations  of  turbulent  channel  flows  using  coarse  grids.  However, 
the  grid  resolution  studies  presented  in  appendix  D.l  indicate  that  the  resolution 
used  in  the  present  case  (basic  case)  was  sufficient  to  obtain  (approximately)  grid 
independent  results.  The  question  left  unanswered  is  how  the  results  would  be 
affected  when  the  grid  is  refined  in  more  than  one  direction  at  a  time. 

Another,  more  likely,  source  for  the  discrepancy  is  related  to  the  significant 
over-prediction  of  {u")rms  in  the  annular  flow  in  the  inlet  section  (see  figure  5.1- 
3).  The  problem  with  {u")rms  being  too  high  in  the  annular  inlet  section  carries 
downstream  into  the  combustion  chamber  as  seen  from  figure  5.1-8. 

However,  it  should  also  be  remembered  that  the  flow  in  the  inlet  section  of 
the  experimental  facility,  particularly  in  the  annular  pipe,  was  not  fully  developed. 
Even  if  the  grid  resolution  had  been  sufficient  to  give  good  quality  fully  developed 
inflow  turbulence,  there  is  no  guarantee  that  comparison  with  experimental  data 
would  have  been  much  better. 

The  agreement  between  experimental  and  computational  results  is  seen  to  be 
better  for  the  radial  turbulence  intensity,  shown  in  figure  5.1-9.  As  with  other 
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quantities  there  is  a  significant  scatter  in  the  experimental  data.  At  x/h  =  3.24  and 
x/h  =  4.83  the  calculation  over-predicts  {u'Drms  in  the  central  region  and  under¬ 
predicts  {u'Drms  in  the  outer  part  of  the  flow,  compared  with  experiments.  Despite 
these  differences  the  qualitative  agreement  between  experiments  and  calculation  is 
still  quite  good. 

Figure  5.1-10  shows  the  profiles  of  the  azimuthal  turbulence  intensity.  As  with 
{u")rma  and  {u")rmai  the  agreement  between  the  experiment  and  calculation  is 
good.  Particularly  at  the  first  two  measurement  stations.  Further  downstream 
the  calculation  over-predicts  {ug)rms  in  the  central  region  (near  the  centerline) 
and  under-predicts  {u'Q)rms  in  the  outer  region.  This  is  similar  to  the  behavior  of 
{u'Drms-  Agreement  with  the  experiment  improves,  at  least  in  the  central  region, 
with  increasing  axial  distance. 


5.1.4  Turbulent  Shear  Stress  and  Eddv-Viscosit> 


Turbulent  shear  stress  profiles  from  the  experiment  and  the  calculation  are 
compared  in  figure  5.1-11.  The  calculated  turbulent  shear  stress  includes  the  sub¬ 
grid  scale  contribution.  As  with  other  quantities  the  qualitative  agreement  between 
experimental  and  computational  results  is  good,  although  there  are  some  quantita¬ 
tive  differences  in  the  profiles.  In  particular  the  slope  of  the  shear  stress  curve  (in 
the  range  xjh  —  0.5- 1.0)  is  predicted  to  be  somewhat  steeper  compared  with  the 
experimental  data.  In  addition,  at  the  first  three  measurement  stations  the  peaks 
in  the  computed  profiles  are  somewhat  higher  than  the  corresponding  peaks  in  the 
experimental  data.  However,  as  seen  with  other  quantities,  the  agreement  between 
experiments  and  calculation  gets  better  with  increasing  axial  distance. 

Since  the  present  calculation  is  a  large  eddy  simulation  it  is  of  interest  to  assess 
the  contribution  of  the  subgrid  scale  model  to  the  turbulent  shear  stress.  Figure 
5.1-12  shows  a  measure  of  the  ratio  of  the  subgrid  scale  shear  stress  to  the  resolved 
turbulent  shear  stress  versus  axial  distance.  The  norm,  e(x),  used  to  measure  the 
ratio  is  defined  as: 


e(x)  =  100  X 


!o°{<n2>t»fdS 


(5.1-1) 


The  integration  is  carried  out  over  the  cross  section  area.  Figure  5.1-12  shows  that 
e(x)  is  high  at  the  corner  of  the  step  and  then  drops  sharply  with  increasing  axial 
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distance.  The  subgrid  scale  contribution  to  the  total  shear  stress  is  about  18  percent 
at  the  corner  of  the  step,  but  drops  to  only  2  percent  4  step  heights  downstream  of 
the  expansion. 

In  the  same  context  it  is  also  of  interest  to  examine  the  ratio  of  the  eddy- 
viscosity  to  the  molecular  viscosity.  This  is  done  in  figure  5.1-13.  The  increase  in 
the  peak  of  the  eddy-viscosity  with  increasing  axial  distance  is  probably  due  to  the 
coarsening  of  the  axial  grid  away  from  the  corner  of  the  step.  The  peak  value  of  the 
ratio  of  eddy- viscosity  to  molecular  viscosity  is  about  13-14.  For  comparison,  the 
maximum  value  of  this  ratio  was  about  4  for  the  high  Reynolds  number  backward 
facing  step  calculation  (using  the  DM  model)  reported  in  chapter  5,  part  I. 

As  explained  in  chapter  2,  part  I,  the  total  viscosity  had  to  be  clipped  to  zero 
at  points  where  the  total  viscosity  became  negative,  in  order  to  avoid  numerical 
instability  problems.  On  average  about  2  percent  of  the  points  in  the  computational 
domain  had  to  be  manipulated.  This  is  the  same  percentage  as  for  the  high  Reynolds 
number  backward  facing  step  calculations,  and  is  believed  to  be  small  enough  not  to 
cause  any  adverse  effect  on  the  results.  The  dynamic  subgrid  scale  model  returned 
negative  eddy-viscosity  (but  positive  total  viscosity)  at  an  average  of  7  percent  of 
the  grid-points. 


5.1.5  Passive  Scalar 

Figure  5.1-14  shows  the  mean  fuel  mass-fraction  at  six  stations  downstream  of 
the  expansion,  compared  with  experimental  data  from  Johnson  &  Bennett. 

At  the  first  two  stations  excellent  agreement  between  experimental  and  cal¬ 
culated  results  is  observed.  At  x/h  =  3.24  the  agreement  remains  good  between 
r/h  =  0.25  and  the  outer  wall,  however,  the  calculation  under- predicts  the  fuel 
mass-fraction  in  the  core  region  of  the  flow.  The  same  trend  is  seen  at  x/h  =  4.83, 
where  the  “problem  region”  extends  to  about  r/h  =  0.4.  Further  downstream  the 
agreement  between  experiments  and  computation  improves. 

It  is  speculated  that  discrepancies  in  the  core  region  at  the  third  and  fourth 
measurement  stations  is  related  to  lack  of  grid  resolution.  This  is  a  region  with 
rather  large  axial  gradients  in  the  scalar,  combined  with  a  coarse  axial  grid  reso¬ 
lution,  which  generally  increase  numerical  truncation  errors.  Also,  appendix  D.2 
shows  a  significant  increase  in  the  mismatch  with  decreasing  grid  resolution  (by 
comparing  the  basic  and  the  animation  case). 
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Figure  5.1-15  shows  profiles  of  the  SGS  turbulent  Schmidt  number, 
Sct  =<Ut>t9  /  <0it>t9-  The  SGS  turbulent  Schmidt  number  is  more  or  less  con¬ 
stant  away  from  the  wall  downstream  of  about  xjh  —  2.  At  the  wall  Sct  drops  to 
zero,  indicating  that  the  eddy- viscosity  goes  to  zero  faster  than  the  eddy-diffusivity. 
However,  there  is  a  rather  large  region  in  the  range  from  r/h  =  0.7-1. 8  where  Sct 
is  almost  constant,  and  about  0. 3-0.4.  For  comparison,  Eidson  (1985)  found  that 
Sct  =  0.4  gave  the  best  results  in  LES  of  turbulent  channel  flow  using  standard 
eddy-viscosity  models.  A  priori  tests  by  Moin  et  al.  (1991),  using  the  dynamic  sub¬ 
grid  scale  model  gave  a  SGS  turbulent  Prandtl  number  of  about  0.4  for  isotropic 
homogenous  turbulence,  and  0.5  in  turbulent  channel  flow,  away  from  the  wall. 
The  present  calculation  therefore  gives  a  SGS  turbulent  Schmidt  number  (Prandtl 
number)  similar  to  that  found  by  other  researchers. 
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5.2  Flow  Analysis 

This  section  focuses  on  an  analysis  of  the  statistically  averaged-  as  well  as  the 
animated  results,  in  order  to  address  the  issues  of  mixing  and  fuel  entrainment  into 
the  recirculation  zone. 

Mean  flow  fleld  characteristics  are  presented  in  section  5.2.1  and  are  used  to 
evaluate  the  flow  fleld  and  entrainment  characteristics  of  the  recirculation  zone. 
Section  5.2.2  focuses  on  an  analysis  of  the  instantaneous  pressure-  and  passive 
scalar  fields  in  order  to  visualize  important  large  scale  structures.  Section  5.2.3 
ofiiers  an  analysis  of  the  fuel  mass-fraction  distribution  in  the  combustion  chamber 
aimed  at  evaluating  whether  a  combustible  mixture  can  exists  in  the  recirculation 
zone.  This  is  combined  with  a  description  of  animated  results  which  sheds  some 
light  on  instantaneous  characteristics  of  the  mixing  and  entrainment  processes. 

5.2.1  Analysis  of  the  Mean  Flow  Field 

The  reattachment  location,  defined  as  the  point  where  the  wall-normal  gradient 
of  the  axial  velocity  (at  the  wall)  changes  sign,  is  found  to  be  Xr/H  =  9.4.  A  second 
reattachment  point  is  found  at  x/h  =  1.0,  indicating  that  there  is  a  secondary, 
counter  rotating,  vortex  located  in  the  outer  corner  of  the  step.  This  is  confirmed  in 
figure  5.2-1  which  shows  a  contour  map  of  the  axial  and  radial  velocity  components. 

Figure  5.2- la  shows  the  mean  axial  velocity.  Notice  that  the  contour  lines 
are  only  shown  up  to  Ux/Uc  =  2.5.  The  mean  axial  velocity  ranges  from  about 
-0.47  to  a  maximum  of  3.46,  with  the  maximum  being  located  at  the  center  of  the 
the  annular  pipe.  The  largest  negative  velocity  is  found  close  to  the  wall  in  the 
recirculation  zone. 

Figure  5.2-2,  shows  an  enlarged  contour  map  of  the  region  of  negative  mean 
axial  velocity.  It  is  apparent  that  the  largest  backflow  occurs  very  close  to  the  wall. 
This  was  also  confirmed  by  the  animated  results.  The  animation  sequence,  showing 
a  contour  map  of  the  fuel  mass-fraction,  showed  fuel-rich  fluid  intermittently  moving 
towards  the  base  of  the  burner  in  what  seems  to  be  a  narrow  “belt” ,  very  close  to 
the  wall.  It  seems  that  only  a  small  part  of  this  fluid  is  entrained  into  the  adjacent 
shear  layer  along  the  way.  Most  of  the  fuel-rich  fluid  came  close  to  the  base  of  the 
burner  before  being  entrained  into  the  step  shear  layer. 

The  vertical  vectors  shown  along  the  zero  axial  velocity  line  represent  the 
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relative  magnitude  and  direction  of  the  mean  radial  velocity  along  this  line.  It  is 
seen  that  the  fluid  inside  the  recirculation  zone,  moving  towards  the  base  of  the 
burner,  experiences  increased  momentum  toward  the  centerline  as  it  gets  closer  to 
the  base  of  the  burner.  In  fact,  the  largest  (negative)  radial  velocity  along  the  zero 
axial  velocity  line  occurs  close  to  the  base  of  the  burner.  Entrainment  of  (fuel- rich) 
fluid  from  the  recirculation  zone  into  the  step  shear  layer  can  therefore  be  expected 
to  be  largest  at  this  point.  (This  was  also  confirmed  by  the  animated  results).  The 
implication  is  that  a  pilot  flame  is  likely  to  be  located  at  the  base  of  the  burner, 
consistent  with  the  observations  of  Roquemore  et  al. 

Figure  5.2-lb  shows  a  contour  map  of  the  mean  radial  velocity  component. 
The  minimum  and  maximum  values  of  UrIUc  are  about  -0.17  and  0.12,  respectively. 
Notice  that  a  negative  value  means  that  Ur  is  directed  towards  the  centerline.  It  is 
evident  that  air  from  the  annular  pipe  is  moving  towards  the  centerline  for  the  first 
5-6  step  heights  following  the  expansion.  Further  downstream  the  radial  velocity  is 
positive  indicating  that  fluid  is  moving  towards  the  wall  of  the  combustion  chamber. 
Fluid  from  the  recirculation  zone  is  moving  towards  the  centerline  upstream  of  about 
x/h  =  4-5.  This  fluid  is  being  entrained  into  the  step  shear  layer.  Also  notice  the 
small  region  of  positive  Ur  in  the  outer  corner  of  the  step.  This  clearly  shows  the 
existence  of  a  secondary,  counter-rotating  vortex. 

The  point  where  both  the  axial  and  radial  velocity  components  are  zero  (termed 
the  “vortex  center”  by  Roquemore  et  al.)  is  indicated  by  an  open  circle  in  figure 
5.2-2.  The  vortex  center  is  seen  to  be  located  at  about  xjh  —  4.5.  Based  on  the 
magnitude  of  the  radial  velocity  vectors  it  seems  that  the  largest  entrainment  of 
fluid  into  the  recirculation  zone  occurs  roughly  from  about  x/h  =  6  to  x/h  =  9. 
This  was  in  fact  observed  to  be  the  case  also  in  the  animation.  No  fuel-rich  fluid  was 
seen  to  cross  the  annular  air  stream  upstream  of  the  vortex  center.  Even  though 
isolated  pockets  of  fuel-rich  fluid  were  able  to  cross  around  the  vortex  center,  the 
largest  entrainment  of  fuel  into  the  recirculation  zone  seemed  to  occur  around  the 
instantaneous  reattachment  point. 

Figure  5.2-3  shows  the  mean  streamlines.  The  contour  values  indicated  on  the 
plot  represent  the  fraction  of  the  total  mass  flow-rate  passing  between  the  stream¬ 
lines.  The  streamlines  extending  from  the  central  fuel  pipe  can  be  seen  to  converge 
towards  the  centerline  up  to  about  x/h  =  6-7,  consistent  with  a  negative  radial 
velocity  in  this  region.  The  center  of  the  closed  streamlines  in  the  recirculation 
zone  coincides  with  the  vortex  center,  identified  above.  The  figure  shows  that  the 
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average  mass-flow  in  the  recirculation  zone  is  about  24  percent  of  the  total  mass-flow 
supplied  at  the  inlet. 

Figure  5.2-4  shows  the  two  local  peaks  (resulting  from  expansion  of  the  two 
jets)  in  the  velocity  proflle  downstream  of  the  expansion.  (The  peak  resulting  from 
the  central  jet  is  just  the  centerline  velocity).  The  centerline  velocity  is  seen  to  slow 
down  slightly  after  expansion,  up  to  about  x/h  =  2-2.5.  Then  a  sharp  increase  in 
the  centerline  velocity  is  observed,  indicating  a  signiflcant  entrainment  of  air  from 
the  annular  stream.  This  is  consistent  with  figure  5.2-lb  which  shows  that  the 
mean  radial  velocity  is  negative  in  the  region  from  about  x/h  =  2tox/h  =  6.  This 
region  is  clearly  characterized  by  strong  mixing.  Consequently,  a  flame  (under  fuel 
rich  conditions)  is  likely  to  be  located  in  this  region.  In  fact,  Roquemore  at  al. 
observed  that  under  fuel  rich  conditions  a  zone  of  intense  mixing  and  combustion 
was  found  to  start  at  about  two  fuel-pipe  diameters  downstream  of  the  expansion. 
This  corresponds  roughly  to  x/h  =  2  in  the  present  calculations.  The  reason  for  the 
strong  mixing  is  likely  that  the  shear  layers  from  the  fuel  pipe  and  step  intersect  at 
about  x/h  —  2  which  is  accompanied  by  merging  of  vortices  shed  from  the  corner 
of  the  step  (step  shear  layer)  and  the  central  pipe  (fuel  pipe  shear  layer). 

The  peak  velocity  caused  by  the  annular  jet  is  seen  to  decrease  following  the 
expansion  indicating  a  spreading  of  the  jet  throughout  the  combustion  chamber. 
However,  the  rate  of  spreading  is  slow  during  the  first  two  step  heights  and  then 
increases  sharply  as  the  two  shear  layers  intersect,  thus  significantly  enhancing  the 
mixing.  Downstream  of  about  x/h  =  7  the  two  jets  seem  to  be  completely  mixed 
with  the  peak  value  of  the  velocity  profile  being  the  centerline  velocity. 

5.2.2  Flow  Structures 

Figure  5.2-5  shows  an  instantaneous  snapshot  of  the  pressure  field  in  one  x-r 
plane  and  three  cross  sections  {r-6  planes).  Downstream  of  the  expansion,  up  to 
about  x/h  =  2,  the  figure  reveals  organized  structures  being  shed,  both  from  the 
corner  of  the  step  and  from  the  end  of  the  central  pipe.  The  structures  are  seen 
to  grow  in  size  with  increasing  axial  distance.  Between  x/h  =  2  and  x/h  =  3  the 
structures  from  the  two  shear  layers  merge,  and  downstream  of  about  x/h  =  3-4 
the  clearly  identifiable  organized  structures  have  all  but  disappeared. 

To  better  visualize  the  shear  layers,  figures  5.2-6  and  5.2-7  focus  on  the  first 
7  step  heights  of  the  combustion  chamber.  Part  a)  of  each  figure  shows  contours 
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of  instantaneous  pressure  in  a  x-r  plane.  A  narrow  interval  of  contour  values  has 
been  chosen  which  is  very  useful  for  identifying  individual  structures.  Each  of  the 
enclosed  surfaces  in  figures  5.2-6a  and  5.2-7a  represent  vortical  structures.  Part  b) 
of  the  figures  show  instantaneous  contours  of  the  passive  scalar  in  a  band  chosen  to 
highlight  the  fuel-pipe  shear  layer  in  figure  5.2-6b  and  the  step  shear  layer  in  figure 

5.2- 7b. 

The  pressure  contours  in  figure  5.2-6  (or  figure  5.2-7)  clearly  show  individual 
ring-type  vortical  structures  being  shed,  both  from  the  step  and  from  the  central 
pipe.  The  structures  are  seen  to  grow  with  increasing  axial  distance,  caused  by 
pairing  of  individual  vortices.  Between  x/h  =  2  and  xjh  —  3  the  simple  organized 
structures  seen  upstream  have  more  or  less  disappeared,  indicating  a  merging  of 
vortices  from  the  two  shear  layers.  This  lack  of  coherence  is  a  result  of  the  flow  being 
highly  turbulent.  The  axial  convection  velocity  of  the  vortices  is  a  strong  function  of 
the  azimuthal  position.  The  vortex  rings  therefore  undergo  axial  stretching  which 
rapidly  breaks  azimuthal  coherence. 

An  interesting  feature  of  figure  5.2-6b  is  that  it  clearly  shows  the  characteristic 
roll  up  of  vortices  in  the  early  part  of  the  fuel-pipe  shear  layer.  The  rollers  in  figure 

5.2- 6b  can  be  seen  to  correspond  to  the  structures  traced  by  the  pressure  contours 
in  figure  5.2-6a.  Figure  5.2-6b  also  indicates  that  the  “potential  core”  of  the  central 
fuel  jet  has  disappeared  about  3  step  heights  downstream  of  the  expansion.  At  this 
point  the  vortices  shed  from  the  fuel-pipe  have  grown  to  enclose  the  centerline  of  the 
flow.  This  is  consistent  with  figure  5.2-5  which  showed  disappearance  of  coherent 
structures  downstream  of  about  x/h  =  3. 

Figure  5. 2- 7b  shows  contours  of  the  passive  scalar  chosen  to  identify  the  step 
shear  layer.  Again  the  characteristic  roll  up  of  vortices  is  observed  in  the  initial  part 
of  the  shear  layer.  A  correspondence  of  structures  identified  in  figures  5.2-7a  and 

5.2- 7b  is  also  apparent.  Figure  5.2-7b  indicates  that  the  shear  layers  originating 
from  the  step  and  from  the  central  pipe  merge  between  x/h  =  2  and  x/h  =  3,  thus 
creating  larger  structures,  identified  in  the  pressure  contour  plot  of  figure  5.2-7a  (or 

5.2- 6a). 

The  convection  of  vortical  structures  downstream  is  most  easily  seen  in  figure 

5.2- 8,  which  shows  a  time  sequence  of  contours  of  instantaneous  pressure  fluctua¬ 
tions.  The  plot  was  generated  by  subtracting  the  mean  pressure  from  instantaneous 
pressure  fields.  The  resulting  pressure  field  was  then  averaged  in  the  azimuthal  di¬ 
rection.  This  serves  to  identify  any  large  scale  structure  that  is  more  or  less  coherent 
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in  the  azimuthal  direction.  (Note  that  each  figure  only  shows  half  of  the  domain, 
i.e.  from  the  centerline  to  the  outer  wall).  Figure  5.2-8  shows  that  there  are  indeed 
large  scale  structures  convected  downstream  in  the  combustion  chamber.  However, 
the  structures  tend  not  to  be  very  coherent.  None  of  the  structures  in  figure  5.2-8 
seem  to  survive  past  about  x/h  =  4. 

One  of  the  animations  made  from  the  calculations  shows  iso-surfaces  of  low 
pressure  regions,  similar  to  the  pictures  in  figure  5.2-8  (except  that  no  azimuthal 
averaging  was  used).  There  are  vortices  being  shed  both  from  the  corner  of  the  step 
and  the  end  of  the  central  pipe.  However,  they  tend  to  break  up  after  traveling 
a  few  step-heights  into  the  combustion  chamber.  From  figure  5.2-8  the  convection 
velocity  of  the  vortical  structures  is  estimated  to  be  about  1.617c- 

To  summarize,  vortices  shed  from  the  step  and  the  fuel-pipe  show  character¬ 
istic  roll  up  patterns  as  they  merge  and  grow  inside  the  combustion  chamber.  At 
about  x/h  =  2-3  the  two  shear  layers  intersect,  creating  a  region  of  intense  mixing. 
Downstream  of  about  xfh  —  3  the  “potential  core”  of  the  central  jet  disappears 
and  the  remaining  large  scale  structures  show  little  coherence.  Roquemore  et  al. 
also  found  that  the  intersection  of  the  two  shear  layers  takes  place  about  2  step 
heights  downstream  of  the  expansion,  which  was  identified  as  a  region  of  intense 
mixing  and  combustion.  The  present  calculations  are  therefore  in  agreement  with 
experimental  observations. 

5.2.3  Mass  Transport 

As  explained  previously,  one  of  the  most  important  issues  related  to  LBO  is 
the  process  by  which  fuel  and  hot  combustion  products  are  entrained  into  the  recir¬ 
culation  zone.  An  evaluation  of  the  fuel  mass-fraction  present  in  the  recirculation 
zone  will  further  determine  whether  a  combustible  mixture  can  exist,  which  in  turn 
will  indicate  whether  the  flame  can  be  expected  to  be  lifted  or  attached. 

Figure  5.2-9  shows  a  contour  plot  of  the  mean  mass-fraction  of  fuel  in  the  com¬ 
bustion  chamber.  Contour  values  are  plotted  in  the  range  =  0.01-0.20.  (Higher 
fuel  mass-fraction  exists  only  in  the  core  region  of  the  flow,  downstream  of  the  fuel- 
pipe).  Figure  5.2-10  includes  several  contour  plots  of  the  fuel  mass-fraction,  each 
limited  to  a  narrow  interval  of  contour  values.  The  purpose  is  to  more  clearly  outline 
regions  of  different  fuel  mass-fraction  in  the  recirculation  zone  of  the  combustion 
chamber. 
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First,  it  is  seen  that  downstream  of  about  x/h  =  lA  the  fuel  and  air  appear  to 
be  completely  mixed.  After  complete  mixing  has  taken  place  the  fuel  mass-fraction 
should  be  uniform  and  equal  to  the  fuel  mass-fraction  of  the  fluid  entering  the 
combustor,  which  in  the  present  case  is  0.105.  Figure  5.2-9  shows  that  the  fuel 
mass-fraction  near  the  exit  of  the  combustor  is  in  the  range  0.10  and  0.11,  which 
agrees  with  the  expected  level. 

The  reattachment  point  was  found  to  be  Xr/H  —  9.4  (see  section  5.2.1).  Figure 
5.2-9  reveals  that  the  fuel  mass-fraction  decreases  from  about  0.07  at  the  reattach¬ 
ment  point  to  a  minimum  of  about  0.035  when  approaching  the  base  of  the  burner 
through  the  recirculation  zone.  A  slight  increase  in  the  fuel  mass-fraction  is  found 
in  the  outer  corner  of  the  combustor,  immediately  downstream  of  the  expansion 
point.  This  region  coincides  with  the  location  of  a  secondary,  counter-rotating 
vortex  shown  earlier. 

Roquemore  et  al.  did  combustion  experiments  in  the  coaxial  jet-combustor 
using  gaseous  propane  as  fuel  and  air  as  oxidizer.  The  air  flow-rate  was  held  flxed 
at  1000  I /min,  and  the  fuel  flow-rate  was  varied  between  30  and  63  I /min.  The 
corresponding  fuel  equivalence  ratio  ranged  between  0.78  and  1.55.  A  mixture  with 
a  fuel  equivalence  ratio  above  1  is  considered  fuel  rich. 

The  mass-  (or  volume)  fraction  of  fuel  used  in  the  present  calculation  is  0.105. 
Comparing  with  Roquemore  et  aVs  experimental  condition  this  corresponds  to  a 
fuel  rich  mixture  (assuming  the  fuel  is  propane).  The  flame  is  therefore  expected 
to  be  attached  to  the  base  of  the  burner.  According  to  Roquemore  et  al.  the 
stoichiometric  fuel  to  air  ratio  (by  mass)  for  a  propane-air  mixture  is  0.0638,  cor¬ 
responding  to  a  fuel  mass-fraction  of  0.060.  The  corresponding  lean  flammability 
limit  is  0.0309.  From  figure  5.2-10  it  is  evident  that  the  fuel  mass-fraction  is  be¬ 
tween  0.035  and  0.04  in  a  major  part  of  the  recirculation  zone.  Since  this  is  above 
the  lean  flammability  limit  the  calculation  indicates  the  possibility  for  (or  likelihood 
of)  an  attached  flame. 

However,  other  factors  are  also  important  to  determine  whether  or  not  the 
mixture  will  ignite.  Most  important,  in  addition  to  having  the  proper  fuel  concen¬ 
tration,  is  the  amount  of  hot  combustion  products  present,  which  will  determine  if 
the  temperature  in  the  recirculation  zone  is  high  enough  to  ignite  the  combustible 
mixture.  This  is,  however,  an  issue  that  cold  flow  calculations  cannot  address. 

As  explained  in  appendix  D.2,  contour  plots  of  the  fuel  mass-fraction  were 
animated  over  a  period  covering  more  than  5  flow-through  times.  An  analysis  of 
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the  animation  indicates  that  most  of  the  fuel  is  not  able  to  penetrate  the  annular  air 
stream  and  is  carried  all  the  way  to  the  reattachment  point  (which  instantaneously 
varies  between  x/h  —  1  and  x/h  =  11)  before  being  entrained  into  the  recirculation 
zone.  This  process  seems  to  take  place  when  large  pockets  of  fuel  hit  the  wall  and 
are  split,  with  a  part  moving  upstream,  into  the  recirculation  zone,  and  a  part 
continuing  downstream.  However,  intermittent  pockets  of  fuel  are  able  to  escape 
through  the  annular  air  stream  and  reach  the  recirculation  zone  as  far  upstream  as 
x/h  =  4-5.  It  is  perhaps  interesting  to  note  that  this  “boundary”  coincides  with 
the  location  of  the  vortex  center,  identified  in  section  5.2.1. 

Another  interesting  point  revealed  by  the  animation  is  that  pockets  of  nearly 
pure  air  are  able  to  penetrate  the  recirculation  zone  at  intermittent  time  periods, 
thus  temporarily  diluting  the  concentration  of  fuel  in  this  region.  This  might  tem¬ 
porarily  reduce  the  concentration  of  fuel  in  the  recirculation  zone  below  the  lean 
fiammability  limit,  thus  making  the  fiame  (assumed  to  be  attached)  momentarily 
lift  off.  This  phenomenon  was  observed  by  Roquemore  et  al.  That  is,  even  at  fuel 
rich  conditions,  the  flame  would  occasionally  lift  off  for  short  moments,  but  stay 
attached  most  of  the  time. 

The  fact  that  fuel  is  able  to  escape  through  the  annular  air  stream,  into  the 
recirculation  zone,  is  consistent  with  the  hypothesis  formulated  by  Roquemore  et  al. 
They  speculated  that  unburned  fuel  and  hot  combustion  products  escape  through 
“holes”  in  the  flame  to  be  entrained  into  the  recirculation  zone.  (Holes  in  the  flame 
are  most  likely  formed  in  the  braid  regions  of  vortex  trains  where  stretching  and 
fast  mixing  occur).  The  present  calculations  verify  that  in  the  absence  of  chemical 
reactions,  fuel-rich  pockets  of  fluid  are  indeed  able  to  cross  the  annular  air  jet 
without  being  significantly  diluted.  However,  when  adding  chemical  reactions,  the 
fuel  also  has  to  avoid  being  consumed  in  the  flame,  a  phenomena  which  cannot  be 
addressed  in  the  present  cold-flow  calculations. 

The  animation  further  indicates  that  the  fuel  mass-fraction  inside  the  recircu¬ 
lation  zone  is  highest  close  to  the  wall  where  fluid  seems  to  be  traveling  rapidly 
backwards  toward  the  base  of  the  combustion  chamber.  Some  of  the  fuel-rich  mix¬ 
ture  is  being  entrained  into  the  annular  air  stream  along  the  way,  but  most  seems  to 
be  carried  all  the  way  back  to  the  base  of  the  burner.  This  observation  is  supported 
by  the  findings  from  section  5.2.1  where  it  was  established  that  in  the  mean,  the 
maximum  reversed  axial  velocity  was  found  very  close  to  the  wall.  Section  5.2.1 
also  showed  that  the  radial  velocity  along  the  zero  axial  velocity  line  increased  from 
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the  vortex  center  towards  the  base  of  the  burner,  and  in  fact  reached  its  peak  close 
to  the  corner  of  the  step  (see  figure  5.2-2).  Thus  entrainment  of  fiuid  from  the 
recirculation  zone  into  the  step  shear  layer  is  likely  to  be  largest  near  the  base  of 
the  burner.  This  indicates  why  the  pilot  fiame,  observed  by  Roquemore  et  al,  is 
likely  to  attach  to  the  base  of  the  burner. 

During  the  time-period  covered  by  the  animation,  the  concentration  of  fuel  in 
the  recirculation  zone  was  highest  in  the  region  0  <  x/h  <  1,  i.e.  close  to  the  base 
of  the  burner.  This  is  likely  due  to  the  secondary,  counter  rotating,  vortex  in  the 
corner  of  the  step  trapping  fuel-rich  fiuid,  thus  building  up  the  concentration  of  fuel 
at  the  outer  corner  of  the  step. 

All  quantities  animated  illustrate  the  highly  unsteady,  three-dimensional  be¬ 
havior  of  the  fiow.  An  example  is  given  in  figure  5.2-11  which  shows  an  instanta¬ 
neous  snapshot  of  the  fuel  mass-fraction  in  one  x-r  plane  and  three  r-d  planes.  Even 
though  similarities  with  the  mean  fuel  mass-fraction  of  figure  5.2-9  is  apparent,  the 
fiow  is  highly  unsteady.  Thus  the  present,  fully  3-D,  calculation  is  certain  to  be 
not  only  more  accurate,  but  also  more  revealing  than  calculations  performed  using 
standard  Reynolds  averaging  techniques. 

Upon  concluding  this  section  it  should  once  again  be  stressed  that  the  present 
calculations  did  not  account  for  chemical  reactions  and  heat  release.  The  results 
from  the  above  analysis  are  therefore  only  indicative  of  the  behavior  of  the  fiow  in 
the  presence  of  a  fiame.  To  illustrate  this  fact  it  can  be  noted  that  Roquemore  et 
al.  found  that  the  calculated  reattachment  length  decreased  by  more  than  a  factor 
of  2  when  chemical  reactions  were  added  to  their  CFD  model.  Shortening  of  the 
recirculation  zone  is  believed  to  be  caused  by  the  large  volumetric  expansion  of  the 
heated  gases. 


5.2.4  Instantaneous  Axial  Velocity 

The  last  topic  discussed  in  this  section  is  not  really  related  to  the  analysis 
of  mixing  and  entrainment  characteristics  of  the  flow,  but  serves  more  to  show  a 
few  characteristic  features  of  the  calculation.  Figure  5.2-12  shows  an  instantaneous 
snapshot  of  the  axial  velocity  in  one  x-r  plane  and  three  r-6  planes.  The  effect 
of  increasing  azimuthal  resolution  towards  the  centerline  is  clearly  identified  in 
the  cross-sectional  view  at  x/h  =  4.  Away  from  the  centerline  only  large  scale 
structures  can  be  identified.  Around  the  centerline,  with  DNS  resolution  in  the 
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azimuthal  direction,  a  wealth  of  small  scales  are  apparent.  However,  there  axe  no 
indications  that  the  flow  is  under-resolved  in  any  part  of  the  domain  (sometimes 
characterized  by  diamond  shaped  contours). 

Figure  5.2-12  also  serves  to  indicate  the  unsteadiness  of  the  flow.  It  can  in 
particular  be  noticed  that  there  are  regions  of  positive  axial  velocity  inside  the 
recirculation  zone  both  at  x/h  =  1  and  x/h  —  4. 
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5.3  Computer  Program  Performance 

The  following  is  a  summary  of  the  performance  of  the  computer  code  used  for 
the  coaxial  jet-combustor  calculations.  The  performance  parameters  quoted  are 
based  on  the  basic  case  which,  as  stated  previously,  used  215  x  76  x  128  grid-points. 

With  the  grid  of  the  basic  case,  the  code  ran  at  a  sustained  rate  of  about  470- 
500  Mflops  on  a  Cray  C-90  super-computer.  The  Mflop-rate  on  the  Cray  computers 
generally  decreases  with  decreasing  vector  length,  and  the  performance  would  there¬ 
fore  be  lower  for  a  smaller  grid.  Since  the  present  performance  is  already  very  high, 
only  minor  improvements  are  expected  with  increased  grid-size.  The  code  used  an 
average  of  13.9  CPU  seconds  per  time-step.  With  a  total  number  of  2,077,920  active 
grid-points  (i.e.  including  boundary  points,  but  excluding  points  with  r  >  ra  in  the 
inlet-section)  this  translates  to: 

6.67  •  10~®  CPU  seconds/time-step/node 

The  13.9  CPU  seconds  spent  per  time-step  can  be  broken  up  into  the  following 
parts: 


Navier-Stokes  equations  :  42.1  % 

Pressure  solver  :  12.6  % 

SGS  models  for  and  at  :  17.2  % 

Passive  scalar  transport  equation  :  18.5  % 

Inflow  boundary  condition  :  9.6  % 

Sum  :  100.0  % 


The  subgrid  scale  model  routines,  solving  for  i/t  and  q<,  are  highly  integrated, 
and  at  is  found  at  virtually  no  extra  cost  compared  with  solving  for  z/j  alone.  This 
is  due  to  the  fact  that  most  of  the  time  spent  calculating  ut  and  at  is  consumed 
by  evaluating  and  filtering  the  strain-rate  tensor,  (needed  for  both  parameters).  It 
can  be  noted  that  9.6  percent  of  the  time  is  spent  evolving  the  flow  in  the  inflow- 
generator. 

The  code  is  written  to  fit  within  the  core  memory  limitations  of  the  computer. 
However,  in  order  to  minimize  the  memory  requirement  several  variables  share 
memory,  which  means  that  variables  are  temporarily  stored  on  SSD-files  (Solid 
State  Device)  when  not  in  use.  The  access  time  for  SSD  files  is  minimal  and  this  is 
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therefore  a  very  efficient  way  of  reducing  core  memory  requirements  for  the  code. 
For  the  grid  used  in  the  basic  case  the  core-memory  requirement  was  about  19  MW 
(Mega- Words).  About  41  MW  of  file-space  was  needed  for  the  SSD-files  and  about 
13  MW  was  needed  for  the  restart  and  solution  files  (accessed  outside  the  time-loop 
in  the  code). 

The  code  was  run  at  a  fixed  time-step  of  At  =  0.0025  hjUc.  The  corresponding 
value  of  the  stability  criteria,  SC,  was  about  0.9.  With  At  =  0.0025  h/Uc  a  total 
of  12000  time-steps  were  needed  to  cover  one  flow-through  time  (defined  as  the 
average  time  a  fluid  particle  takes  to  traverse  the  computational  domain).  Thus, 
approximately  45  CPU  hours  were  needed  to  cover  one  flow-through  time.  As 
mentioned  previously,  the  calculation  was  run  for  three  flow-through  times  in  order 
to  remove  transients  in  the  initial  velocity  field  (resulting  from  the  interpolation 
procedure).  Statistics  were  then  sampled  over  a  period  of  6  flow-through  times. 
Thus,  the  entire  simulation  required  a  little  more  than  400  CPU  hours  (Cray  C-90) 
to  complete. 
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Figure  5.1-1,  Mean  axial  velocity  profiles  in  the  “infiow  generator”.  o  :  Central 

pipe;  •  :  Inner  wall  of  annulus;  +  :  Outer  wall  of  annulus;  - :  Log-law; 

u+  =  2.441n(y+)  -f  5.5 


Figure  5.1-2,  Mean  axial  velocity  profile  in  the  “inflow  generator’  .  The  dashed 
line  indicates  the  position  of  the  central  pipe  wall. 
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Figure  5.1-5,  Mean  axial  velocity.  - :  Basic  case;  All  Symbols  :  Experi¬ 

ments  by  Johnson  &:  Bennett. 
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Figure  5.1-6,  Mean  radial  velocity. 
Experiments  by  Johnson  &  Bennett. 


r/h 


:  Basic  case;  All  Symbols  : 


-  226  - 


Code  Verification 


rfh 


Figure  5.1-7,  Mean  azimuthal  velocity. 
Experiments  by  Johnson  &  Bennett. 
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Figure  5.1-8,  Resolved  axial  turbulence  intensity.  - :  Basic  case;  All 

Symbols  ;  Experiments  by  Johnson  &  Bennett. 
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Figure  5.1-9,  Resolved  radial  turbulence  intensity. 
Symbols  :  Experiments  by  Johnson  &  Bennett. 


:  Basic  case 
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Figure  5.1-10,  Resolved  azimuthal  turbulence  intensity.  - :  Basic  case; 

All  Symbols  :  Experiments  by  Johnson  &:  Bennett. 
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Figure  5.1-11,  Turbulent  shear  stress  (inch  SGS  model  term) 
case;  All  Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  5.1-12,  e(x)  (defined  in  equation  5.1-1)  represents  the  ratio  (in  percent) 
of  the  SGS  shear  stress  to  the  resolved  turbulent  shear  stress. 
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Figure  5.1-13,  Ratio  of  eddy-viscosity  to  molecular  viscosity. 
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Figure  5.1-14,  Mean  value  of  passive  scalar.  - :  Basic  case;  All  Symbols: 

Experiments  by  Johnson  &  Bennett. 


-  234  - 


Code  Verification 


Figures,  Section  5.1 


Figures,  Section  5.2 


n  cp 
w  0) 
cn 

(U  -1^ 
-*-j 

a 

V 
03 

<u 

a 
a; 
u 

.  >» 
-tJ  .-+i 

i  o 

o 


P3 

o 

-^J 

o 

O 


G  d 
O  "0 
o  « 


o 

o 


03 
03 

P  03 
^  •  •-* 


W  bO 
>  O  cl 

03  ■ 

.fS  c 

X  ^ 


o 

Is 


03 

G 


S 

I  I 

O 
tS 


03 


a 

o 

u 


03 

l-l 

O 

-l-s 

U 

03 

> 


t-i 

cS 
Oh  QJ 
Q3  hG 

>  H 


W3  12 

03  OD 

G  o 

03  ^ 

^  O 


03 

'G 

cS 

;h 

G 

G 

03 

a 


Of-I 

O 

-1-3 

o 


JS,  03 

a  -G 
> 

^  o 


Gh  O 


Oh 

G 

o 

-♦-= 

G 

O 

O 

m" 

I 

iii 

w 

G 

D 

a 


fa  G2 


O 

Cp  *43 

p  §:3 

o  .G 

'G 

G  Td 

G  G 

p 

O  03 
'  X) 
fH  G 

• - 

&  bO 

“  I 


-1  01234567 

Figure  5.2-6,  Visualization  of  the  shear  layer  between  the  central  and  annular 
jets.  a)  Contours  of  instantaneous  pressure.  Contour  levels:  0.02  to  0.04  at  steps 
of  0.01.  b)  Contours  of  instantaneous  fuel  mass-fraction.  Contour  levels:  0.06  to 
0.94  at  steps  of  0.08. 
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Figure  5.2-7,  Visualization  of  the  shear  layer  between  the  annular  jet  and  the 
recirculation  zone.  a)  Contours  of  instantaneous  pressure.  Contour  levels:  - 
0.074  to  -0.05  at  steps  of  0.006.  b)  Contours  of  instantaneous  fuel  mass-fraction. 
Contour  levels:  0.005  to  0.031  at  steps  of  0.002. 
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Figure  5.2-9,  Contour  lines  of  the  mean  fuel  mass-fraction.  The  contour  values  range  from  =  0.01  to  (/?  =  0.2  in 
steps  of  A(/?  =  0.01.  The  concentration  level  is  higher  (up  to  a  maximum  of  1)  in  the  core  of  the  flow,  immediately 
downstream  of  the  step.  Each  of  the  zones  marked  with  capital  letters  have  been  plotted  separately  in  figure 
6.3-25. 
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CONCLUSIONS 


The  purpose  of  the  present  calculations  was  to  use  large  eddy  simulation  to 
study  mixing  in  a  coaxial  jet  combustor  in  order  to  provide  information  that  could 
lead  to  a  better  understanding  of  the  phenomenon  leading  to  lean  blow-out  (LBO). 
The  calculations  are  interesting  in  themselves  as  large  eddy  simulations  of  a  complex 
flow  which  is  of  engineering  interest.  They  represent  perhaps  the  most  challenging 
test  of  the  dynamic  subgrid  scale  model  to  date,  both  in  terms  of  predicting  subgrid 
scale  momentum  transport  and  subgrid  scale  mass  transport. 

The  calculations  did  not  include  chemical  reactions,  a  simpliflcation  that  limits 
the  direct  applicability  of  the  results  in  terms  of  analysing  the  LBO  phenomena. 
However,  since  LBO  is  strongly  related  to  the  mixing  and  entrainment  character¬ 
istics  of  the  jets  and  the  recirculation  zone,  the  calculations  represent  a  necessary 
flrst  step  in  the  analysis  of  LBO.  It  should  also  be  mentioned  that  the  present  calcu¬ 
lations  are  the  flrst  fully  time-dependent  calculations  of  the  mixing  process  taking 
place  in  a  coaxial  jet-combustor. 

Comparisons  of  mean  quantities  with  corresponding  experimental  results  of 
Johnson  Si  Bennett  show  overall  very  good  agreement  in  almost  all  quantities.  Some 
discrepancies  do  exist,  but  they  are  most  likely  due  to  problems  with  matching  the 
(unknown)  inflow  condition  used  in  the  experiments. 

In  addition  to  correctly  predicting  the  flow-field,  the  calculations  accurately 
predict  the  fuel  mass-fraction  in  the  combustion  chamber.  A  scalar  transport  ver¬ 
sion  of  the  dynamic  subgrid  scale  model  was  used  to  account  for  subgrid  scale 
mass  transport  and  the  calculations  provide  credence  to  this  model.  The  turbulent 
subgrid  scale  Schmidt  number  was  of  the  order  of  0.3-0. 4  in  most  of  the  combus¬ 
tion  chamber,  with  the  exception  of  a  short  region  immediately  downstream  of  the 
expansion. 
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The  mean  radial  velocity  distribution  in  the  combustion  chamber  suggests  that 
the  largest  entrainment  of  fluid  into  the  recirculation  zone  takes  place  close  to  the 
reattachment  point,  which  was  found  to  be  located  9.4  step  heights  downstream 
of  the  expansion.  This  finding  is  supported  by  the  animated  results  which  show 
that  most  of  the  fuel  is  carried  all  the  way  to  the  reattachment  point  (which  in¬ 
stantaneously  varies  roughly  in  the  range  x/h  =  7-11)  before  being  entrained  into 
the  recirculation  zone.  However,  there  is  also  intermittent  transport  of  pockets  of 
fuel  into  the  recirculation  zone  from  about  4  step  heights  downstream  of  the  ex¬ 
pansion.  These  pockets  traverse  the  annular  air  stream  without  being  significantly 
diluted  before  reaching  the  recirculation  zone.  This  result  supports  the  possibility 
that  pockets  of  unburnt  fuel  can  escape  through  the  flame  to  be  entrained  into  the 
recirculation  zone,  as  suggested  by  Roquemore  et  al.  No  fuel-rich  pockets  were  seen 
traversing  the  annular  air  stream  upstream  of  about  xjh  —  4.  This  location  coin¬ 
cides  roughly  with  the  vortex  center  in  the  recirculation  zone,  located  dii  xfh  —  4.5. 
(The  vortex  center  is  identified  as  the  point  where  the  mean  axial  and  radial  ve¬ 
locity  components  are  both  zero).  The  mean  radial  velocity  component  is  directed 
towards  the  centerline  upstream  of  the  vortex  center  and  towards  the  wall  of  the 
combustion  chamber  downstream  of  the  vortex  center. 

The  mean  axial  back-flow  in  the  recirculation  zone  is  found  to  be  highest  close 
to  the  wall.  This  is  consistent  with  observations  from  the  animation  which  shows 
that  fuel-rich  fluid  is  moving  rapidly  towards  the  base  of  the  burner,  in  a  “belt” 
or  layer,  very  close  to  the  wall.  Only  a  small  portion  of  fuel-rich  fluid  is  being 
entrained  into  the  adjacent  shear  layer  along  the  way.  The  animation  shows  that 
most  of  the  fuel-rich  fluid  is  transported  almost  to  the  base  of  the  burner  before 
being  entrained  into  the  step  shear  layer.  This  finding  is  supported  by  the  mean 
radial  velocity  distribution  which  shows  that  the  radial  velocity  (along  the  zero  axial 
velocity  line)  has  its  (negative)  maximum  very  close  to  the  base  of  the  burner.  This 
indicates  that  strong  entrainment  of  fluid  from  the  recirculation  zone  into  the  step 
shear  layer  occurs  near  the  base  of  the  burner.  This  in  turn  leads  to  the  conclusion 
that  a  pilot  flame,  fed  from  the  recirculation  zone,  is  likely  to  be  located  near  (or 
be  attached  to)  the  base  of  the  burner,  consistent  with  observations  of  Roquemore 
et  al. 

Both  animated  and  mean  results  indicate  that  the  fuel  mass-fraction  in  the 
recirculation  zone  is  highest  in  a  small  region  around  the  outer  corner  of  the  step. 
This  coincides  with  the  location  of  a  small  counter  rotating  vortex  which  seems  to 
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trap  fuel-rich  fluid,  thus  increasing  the  fuel  mass-fraction  at  this  point.  The  counter 
rotating  vortex  is  located  directly  beneath  the  point  with  highest  entrainment  rate 
of  fluid  from  the  recirculation  zone  into  the  step  shear  layer.  This  strengthens  the 
likelihood  that  a  pilot  flame  might  be  found  at  the  base  of  the  burner. 

An  examination  of  large  scale  flow  structures  shows  that  the  step-  and  fuel  pipe 
shear  layers  merge  about  2-3  step  heights  downstream  of  the  expansion  creating  a 
zone  of  intense  mixing.  This  is  consistent  with  experimental  results  of  Roquemore 
et  al.  which  showed  a  region  of  intense  combustion  starting  about  2  step  heights 
downstream  of  the  expansion. 

By  studying  instantaneous  snapshots  of  the  fuel  mass-fraction  the  characteristic 
roll  up  of  vortices  shed  from  both  the  fuel  pipe  and  the  corner  of  the  step  are 
identified  in  the  early  part  of  the  shear  layers.  However,  the  structures  are  not  very 
coherent  and  it  is  difficult  to  identify  individual  vortex  rings.  Any  coherence  in  the 
structures  seems  to  break  down  after  the  two  shear  layers  have  merged. 

The  animation  also  helps  to  understand  why,  as  observed  by  Roquemore  et  al, 
a  lifted  flame  occasionally  would  flash  back  and  attach  to  the  base  of  the  burner, 
and  an  attached  flame  occasionally  would  lift  off.  The  animation  reveals  that  en¬ 
trainment  of  fuel  into  the  recirculation  zone  is  a  highly  unsteady  and  intermittent 
process.  In  fact,  the  animation  shows  that  occasional  pockets  of  air  from  the  annu¬ 
lar  stream  would  be  entrained  into  the  recirculation  zone  as  well,  thus  temporarily 
diluting  the  concentration  of  fuel.  Assuming  that  the  flame  is  attached,  the  sudden 
reduction  in  fuel  mass-fraction  might  quench  the  pilot  flame  thus  making  the  flame 
temporarily  lift  off  from  the  base  of  the  burner.  Likewise,  if  one  assumes  that  the 
flame  is  in  a  lifted  state,  a  pocket  of  fuel-rich  fluid  crossing  the  annular  air  stream 
could  temporarily  increase  the  fuel  mass-fraction  above  the  lean  flammability  limit, 
thus  making  the  flame  flash  back  and  attach  to  the  base  of  the  burner. 

The  fuel  to  air  ratio  used  in  the  present  calculation  corresponds  to  a  fuel-rich 
condition,  provided  the  fuel  is  propane.  The  average  concentration  of  fuel  calculated 
in  the  recirculation  zone  is  above  the  lean  flammability  limit  for  a  propane-air 
mixture,  indicating  that  the  flame  would  be  attached. 
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FUTURE  WORK 


All  calculations  done  as  part  of  this  study  were  cold  flow  calculations.  However, 
it  is  important  to  include  computations  of  the  chemical  reactions  associated  with 
the  combustion  process  in  order  to  be  able  to  more  accurately  address  the  issue 
of  lean  blow-out  (LBO).  Calculation  of  the  combustion  process  will  significantly 
increase  the  complexity  and  cost  of  an  LES.  Additional  differential  equations  must 
be  included  for  reaction  species,  compressible  or  variable  density  formulations  are 
required  to  account  for  the  expansion  due  to  heat  release,  and  a  model  is  needed  to 
simulate  the  chemical  reactions  taking  place  at  scales  smaller  than  the  grid  size. 

As  a  first  step  one  may  simulate  the  combustion  process  by  including  a  simple 
one-step  chemical  reaction,  assuming  infinite  reaction  rate  and  neglecting  the  effect 
of  heat  release.  This  would  improve  the  usefulness  of  the  simulation  in  that  it 
would  provide  an  opportunity  to  evaluate  the  amount  of  combustion  product,  in 
addition  to  unburnt  fuel,  entrained  into  the  recirculation  zone.  The  presence  of  hot 
combustion  products  is  crucial  in  determining  whether  a  combustible  mixture  will 
actually  ignite. 

Swirl  has  been  shown  to  greatly  enhance  the  mixing  of  fuel  and  air,  and  to 
promote  flame  stability  (Lilley,  1977).  Non-reacting  swirling  jets  have  been  found 
to  have  increased  growth  rates,  entrainment  rates  and  rates  of  decay  when  compared 
with  non- swirling  jets.  Reacting  swirling  jets  experience  differences  in  flame  shape, 
size,  stability  and  combustion  intensity  depending  on  the  amount  of  swirl  imparted 
on  the  flow.  The  physical  mechanisms  responsible  for  this  increased  performance 
are  not  completely  understood,  however,  and  numerical  simulations  should  be  able 
to  elucidate  these  processes.  Swirl  can  be  added  to  the  calculations  by  including 
an  azimuthal  body  force  in  the  air  jet  annulus.  The  swirl  number  can  be  controlled 
by  the  magnitude  of  the  body  force  relative  to  the  strearawise  pressure  gradient. 
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In  addition  to  swirl,  the  use  of  periodic  forcing  to  excite  natural  instability 
modes  has  been  shown  to  enhance  mixing  of  fuel  and  air  in  combustion  devices 
(Wicker  and  Eaton,  1994).  Enhanced  mixing  is  likely  to  help  stabilize  the  flame 
and  should  therefore  be  studied  as  a  means  for  preventing  LBO.  Forcing  can  be 
achieved  by  modulating  the  mass  flows  in  the  fuel  and  air  jets.  The  forcing  can  be 
applied  to  one  stream  at  a  time  or  simultaneously  to  both. 
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BACKWARD  FACING  STEP 


This  appendix  focuses  on  some  important  issues  related  to  LES  of  turbulent 
flow  over  a  backward  facing  step  not  covered  in  the  main  sections  of  this  report. 

Section  A.l  demonstrates  the  problems  resulting  from  using  a  uniform  stream- 
wise  grid.  If  the  resolution  around  the  corner  of  the  step  (both  in  the  streamwise- 
and  wall-normal  direction)  is  not  sufficiently  fine,  the  numerical  scheme  produces 
large  truncation  errors  in  this  region  that  are  convected  downstream  and  ultimately 
corrupt  the  solution. 

Section  A.2  is  aimed  at  showing  the  importance  of  having  good  inflow  turbulent 
boundary  conditions.  This  also  serves  to  show  that  flow  parameters  measured 
downstream  of  the  step  are  very  sensitive  to  the  state  of  the  flow  upstream  of  the 
step. 
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A.l  Streamwise  Grid 

Large  eddy  simulations  of  the  backward  facing  step  were  attempted  using  a 
uniform  streamwise  grid  distribution.  (The  wall-normal  grid  was  non-uniform,  as 
described  in  chapter  4,  part  I).  This  approach  did  however  give  rise  to  large  trun¬ 
cation  errors  around  the  singular  corner  point  which  had  an  overwhelming  effect  on 
the  flow  downstream  of  the  step.  (The  fact  that  no  such  problems  were  detected  in 
the  DNS  study  of  Le  &  Moin  simply  means  that  their  uniform  streamwise  resolution 
was  sufficient  to  control  the  numerical  errors  originating  at  the  corner  point). 

This  section  shows  results  from  six  large  eddy  simulations  of  the  backward 
facing  step.  The  computational  domain  was  the  same  as  that  described  in  chapter 
4,  part  I,  except  that  the  inlet  section  extended  lOh  upstream  of  the  step.  All  flow 
parameters  were  the  same  as  in  chapter  4,  part  I,  except  for  the  inflow  boundary 
condition  which  was  the  same  as  that  used  in  the  DNS  of  Le  &  Moin.  (Problems 
associated  with  this  inflow  condition  is  discussed  in  appendix  A. 2). 


Case 

x-grid 

f  h^jnin 

i^X  f  h^inax 

1 

Non-Uniform 

117 

0.045 

0.469 

2 

Non-Uniform 

187 

0.045 

0.284 

3 

Non-Uniform 

372 

0.045 

0.122 

4 

Uniform 

96 

0.312 

0.312 

5 

Uniform 

192 

0.156 

6 

Uniform 

384 

0.078 

0.078 

Table  A. 1-1,  An  overview  of  the  cases  used  to  study  the  effect  of  uniform  versus  non- 
uniform  streamwise  grid. 

The  six  cases  are  summarized  in  table  A. 1-1,  which  gives  the  number  of  stream- 
wise  grid-points  as  well  as  the  minimum  and  maximum  streamwise  grid  spacings. 
The  number  of  streamwise  grid-points  given  in  table  A.  1-1  is  the  total  number  of 
points,  including  the  inlet  section.  All  cases  used  a  stretched  grid  with  48  grid- 
points  in  the  wall-normal  direction  (the  same  grid  as  that  used  in  all  but  one  of  the 
cases  in  chapter  4,  part  I)  and  32  uniformly  distributed  points  in  the  spanwise 
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direction.  Three  different  streamwise  resolutions  were  considered  ranging  from 
coarse  through  medium  to  fine.  All  cases  were  run  using  the  DM  model  (equa¬ 
tion  2.2-25).  The  non-uniform  streamwise  grid  distributions  were  designed  to  have 
a  minimum  Ax  (at  the  corner)  close  to  that  used  in  the  DNS  study  of  Le  &  Moin 
(who  used  a  imiform  grid  with  Ax/h  =  0.039).  The  maximum  grid-spacing  occurs 
at  the  exit  of  the  domain.  Figure  A.1-1  shows  the  grid  spacing,  Ax,  as  a  function 
of  streamwise  distance  for  the  three  non-uniform  streamwise  grids. 

The  results  from  the  simulations  are  presented  using  the  coefficient  of  friction, 
Cf,  along  the  lower  wall  as  example.  Figure  A.  1-2  shows  the  coefficient  of  friction 
downstream  of  the  step  for  the  three  cases  with  uniform  streamwise  grid.  Figure 
A.  1-3  shows  a  similar  plot  for  the  cases  with  non-uniform  streamwise  grid. 

Since  subgrid  scale  modeling  involves  assumptions  and  approximations,  one 
would  not  expect  the  results  from  a  large  eddy  simulation  to  be  fully  independent 
of  the  grid  resolution.  However,  one  would  expect  the  results  to  converge  towards 
the  DNS  results  as  the  computational  grid  is  refined.  This  is  clearly  the  case  with 
the  results  in  figure  A.  1-3.  Only  minor  changes  are  observed  in  the  coefficient  of 
friction  as  the  grid  is  refined.  The  reattachment  length  ranges  from  6A8h  for  the 
finest  grid  (Nx  =  372)  to  6.86h  for  the  coarse  grid  {Nx  =  117). 

Figure  A.  1-2,  on  the  other  hand,  reveals  dramatic  changes  in  the  coefficient 
of  friction  as  the  (uniform)  streamwise  grid  is  refined.  The  reattachment  length 
changes  from  4.87h  for  the  coarse  grid  to  6.67h  for  the  fine  grid,  an  increase  of  more 
than  35  percent.  The  fact  that  the  coarse  grid  calculations  with  uniform  streamwise 
grids  have  large  problems  around  the  corner  can  be  seen  from  figure  A.  1-4,  which 
shows  a  sharp  spike  in  the  coefficient  of  friction  at  the  corner  of  the  step  for  the 
coarser  resolutions.  As  the  number  of  grid-points  increase  the  height  of  the  spike 
decreases,  and  for  the  finest  grid  {Nx  =  384),  the  spike  has  all  but  vanished.  In 
fact,  no  significant  difference  is  observed  when  comparing  the  coefficient  of  friction 
from  the  two  high-resolution  cases  (see  figure  A.  1-5). 

The  examples  given  above  confirm  that  the  errors  associated  with  the  singular 
corner  point  can  be  controlled  by  refining  the  grid  around  the  corner.  It  is  clear 
that  a  uniform  streamwise  grid  is  inappropriate  for  LES  of  turbulent  flow  over  the 
backward  facing  step  when  resolving  the  wall-layers. 
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A. 2  Inflow  Boundary  Condition 

This  section  demonstrates  the  problems  experienced  in  the  low  Reynolds  num¬ 
ber  large  eddy  simulations  of  the  backward  facing  step  when  the  inflow  boundary 
condition  is  determined  using  the  random  number  method  of  Le  &  Moin.  Be¬ 
cause  the  turbulence  supplied  at  the  inflow  boundary  lacks  structures,  the  flow 
goes  through  a  transition  before  recovering.  Whereas  the  flow  was  able  to  recover 
within  lOh  in  the  DNS  of  Le  &  Moin,  the  same  was  not  found  to  be  the  case  in  the 
large  eddy  simulations.  The  resulting  effect  on  the  flow  downstream  of  the  step  is 
discussed  below. 

Two  LES  cases  are  compared  with  the  DNS  results  of  Le  Sz  Moin.  The  first, 
which  used  the  random  number  method  of  Le  &  Moin  at  the  inflow  boundary,  is 
case  2  from  table  A.  1-1.  The  second  LES  case,  which  involved  fully  developed 
turbulence  just  upstream  of  the  step,  is  the  case  labeled  DMBA  in  section  4.1,  part 
I  (see  table  4.2-1,  part  I).  The  only  difference  between  the  two  LES  cases  is  the 
inflow  boundary  condition  (and  consequently  the  length  of  the  inlet  section). 

The  transitional  zone  in  the  inlet  section,  caused  by  using  random  numbers 
at  the  inflow  boundary,  can  be  seen  in  figure  A.2-1.  The  random  number  inflow 
boundary  condition  was  designed  to  match  the  statistical  characteristics  of  a  tur¬ 
bulent  boundary  layer  calculated  by  Spalart  (1988).  The  coefficient  of  friction  from 
this  calculation  is  also  shown  as  reference.  It  is  apparent  that  both  the  DNS  and 
LES,  using  the  random  number  inflow  boundary  condition,  go  through  a  transition 
before  starting  to  recover.  However,  unlike  the  DNS,  the  coefficient  of  friction  in 
the  LES  is  not  able  to  recover  within  the  length  of  the  inlet  section. 

Figure  A. 2-2  shows  the  turbulence  intensities  and  the  turbulent  shear  stress 
0.2h  upstream  of  the  step  for  the  LES  (random  number  inflow)  and  the  DNS. 
Also  shown  are  the  corresponding  values  obtained  by  Spalart  (1988).  (Recall  that 
only  the  resolved  part  of  the  turbulence  intensities  are  shown  for  the  LES.  The 
turbulent  shear  stress  includes  the  subgrid  scale  contribution).  Figure  A. 2-2  reveals 
an  over-prediction  in  and  an  under-prediction  in  and  for  the  LES 

compared  with  the  DNS.  This  is  a  result  generally  found  in  coarse  grid  large  eddy 
simulations  of  wall-bounded  flows.  The  turbulent  shear  stress  is  also  significantly 
under-predicted  by  the  LES. 
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The  dramatic  effect  of  the  inflow  condition  on  the  flow  characteristics  down¬ 
stream  of  the  step  can  be  seen  by  comparing  the  coefiicient  of  friction  along  the  lower 
wall.  This  is  done  in  figure  A.2-3.  The  result  from  the  LES  with  fully  developed 
turbulent  inflow  shows  excellent  agreement  with  the  DNS  data.  The  reattachment 
location  predicted  by  the  DNS  is  6.28/i.  The  LES  with  fully  developed  turbulent 
inflow  predicts  a  reattachment  length  of  6.36/i,  which  is  only  about  1  percent  off 
compared  with  the  DNS  value.  The  results  from  the  other  LES  case  show  more 
pronounced  discrepancies,  particularly  in  the  recirculation  region  (i.e.  x/h  less  than 
about  6).  The  reattachment  length  calculated  is  6.69h,  or  6  percent  larger  than  the 
DNS  value. 

Figure  A. 2-4  shows  mean  streamwise  velocity  profiles  at  five  locations  upstream 
of  reattachment.  It  is  obvious  that  the  results  from  the  LES  using  the  random 
number  inflow  boundary  condition  compares  poorly  with  the  DNS  profiles  of  Le  Sz 
Moin.  The  other  LES  case  is  in  excellent  agreement  with  DNS. 

The  difference  between  the  two  LES  cases  is  even  more  pronounced  in  the 
mean  wall-normal  velocity  profiles,  shown  in  figure  A. 2-5.  Good  agreement  between 
the  DNS  and  the  LES  using  fully  developed  turbulence  at  the  inlet  are  observed. 
However  the  results  from  the  other  LES  case  show  poor  agreement  with  DNS. 

Based  on  the  results  presented  it  is  obvious  that  it  is  important  to  have  the 
correct  flow  characteristics  upstream  of  the  step  in  order  to  be  able  to  correctly 
predict  the  flow  behavior  downstream  of  the  expansion.  The  long  inlet  section  used 
in  the  DNS  study  by  Le  k  Moin  insured  that  the  flow  had  the  right  characteristics 
upstream  of  the  expansion,  despite  a  rather  long  recovery  region.  However,  when 
using  the  same  inflow  boundary  condition  for  low  Reynolds  number  LES,  the  flow 
is  not  able  to  recover,  resulting  in  significant  discrepancies  in  the  solution. 
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Figure  A. 1-3,  Coefficient  of  friction  downstream  of  the  step,  along  the  lower  wall. 
Non-uniform  streamwise  grid.  - :  Nx  =  117;  - :  Nx  =  187; 


Figure  A. 1-4,  Coefficient  of  friction  along  the  lower  wall,  including  the  inlet  sec 
tion.  Uniform  streamwise  grid.  - :Nx  =  96;  - :  Nx  =  192; 
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Figure  A. 1-5,  Coefficient  of  friction  downstream  of  the  step,  along  the  lower  wall. 

- :  Uniform  streamwise  grid  {Nx  =  372);  - :  Non-uniform  streamwise 

grid  (Nx  =  384). 
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Figure  A. 2-1,  Coefficient  of  friction  in  the  inlet  section.  - :  LES,  Random 

numbers  at  inlet;  .  :  DNS  (Le  &  Moin);  o  :  Spalart,  1988  (DNS). 
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at  inlet;  o  :  DNS  (Le  &  Moin). 
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This  appendix  summarizes  some  of  the  details  involved  in  working  with  cylin¬ 
drical  coordinates.  Section  B.l  lists  the  Navier-Stokes  equations.  Implementation 
of  the  control  volume  formulation  is  outlined  in  section  B.2.  Section  B.3  gives  the 
implicit  and  explicit  operators  related  to  the  time-integration  scheme. 

B.l  Governing  Equations 

The  Navier-Stokes  equations  in  cylindrical  coordinates  are  given  in  equation 
B.1-1.  The  first  line  in  the  equations  gives  the  convective  terms  (in  addition  to  the 
pressure  gradient).  The  second  line  gives  the  diffusive  terms  and  the  last  line  gives 
the  cross-terms.  The  latter  are  due  to  the  viscosity  being  a  function  of  space.  If 
the  viscosity  was  constant  continuity  would  remove  these  terms. 
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The  equations  can  be  rearranged,  grouping  relevant  flux  terms,  to  yield: 
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B.2  Control- Volume  Formulation 

This  section  shows  how  the  control  volume  formulation  is  applied  to  the  Navier- 
Stokes  equations  in  cylindrical  coordinates.  The  basis  for  the  evaluation  is  the 
Navier-Stokes  equations  in  vector  form: 

^  = -V0  +  V- {i/Vu+i/(Vu)^-u®u}  (5.2-1) 

On  a  staggered  grid  the  control-volumes  used  for  the  three  momentum  equa¬ 
tions  do  not  coincide.  However,  for  the  purpose  of  the  following  development  a 
“general”  control-volume,  shown  in  figure  B.2-1,  will  be  used.  It  is  assumed  that 
the  control-volume  is  appropriately  surrounding  a  velocity-node  corresponding  to 
the  momentum  equation  being  analyzed. 

The  grid  is  assumed  to  be  uniform  in  all  three  coordinate  directions,  with 
spacings  Ax,  Ar,  and  A9.  A  superscript  indicates  a  quantity  evaluate  at  the 
front  face  of  the  control  volume.  Correspondingly,  a  superscript  ”  is  taken  to 
indicate  a  quantity  evaluate  at  the  back  face  of  the  control  volume,  n  represents  an 
outward  unit  vector  to  any  given  surface  of  the  control- volume.  The  discrete  volume 
and  surface  areas  of  the  control-volume  are  (the  subscript  indicates  the  direction  of 
the  normal  to  the  surface): 


SV  =  rjnAxArAd, 

SSx  =  rmArAO,  SSr  =  rAdAx,  5S$  =  ArAx  (5.2-2) 

where 

Vm  =  l{r  4-  (r  -I-  Ar)}  (5.2-3) 

Integrating  equation  B.2-1  over  the  infinitesimal  control- volume  of  figure  B.2-1 
gives: 


/  /  V- {i/Vu  +  i/(Vu)^-u®u}dI/ 

Jv  Jv 


(5.2-4) 


Invoking  Gauss’  theorem,  and  dividing  through  by  the  volume,  SV  gives: 
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L  Is"- 

The  following  shows  the  evaluation  of  the  last  integral  on  the  right-hand-side  of 
equation  B.2-5  for  the  three  momentum  equations  given  in  cylindrical  coordinates. 
A  superscript  (x,  r,  or  B)  indicates  the  direction  of  the  normal  on  the  surface  where 
the  term  is  evaluated. 

Axial  momentum  equation 


.X  1 

J 

—  (WrWx) 

~r-Y  \  e^, 

/  rmAr 

-^1 

{ugUx)'^  -  (u^Ua;)“  j 

»  1 

TmAB 

(B.2-6) 


+  {(.^)V-(.^)vr^ 

I V  or  /  \  or  J  i  Tm  Ar 


r2 


(B.2-7) 


'dUr\-  1 


dx 
'dua\-i- 


Tm^r 


dug\-'\^  1 


(B.2-8) 


-  268  - 


Control-  Volume  Formulation 


Appendix  B.2 


Radial  momentum  equation 
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Azimuthal  momentum  equation 
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All  terms  in  the  axial  momentum  equation  are  evaluated  according  to  equations 
B.2-6,  B.2-7,  and  B.2-8.  Likewise,  all  terms  in  the  radial  momentum  equation  are 
evaluated  according  to  equations  B.2-9,  B.2-10,  and  B.2-11,  with  one  exception. 
The  term: 


V  duo  U  ,  (  duo\-\^  1 

“I  \  de)  '^VdeJ  /  2r^ 

appearing  in  both  equation  B.2-10  and  B.2-11,  can  not  be  evaluated  in  this  form, 
unless  the  differencing  stencil  is  expanded  to  include  four  points  (as  can  be  seen 
from  figure  B.2-2).  It  is  not  desirable  to  expand  the  differencing  stencil,  and  the 
conservative  evaluation  of  this  particular  term  is  therefore  abandoned.  Instead  the 
term  is  evaluated  as  a  source  term,  at  the  center  of  the  control-volume. 

The  same  arguments  apply  to  the  following  two  terms  from  equations  B.2- 13 
and  B.2- 14: 


These  terms  cannot  be  treated  with  a  conservative  formulation  without  expand¬ 
ing  the  differencing  stencil.  The  terms  are  therefore  evaluated  as  source  terms.  All 
other  terms  in  the  azimuthal  momentum  equation  are  treated  according  to  equa¬ 
tions  B.2-12,  B.2-13  and  B.2-14, 

As  on  a  Cartesian  grid,  linear  interpolation  is  used  to  get  quantities  at  loca¬ 
tions  between  naturally  occurring  grid-nodes.  Special  treatment  at  the  centerline 
is  described  in  chapter  3,  part  II. 
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B.3  Temporal  Integration 

The  three-step  time-advancement  scheme  (Spalart,  1987,  Spalart  et  al,  1991) 
used  to  integrate  the  momentum  equations  was  presented  in  section  3.3.1,  part  I 
(see  specifically  equation  3.3-4).  This  section  shows  the  form  of  the  A  (explicit 
treatment)  and  B  (implicit  treatment)  operators  used  in  coaxial  jet-combustor  cal¬ 
culations. 

As  explained  in  section  3.3,  part  II,  the  computational  domain  has  been  di¬ 
vided  into  two  regions,  one  (core-region)  in  which  all  terms  with  derivatives  in  the 
azimuthal  direction  are  treated  implicitly,  and  the  other  (outer-region)  in  which 
all  terms  with  derivatives  in  the  radial  direction  are  treated  implicitly.  In  the 
core-region  the  A  and  B  operators  are  defined  as: 
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Similarly  the  A  and  B  operators  in  the  outer-region  are  defined  as; 
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Subscript  1,2,3  on  the  symbols  for  the  operators  (A,  B)  indicates  the  axial, 
radial  and  azimuthal  equations,  respectively. 
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Figure  B.2-2,  Staggered  grid  in  cylindrical  coordinates. 
□  :  location  for  ug. 


o  :  location  for  u 
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TURBULENT  PIPE-FLOW 


This  appendix  summarizes  the  results  from  a  DNS  and  a  LES  of  turbulent  flow 
in  a  circular  pipe.  The  Reynolds  number  was  180  (based  on  pipe  radius  and  friction 
velocity),  and  the  results  are  compared  with  the  experimental  results  of  Westerweel 
et  al.  (1992)  (see  also  Eggels  et  ai,  1994),  and  DNS  results  by  Eggels  et  al  (1994). 

The  objective  of  the  simulations  is  to  validate  the  numerical  method  developed 
for  the  coaxial  jet-combustor  calculations,  described  in  chapter  3,  part  II. 

Section  C.l  gives  a  brief  description  of  the  two  reference  cases,  and  section  C.2 
describes  the  computational  setup.  Results,  including  mean  quantities  and  second 
order  statistics  are  described  in  section  C.3,  and  a  few  words  about  the  computer 
program  performance  are  included  in  section  C.4.  Section  C.5  offers  conclusions. 


C.l  Reference  Cases 

C.l.l  Experiments 

Measurements  (Westerweel  et  al.,  1992)  were  done  near  the  end  of  a  smooth 
pipe  with  radius  (i?)  63.5  mm,  and  length  26SR.  The  Reynolds  number  was  2725 
based  on  bulk  velocity  and  radius,  R.  Both  laser  Doppler  anemometry  (LDA) 
and  particle  image  velocimetry  (PIV)  were  used  in  the  experiments.  The  air  flow 
through  the  pipe  passed  a  settling  chamber,  a  honeycomb,  and  a  square  grid  with 
mesh  size  of  1  mm  and  a  solidity  of  about  1,  before  entering  the  pipe.  The  purpose 
of  the  grid  was  to  reduce  the  development  length  needed  to  reach  a  fully  developed 
turbulent  state. 
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C.1.2  Direct  Numerical  Simulation 

The  computational  domain  used  by  Eggels  et  al.  (1994),  consisted  of  a  cylin¬ 
drical  pipe  of  length  lOR.  The  Reynolds  number  was  180  (based  on  radius,  R,  and 
friction  velocity,  Ur).  Periodic  boundary  conditions  were  used  in  the  axial  and  az¬ 
imuthal  directions,  and  no-slip  was  used  along  the  wall.  The  grid  had  256  x  96  x  128 
points  in  the  axial,  radial  and  azimuthal  directions,  respectively.  The  computational 
grid  was  uniform  in  all  coordinate  directions. 

Due  to  the  fine  azimuthal  grid  spacing  near  the  centerline,  all  terms  with  deriva¬ 
tives  in  the  azimuthal  direction  were  treated  implicitly  in  the  entire  computational 
domain.  All  other  terms  were  treated  explicitly.  The  implicit  time-integration 
scheme  applied  second  order  Crank-Nicholson  to  the  convective  terms,  and  first 
order  implicit  Euler  to  the  diffusive  terms.  The  explicit  time-integration  scheme 
used  second  order  Leapfrog  on  the  convective  terms  and  first  order  explicit  Euler 
on  the  diffusive  terms. 

Since  all  terms  with  radial  derivatives  were  treated  explicitly,  the  maximum 
allowable  time-step  (for  stability  reasons)  was  restricted  by  the  radial  grid-spacing. 
The  radial  grid-spacing  was  Ar"*"  =  1.88  in  wall- coordinates,  which  limited  the 
time-step.  At,  to  0.0004  time-units  (R/ur)- 

After  reaching  a  statistically  steady  state,  statistics  were  collected  over  a  pe¬ 
riod  of  4  time-units  at  intervals  spaced  roughly  0.1  time-units  apart.  In  addition, 
averaging  was  performed  over  the  homogenous  axial-  and  azimuthal  directions. 
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C.2  Case  Descriptions 

Two  calculations  were  performed  at  Rtr  =  180,  using  the  numerical  scheme 
outlined  in  chapter  3,  part  II.  The  first  is  a  DNS,  using  256  x  68  x  128  grid-points  in 
the  axial,  radial,  and  azimuthal  directions,  respectively.  The  second  is  a  LES,  using 
32  X  38  X  64  grid  points.  The  latter  case  is  based  on  the  DM  model.  The  numerator 
and  denominator  in  the  expression  for  the  model  parameter,  C,  were  averaged  in 
the  two  homogenous  directions,  leaving  C  a  function  of  the  radial  coordinate  and 
time. 

The  grid  was  uniform  in  the  streamwise  and  azimuthal  directions,  but  non- 
uniform  in  the  radial  direction.  The  grid-spacings  in  wall-units  are  listed  in  table 
C.2-1  for  the  two  cases  (DNS  and  LES)  as  well  as  for  the  DNS  case  of  Eggels  et  al. 
(DNS"). 


Case 

Ax'^ 

{RAe)+ 

(ArA«)S 

1> 

^^max 

DNS" 

7.03 

8.84 

0.09 

1.88 

1.88 

1.88 

DNS 

7.03 

8.84 

0.13 

0.17 

2.61 

5.94 

LES 

56.3 

17.7 

0.42 

0.69 

4.28 

8.87 

Table  C.2-1,  Grid  Resolution  in  wall-coordinates. 


The  minimum  grid  spacing  (at  the  wall)  in  the  radial  direction  gives  the  lo¬ 
cation  for  the  first  Ur  velocity-point  off  the  wall.  The  azimuthal  grid-spacing  at 
the  centerline  uses  the  radial  distance  to  the  first  Ur  velocity-point  away  from  the 
centerline. 

From  table  C.2-1  it  is  evident  that  the  radial  grids  used  for  the  present  DNS 
and  LES  cases  were  somewhat  refined  near  the  centerline,  in  addition  to  a  significant 
refinement  at  the  wall.  The  radial  refinement  towards  the  centerline  was  found  to 
give  a  slightly  better  agreement  with  the  DNS  of  Eggels  et  ai,  compared  with  a 
case  with  no  radial  grid-refinement.  The  DNS  with  no  radial  grid-refinement  at  the 
centerline  gave  =  Ar^  =  8.8. 

As  explained  in  chapter  3,  part  II,  the  temporal  integration  scheme  splits  the 
computational  domain  into  two  parts;  the  core-region  and  the  outer  region.  For 
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the  present  pipe  calculations,  the  interface  between  the  two  regions  was  located  at 

o.sii:. 

The  DNS  was  run  at  a  fixed  time-step,  At,  of  0.001  time-units,  whereas  the 
LES  was  run  with  At  =  0.002.  The  DNS  was  run  11.7  time-units  in  order  to  fiush 
out  transients  resulting  from  the  initial  condition.  Statistics  were  then  collected 
at  every  time-step  over  a  period  of  14.1  time-units.  The  LES  was  run  43.6  time- 
units  to  fiush  out  transients,  followed  by  41.2  time-units  for  sampling  statistics. 
Statistics  were  calculated  by  averaging  in  time  as  well  as  in  the  homogenous  axial 
and  azimuthal  coordinate  directions. 
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C.3  Results 

This  section  shows  the  results  from  the  DNS  and  LES  done  in  order  to  verify 
the  numerical  algorithm  outlined  in  chapter  3,  part  II. 

C.3.1  Mean  Flow  Properties 

Several  mean  flow  properties  from  the  present  simulations  and  the  reference 
cases  are  listed  in  table  C.3-1.  Following  Eggels  et  al.  (1994),  the  following  defini¬ 
tions  were  adopted  for  the  displacement  thickness,  5* ,  and  the  momentum  thickness, 

e*: 


5*{2-5*)  =  2  (C.3-1) 

9*{2-9*)=^2  f  (C.3-2) 

Jo  ^cl  ^  ^cl  ' 

where  Ud  is  the  centerline  velocity,  and  all  variables  have  been  normalized  using 
the  radius,  and  the  friction  velocity,  Ur-  The  coefficient  of  friction  given  in  table 
C.3-1  is  based  on  the  bulk  velocity,  Ubt  and  calculated  from: 


Cf  = 


(C.3-3) 


From  table  C.3-1  it  follows  that  the  present  DNS  results  agree  to  within  a 
few  tenths  of  a  percent  with  those  of  Eggels  et  al.  Good  agreement  with  the 
experimental  results  of  Westerweel  et  al.  is  also  observed.  Minor  deviations  are 
observed  between  the  LES  results  and  the  DNS  results.  In  particular,  the  coefficient 
of  friction  is  too  low,  which  explains  the  higher  bulk  velocity.  The  deviations  are 
similar  to  those  found  between  LES  and  DNS  of  turbulent  channel  flow  (when  using 
second  order  spatial  discretization  schemes). 

The  mean  velocity  profile,  normalized  by  the  centerline  velocity,  Ud,  is  shown 
in  figure  C.3-1.  Figure  C.3-2  shows  the  mean  velocity  profiles  plotted  in  wall  coordi¬ 
nates.  Excellent  agreement  between  the  present  DNS  results  and  the  two  reference 
cases  is  observed.  The  mean  velocity  profile  from  the  LES,  on  the  other  hand,  shows 
a  small  over-prediction  in  the  log-region. 
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LES 

DNS 

DNS® 

PIV 

LDA 

Rtr 

180 

180 

180 

183 

185.5 

Ucl 

19.15 

19.32 

19.31 

19.38 

19.39 

Ub 

15.11 

14.70 

14.73 

14.88 

14.68 

Uci/Ub 

1.27 

1.31 

1.31 

1.30 

1.32 

Cf ■ 10" 

8.76 

9.25 

9.22 

9.03 

9.28 

0.112 

0.128 

0.127 

0.124 

0.130 

e* 

0.059 

0.069 

0.068 

0.068 

0.071 

H 

1.89 

1.85 

1.86 

1.83 

1.83 

Table  C.3-1,  Mean  flow  properties.  PIV  and  LDA  are  measurements  from  Westerweel 
et  al.  DNS®  are  results  from  Eggels  et  al.  LES  and  DNS  are  results  from  the  present 
calculations. 

C.3. 2  Turbulence  Intensities 

Turbulence  intensities  are  shown  in  figures  C.3-3,  C.3-4,  and  C.3-5.  (The  LES 
results  include  the  resolved  part  of  the  intensities  only).  An  overall  excellent  agree¬ 
ment  is  observed  between  the  present  DNS  and  the  DNS  of  Eggels  et  al.  The 
increase  in  {u")r-ma  from  the  PIV  measurements  near  the  wall  is  attributed  to  the 
data  being  obscured  by  noise  at  small  scales.  The  somewhat  high  value  in  {u'^)rms 
from  the  PIV  measurements  around  the  peak  is  by  Westerweel  et  al.  regarded  as  a 
statistical  error.  Despite  these  problems  the  experimental  values  agree  reasonably 
well  with  the  DNS  data. 

Discrepancies  are,  however,  observed  between  the  LES  results  and  results  from 
the  other  cases.  It  can  in  particular  be  noticed  that  {u")rms  is  over-predicted, 
whereas  (u")rms  and  {ug)rms  are  under-predicted.  This  is  a  well  known  consequence 
of  inadequate  grid  resolution  in  numerical  simulations  of  wall  bounded  flows. 

C.3. 3  Turbulent  Shear  Stress 

The  turbulent  shear  stress  is  shown  in  figure  C.3-6.  Only  minor  difference  are 
observed  between  the  present  DNS  and  the  DNS  of  Eggels  et  al.  The  turbulent 
shear  stress  from  the  LES,  which  includes  the  contribution  from  the  subgrid  scale 
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model,  does  also  show  very  good  agreement  when  compared  with  the  DNS  results. 

Figure  C.3-7  shows  the  resolved  part  of  the  turbulent  shear  stress  from  the 
LES,  compared  with  the  total  shear  stress.  Also  shown  is  the  subgrid  scale  shear 
stress.  It  is  evident  that  the  subgrid  scale  contribution  to  the  total  shear  stress  is 
small,  peaking  at  about  6-7  percent  of  the  resolved  shear  stress. 

Figure  C.3-8  shows  the  ratio  of  the  eddy-viscosity  to  molecular  viscosity  as  a 
function  of  radius.  The  maximum  value  is  about  0.25. 

The  total  stress  balance  in  the  pipe  is  shown  in  figure  C.3-9.  The  linearity  of 
the  total  stress  profile  is  confirmed. 
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C.4  Computer  Program  Performance 

As  pointed  out  previously,  the  time-integration  method  developed  in  chapter  3, 
part  II,  splits  the  computational  domain  into  two  parts,  treating  different  terms  in 
each  part  with  implicit  or  explicit  time- integration  schemes.  The  purpose  is  to  avoid 
the  severe  time-step  limitations  usually  encountered  in  cylindrical  geometries  due 
to  the  fine  azimuthal  grid  around  the  centerline.  At  the  same  time  it  is  important 
to  resolve  the  wall-layer  properly  without  being  penalized  unnecessarily  in  terms  of 
reduced  time-step. 

The  method  used  by  Eggels  et  al.  (1994),  solved  the  problem  at  the  centerline 
by  treating  all  terms  with  derivatives  in  the  azimuthal  direction  implicitly.  However, 
this  leaves  a  trade-off  between  minimum  radial  resolution  and  maximum  time-step. 
The  radial  grid-spacing  used  by  Eggels  et  al.,  was  Ar"*"  =  1.88.  In  order  to  avoid 
numerical  instabilities,  the  maximum  time-step.  At,  was  then  limited  to  0.0004 
R/ur- 

For  comparison,  the  maximum  time-step  used  in  the  present  DNS  calculation 
was  0.001  R/ur  (a  factor  of  2.5  higher  than  that  used  by  Eggels  et  al),  with  a 
minimum  radial  grid-spacing  at  the  wall  of  Ar"*"  =  0.17.  This  is  a  factor  of  10 
smaller  than  the  radial  grid-spacing  used  by  Eggels  et  al.  Since  the  maximum 
time-step  goes  as  Ar^,  the  radial  resolution  used  in  the  present  case  would  not  have 
been  practical  if  only  terms  with  derivatives  in  the  azimuthal  direction  were  treated 
implicitly. 

Eggels  et  al.  report  that  their  code  needed  about  5.7  CPU  hours  per  time-unit 
on  a  Cray  YMP.  This  would  correspond  to  about  2.6  CPU  hours  on  a  Cray  C-90. 
Due  to  the  higher  time-step  used  in  the  present  DNS  calculation,  we  needed  only 
about  1.3  CPU  hours  per  time-unit.  For  comparison,  the  LES  calculation  needed 
about  0.1  CPU  hours  per  time-unit. 

The  present  DNS,  covering  a  total  of  25.8  time-units,  required  about  34  CPU 
hours  to  complete  on  a  Cray  C-90.  The  LES,  covering  90  time-units  (which  probably 
is  an  overkill)  took  8  CPU  hours  to  complete. 

The  conclusion  is  that  the  numerical  method  developed  in  chapter  3,  part  II  is 
significantly  less  CPU  consuming  than  the  simpler  approach  used  by  Eggels  et  al., 
yet  it  allows  for  more  flexibility  in  terms  of  radial  and  azimuthal  grid  spacings. 
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Figure  C.3-6,  Turbulent  shear  stress.  - :  DNS;  - :  LES  (including 

SGS  term);  .  :  DNS^’;  o  :  PIV,  Westerweel  et  al. 


Figure  C.3-7,  Turbulent  shear  stress.  -  :  LES,  Including  SGS  model 

contribution;  - :  LES,  Resolved  stress  only;  .  :  Subgrid  scale  stress. 
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COAXIAL  JET-COMBUSTOR 


This  appendix  contains  three  sections  related  to  the  contents  of  chapter  5,  part 
II.  Section  D.l,  includes  results  from  the  preliminary  calculations  performed  of  the 
coaxial  jet-combustor  in  order  to  determine  the  grid- resolution  requirements  for  the 
basic  case  (described  in  chapter  4,  part  II).  Section  D.2  focuses  on  the  case  that 
was  labeled  the  “animation  case”  in  the  introduction  of  chapter  4,  part  II.  Results 
from  this  case  were  animated  and  recorded  on  video-tape.  Section  D.2  includes  the 
computational  setup  used  for  the  animation  case,  a  description  of  the  contents  of 
the  video-tape,  and  a  comparison  of  statistical  quantities  with  those  of  the  basic 
case  (chapter  5,  part  II)  and  experiments  (Johnson  &  Bennett,  1981,  1984). 

Section  D.3,  shows  results  from  a  calculation  performed  using  the  same  grid 
resolution  as  the  animation  case,  but  with  the  fuel  mass-fraction  at  the  inlet  changed 
in  order  to  give  a  jet  (bulk)  velocity  ratio  of  2.2  (instead  of  3.1  which  was  used  in  all 
other  cases).  The  latter  case  was  motivated  by  the  fact  that  there  seems  to  be  an 
inconsistency  in  the  experimental  data  of  Johnston  &  Bennett.  The  volume  flow- 
rates  (in  the  central  and  annular  pipes)  quoted  in  the  report  gives  a  velocity  ratio  of 
3.1.  Yet,  by  analysing  the  measured  mean  velocity  profile  at  the  first  measurement 
station  (a;/h=0.41)  the  velocity  ratio  seems  to  have  been  closer  to  2.2. 
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D.l  Preliminary  Calculations 

This  section  shows  results  from  preliminary  calculations  done  to  determine  the 
grid  resolution  for  the  basic  case.  The  grid  was  varied  independently  in  all  three 
coordinate  directions,  using  three  different  resolutions  in  each  direction.  Thus,  a 
total  of  seven  cases  were  considered.  The  length  of  the  inlet  section  was  Ih  in  some 
cases  and  5h  in  others.  The  length  of  the  downstream  region  was  approximately 
20h  in  all  cases.  All  flow  parameters  were  the  same  as  those  used  in  chapter  5,  part 
II. 

It  should  be  pointed  out  that  due  to  excessive  computer  requirements  the  sta¬ 
tistical  sampling  period  was  kept  short  in  all  of  the  preliminary  calculations.  In 
most  cases  statistics  were  sampled  over  no  more  than  30-60  time- units  (hfUc), 
corresponding  to  1-2  flow-through  times.  For  first  and  second  order  statistics  sam¬ 
pled  at  the  axial  stations  closest  to  the  point  of  expansion  the  short  sampling  time 
seemed  to  be  sufficient  to  get  reasonable  convergence.  However,  it  is  harder  to  reach 
a  converged  state  further  downstream. 

D.1.1  Axial  Resolution 

Three  different  axial  resolutions  were  considered,  keeping  the  radial  and  az¬ 
imuthal  resolutions  the  same.  The  inlet  section  in  all  cases  extended  5h  upstream 
of  the  expansion.  The  number  of  grid-points  used  in  each  case  are  given  in  table 
D.1-1.  Nx  gives  the  total  number  of  grid-points  in  the  axial  direction  and 
gives  the  number  of  axial  points  used  to  cover  the  (rather  long)  inlet  section.  Table 
D.1-1  also  gives  an  identifying  label  associated  with  each  case.  Figure  D.1-1  shows 
the  axial  grid-spacing.  Ax,  versus  axial  distance,  x.  The  radial  grid  was  the  same 
as  that  used  in  the  basic  case,  but  the  azimuthal  grid  had  only  64  points,  compared 
with  128  points  in  the  basic  case. 

It  should  be  pointed  out  that  case  CX2  is  the  same  as  the  “animation”  case 
(see  appendix  D.2).  This  case  was  run  about  120  time  units  (4  flow-through  times) 
to  remove  transients  (resulting  from  interpolation  of  the  initial  flow-field)  before 
starting  to  save  frames  for  the  animation,  and  sample  statistics.  Statistics  were 
collected  over  a  period  of  120  time-units.  Thus,  the  results  from  case  CX2  are 
statistically  well  converged.  Cases  CXI  and  CX3,  on  the  other  hand,  were  run 
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only  37  and  51  time-units,  respectively,  for  gathering  statistics  following  a  period 
of  about  30  time-units  used  to  remove  transients  from  the  initial  flow-fields. 


j^inlet 

Nr 

Ne 

CXI 

98 

35 

76 

64 

CX2 

192 

70 

76 

64 

CX3 

353 

130 

76 

64 

Table  D.1-1,  Number  of  grid-points  for  the  axial  resolution-study  cases. 

Six  quantities  are  used  to  compare  the  results  from  the  three  calculations. 
These  include  mean  axial  and  radial  velocities,  turbulence  intensities  in  all  three 
coordinate  directions,  and  the  turbulent  shear  stress.  The  turbulence  intensities 
include  only  the  resolved  part  of  the  quantity,  whereas  the  turbulent  shear  stress 
includes  the  SGS  model  contribution. 

Figure  D.1-2  shows  the  mean  axial  velocity  profiles  at  streamwise  stations  rang¬ 
ing  from  xjh  =  0.41  to  x/h  =  8.06.  At  the  first  three  stations  there  seems  to  be  a 
significant  change  in  the  results  when  going  from  the  coarse  to  the  medium  grid  (i.e. 
from  case  CXI  to  case  CX2).  At  the  same  three  stations,  the  change  in  going  from 
the  medium  to  the  fine  grid  is  negligible.  At  the  last  three  measurement  stations, 
only  minor  differences  are  observed  between  any  of  the  three  cases.  The  same  trend 
is  observed  from  the  mean  radial  velocity,  shown  in  figure  D.1-3.  The  coarse  grid 
solution  really  stands  out  at  the  first  three  measurement  stations,  however,  all  grids 
give  nearly  identical  results  at  the  last  three  stations. 

The  resolved  part  of  the  axial  turbulence  intensity  is  shown  in  figure  D.1-4.  The 
differences  between  the  results  from  the  three  grids  are  larger  than  those  observed 
in  the  mean  velocity  profiles.  However,  the  general  trend  seems  to  be  that  there  is 
a  significant  change  in  the  results  when  going  from  the  the  coarse  to  the  medium 
grid.  The  results  from  the  medium  and  fine  grids  (cases  CX2  and  CX3)  are,  on  the 
other  hand,  in  fair  agreement  at  all  stations. 

Figure  D.1-5,  showing  the  resolved  radial  turbulence  intensity,  gives  roughly 
the  same  trend.  At  the  last  four  measurement  stations  no  significant  differences  are 
observed  between  the  medium  and  the  fine  grid.  The  coarse  grid  solution  is  also  in 
close  agreement  with  the  solutions  from  the  two  finer  grids.  However,  at  the  first 
two  measurement  stations  there  is  a  significant  change  in  the  results  between  the 
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coarse  and  the  medium  grid  verifying  that  the  coarse  grid  it  too  coarse.  In  the  near 
centerline  region  there  is  also  a  difference  between  the  results  from  medium  grid 
and  the  fine  grid,  indicating  that  the  medium  grid  is  too  coarse  in  this  particular 
region.  The  azimuthal  turbulence  intensity,  shown  in  figure  D.1-6,  leads  to  the  same 
conclusions. 

Based  on  the  turbulence  intensities  it  can  be  concluded  that  the  coarsest  grid  is 
insufficient,  mostly  because  of  the  poor  performance  close  to  the  point  of  expansion. 
The  medium  grid  is  better,  but  the  results  improve,  compared  with  experimental 
data,  particularly  in  the  near  centerline  region,  when  increasing  the  resolution  from 
medium  to  fine.  The  medium  grid  seems,  however,  to  be  sufficient  downstream  of 
about  x/h  =  3. 

Figure  D.1-7  shows  the  turbulent  shear  stress,  <u"u">te-  A  significant  change 
in  the  results  is  observed  when  going  from  the  coarse  to  the  medium  grid,  par¬ 
ticularly  near  the  point  of  expansion.  Only  minor  changes  are  seen  between  the 
medium  and  the  fine  grid.  At  the  last  few  stations  all  grids  give  nearly  identical 
results. 

D.l. 2  Radial  Resolution 

Three  different  radial  resolutions  were  considered,  keeping  the  axial  and  az¬ 
imuthal  resolutions  the  same.  The  number  of  grid-points  used  in  each  case  is 
summarized  in  table  D.1-2.  The  cases  are  labeled  CRl,  CR2,  and  CR3,  in  order  of 
increasing  radial  resolution.  (Note  that  case  CR2  is  the  same  as  the  case  labeled 
CX2  in  the  previous  section).  The  length  of  the  inlet-section  was  Ih  in  case  CRl 
and  5h  for  cases  CR2  and  CR3,  which  explains  the  difference  in  Nx  between  the 
three  cases.  Figure  D.l-8a  shows  the  axial  grid  spacing.  Ax,  plotted  versus  axial 
distance,  x,  for  the  two  axial  grids.  It  is  seen  that  the  two  grids  are  close  to  identical 
between  x/h  =  —1  and  the  exit  of  the  domain.  Figure  D.l-8b  shows  the  radial  grid 
spacing,  Ar,  versus  radial  distance,  r.  The  statistics  sampling  time  for  cases  CRl 
and  CR3  was  about  40  time-units,  compared  with  120  time-units  for  case  CR2. 

Figures  D.1-9  and  D.1-10  show  the  mean  axial  and  radial  velocity  profiles, 
respectively.  It  can  be  seen  that  changes  in  the  radial  resolution  have  almost  no 
effect  on  the  mean  profiles.  That  is,  even  the  coarsest  radial  grid  would  be  sufficient. 

However,  the  trend  is  not  as  clear  when  comparing  the  (resolved)  axial  turbu¬ 
lence  intensity,  shown  in  figure  D.1-11.  Differences  are  observed  between  the  results 
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from  the  different  cases  at  all  streamwise  stations.  In  particular  it  can  be  noticed 
that  the  coarse  grid  results  (CRl)  fall  between  the  results  from  medium  and  fine 
grids  at  several  of  the  measurement  stations. 


jyin/et 

Nr 

Ne 

CRl 

151 

31 

48 

64 

CR2 

192 

70 

76 

64 

CR3 

192 

70 

140 

64 

Table  D.1-2,  Number  of  grid-points  for  the  radial  resolution-study  cases. 


Figures  D.1-12  and  D.1-13  show  the  (resolved)  radial  and  azimuthal  turbulence 
intensities,  respectively.  In  both  cases  only  minor  differences  are  observed  in  the 
results  from  the  three  cases.  The  same  trend  is  observed  in  figure  D.1-14,  showing 
the  turbulent  shear  stress. 


D.1.3  Azimuthal  Resolution 

Three  azimuthal  resolutions  were  considered.  The  corresponding  number  of 
grid-points  are  listed  in  table  D.1-3.  The  length  of  the  inlet-section  was  5/i  in 
all  cases.  The  three  cases  are  labeled  C^l,  C62,  and  C6Z,  in  order  of  increasing 
azimuthal  resolution.  Case  COl  is  identical  to  the  case  labeled  CR2  in  section  D.1.2 
(which  is  also  the  same  as  case  CX2  from  section  D.1.1).  Statistics  sampling  time 
for  cases  C^2  and  C^3  were  30,  and  25  time-units,  respectively.  This  is  in  contrast 
to  the  120  time- units  used  in  case  C^l. 

Mean  axial  velocity  profiles  are  shown  in  figure  D.l- 15.  For  all  but  the  first 
measurement  station  it  is  obvious  that  the  two  finest  grids  give  almost  identical 
results,  whereas  discrepancies  are  found  in  the  coarse  grid  case.  The  same  trend  is 
observed  in  the  mean  radial  velocity  profiles,  shown  in  figure  D.1-16. 

Figure  D.1-17  shows  the  resolved  axial  turbulence  intensities.  As  with  the 
mean  velocity  profiles  it  is  clear  that  the  two  finest  grids,  cases  C^2  and  C63,  give 
close  to  identical  results.  (The  differences  observed  around  r/h  =  1  at  the  two 
last  measurement  stations  are  attributed  to  the  short  statistics  sampling  time). 
Figures  D.1-18  and  D.1-19,  showing  the  resolved  radial  and  azimuthal  turbulence 
intensities,  respectively,  indicate  the  same  trend. 
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N^ 

Ninlet 

Nr 

Ne 

C^l 

192 

70 

76 

64 

Cd2 

192 

70 

76 

128 

cez 

192 

70 

76 

256 

Table  D.1-3,  Number  of  grid-points  for  the  azimuthal  resolution-study  cases. 

Figure  D.1-20  shows  the  turbulent  shear  stress,  <u'^u">te-  It  is  seen  that  the 
results  from  the  medium  and  the  fine  grids  are  almost  identical  at  all  measurement 
stations,  whereas  the  coarse  grid  is  obviously  not  adequate. 

D.1.4  Conclusions 

The  results  presented  in  section  D.1.3  show  that  128  azimuthal  grid-points  are 
necessary  and  sufficient  to  obtain  (roughly)  grid  independent  results.  However,  the 
conclusions  from  refining  the  grid  in  the  the  two  other  directions  are  not  as  clear.  For 
the  axial  direction  it  was  shown  that  case  CX2  (with  192  axial  grid-points)  was,  for 
the  most  part,  sufficient.  However,  the  radial  and  azimuthal  turbulence  intensities 
show  improved  agreement  with  experimental  results  in  the  near  centerline  region, 
at  the  first  two  measurement  stations,  when  the  number  of  axial  grid-points  was 
increased  from  192  to  353.  It  would  therefore  be  desirable  to  use  the  finest  axial 
grid. 

Results  from  the  radial  resolution  study  found  that  even  the  coarsest  grid  (case 
CRl)  gave  satisfactory  results,  compared  with  the  two  finer  grids,  for  all  quantities 
but  {u'^)rms-  The  latter  quantity,  however,  gave  no  clear  indication  of  which  grid 
would  be  sufficient.  This  factor  taken  into  account  would  lead  to  the  conclusion 
that  one  should  chose  the  finest  grid  {Nr  =  140)  in  order  to  be  safe. 

Thus,  the  best  grid  seems  to  be  353  x  140  x  128  points  in  the  axial,  radial, 
and  azimuthal  directions,  respectively.  However,  estimates  show  that  this  grid 
would  require  of  the  order  of  1500  CPU  hours  (Cray  C-90)  in  order  to  obtain  fully 
converged  statistics,  which  is  not  practical.  It  therefore  seems  logical  to  sacrifice 
some  of  the  accuracy  by  reducing  the  radial  resolution  from  140  to  76  points.  After 
all,  all  results  but  {u'^)rms-i  showed  that  Nr  —  76  gave  satisfactory  results.  However, 
a  basic  case  with  353  x  76  x  128  grid-points  would  require  about  700  CPU  hours  to 
complete,  which  is  still  rather  expensive. 
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Prom  the  axial  resolution  study  it  seems  apparent  that  Nx  =  192  points  gave 
grid  independent  results,  except  in  the  near  centerline  region  at  the  first  two  mea¬ 
surement  stations.  Thus  the  finest  resolution  is  for  the  most  part  not  needed.  Based 
on  this  information  a  new  axial  grid  was  designed  for  the  basic  case  where  the  axial 
stretching  function  was  changed  to  allow  for  a  finer  resolution  for  a  longer  distance 
downstream  of  the  step,  while  not  adding  too  many  points  downstream  of  about 
x/h  =  2-3.  This  combined  with  cutting  the  inlet  section  from  5h  to  Ih  gave  an 
axial  grid  with  215  points. 

Thus,  based  on  a  trade-off  between  accuracy  and  cost  a  grid  of  215  x  76  x  128 
points  (axial,  radial,  azimuthal)  was  chosen  for  the  basic  case  (the  results  of  which 
are  summarized  in  chapter  5,  part  II).  The  estimated  CPU  time  requirement  was 
about  400  hours. 
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D.2  Animation 

This  section  describes  the  details  of  a  calculation  performed  to  study  the  tran¬ 
sient  behavior  of  the  mixing  process  in  the  coaxial  jet-combustor.  Results  from  the 
calculation  were  animated  and  recorded  on  video-tape.  Tedious  post-processing  of 
the  data  for  the  animations  was  done  by  Mr.  Charles  Pierce  at  Stanford  Univer¬ 
sity.  The  animations  were  recorded  at  the  NAS  visualization  Lab  at  NASA  Ames 
Research  Center,  and  the  final  editing  of  the  video  was  performed  by  Imaging  Tech¬ 
nology  Branch  at  NASA  Ames  Research  Center.  This  calculation  is  referred  to  as 
the  animation  case. 

D.2.1  Contents  of  Video-tape 

Several  quantities  were  animated  and  recorded  on  video-tape.  These  include 
contours  of  the  axial  velocity  and  scalar,  and  iso-surfaces  of  the  scalar  and  regions  of 
low  pressure.  Particle  trajectories  were  also  calculated  using  UFAT  (Unsteady  Flow 
Analysis  Toolkit)  (NASA  Ames  Research  Center),  and  included  on  the  video-tape. 

The  simulation  used  for  the  animation  was  started  from  a  fully  developed 
turbulent  flow-field.  Velocity  and  scalar  fields  were  saved  at  every  30  time-step 
starting  at  initial  time,  T  =  0.  The  time-step  was  held  constant  at  At  =  0.0028  h/Uc 
which  gave  a  spacing  of  0.084  time-units  between  frames.  The  calculation  was  run 
for  a  total  of  61200  time-steps,  saving  2040  frames.  The  total  time-period  covered 
was  171.4  time-units,  corresponding  to  approximately  5.7  flow-through  times. 

The  first  animation  recorded  on  the  tape  shows  a  contour  map  of  the  axial 
velocity,  Ux-  The  views  include  one  x-r  plane  and  three  r-9  planes  located  at 
x/h  =  1,  4,  and  7.  The  animation  covers  500  frames,  starting  at  T  =  10.1,  ending 
at  T  =  52.  The  recording  speed  was  15  frames/sec.  Total  viewing  time  is  about  33 
seconds. 

The  most  important  quantity  recorded  is  the  evolution  of  the  passive  scalar 
field.  (The  passive  scalar  represents  the  fuel  mass-fraction,  with  ip  =  0  being  pure 
air,  and  ip  =  1  being  pure  fuel).  At  time  T  <  0,  the  value  of  the  scalar  is  zero 
everywhere  in  the  computational  domain,  indicating  that  there  is  no  fuel  present. 
At  time  T  =  0  the  scalar  is  set  to  1  at  the  inflow  boundary  in  the  central  fuel  pipe, 
indicating  the  introduction  of  fuel.  At  time  T  =  121  (about  4  flow-through  times). 
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the  inflow  condition  for  the  scalar  is  abruptly  reset  to  zero  in  the  central  fuel  pipe, 
signifying  that  pure  air  is  now  entering  through  the  central  pipe  (as  well  as  the 
annular  pipe). 

Two  different  techniques  were  used  to  animate  the  scalar  fleld.  The  first  is  a 
contour  map  which  shows  one  x-r  plane  and  three  r-6  planes  at  a;/h  =  1,  4,  and  7. 
This  animation  was  recorded  at  two  different  speeds  corresponding  to  15  frames  per 
second  and  7.5  frames  per  second.  Total  viewing  time  at  the  fastest  speed  is  about 
2  minutes  and  20  seconds,  covering  all  2040  frames.  Although  the  faster  recording 
speed  gives  the  best  overall  view  of  the  flow,  the  slower  recording  speed  is  better 
for  studying  details  of  the  mixing  process. 

A  second  scalar  animation  involves  an  iso-surface  evaluated  at  (^  =  0.2.  The  iso¬ 
surface  is  shown  in  two  different  views.  One  is  a  side-view  and  top- view,  looking  at 
the  computational  domain  along  some  radial  line  at  ^  =  0°  and  9  —  90°.  The  other 
is  a  3-D  perspective  view  looking  at  the  iso-surface  from  the  end  of  the  combustor. 
This  animation  covered  500  frames,  starting  at  T  =  52.1,  ending  at  T  =  94.  Thus 
the  initial  introduction  and  final  clearing  of  fuel  from  the  combustion  chamber  is 
not  included  in  this  animation.  The  animation  was  recorded  at  10  frames/sec. 

The  third  animation  included  on  the  video-tape  shows  the  trajectories  of  parti¬ 
cles  injected  in  the  central  fuel  pipe  as  well  as  in  the  annular  air  pipe.  The  particles 
are  injected  about  one  step-height  upstream  of  the  expansion.  Particles  injected  in 
the  fuel  pipe  are  red,  whereas  particles  injected  in  the  air  pipe  are  blue.  Particle 
trajectories  were  calculated  based  on  the  velocity-fields  (spaced  0.084  time-units 
apart)  using  the  Unsteady  Flow  Analysis  Toolkit  (UFAT)  on  the  Time  Accurate 
Visualization  System  (TAVS),  at  NASA  Ames  Research  Center.  The  animation 
covers  880  frames  staring  at  T  =  10.1,  ending  at  T  =  73.8.  UFAT  made  three  inter¬ 
polations  between  every  frame  from  the  simulation,  giving  a  total  of  2640  recorded 
frames.  The  animation  was  recorded  at  30  frames/sec. 

The  particle  trajectories  were  computed  as  a  function  of  three  spatial  coordi¬ 
nates.  However,  in  order  to  avoid  covering  the  particles  injected  into  the  fuel  pipe 
by  particles  injected  into  the  air  pipe,  the  particle  trajectories  were  projected  onto 
one  x-r  plane  before  recording  on  the  video-tape. 

The  last  quantity  recorded  on  the  video-tape  shows  iso-surfaces  of  low  pressure 
regions.  The  mean  pressure  field  was  calculated  during  the  simulation  and  later 
subtracted  from  the  instantaneous  pressure  fields  recorded  at  every  30  time-step. 
An  iso- value  of  -0.4  was  chosen.  Regions  of  low  pressure  represent  vortex  cores  and 
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the  animation  therefore  shows  the  behavior  of  large  scale  structures  in  the  flow. 
The  animation  includes  two  views.  The  first  is  a  side-view  and  top-view,  looking 
at  the  computational  domain  along  some  radial  line  at  ^  =  0°  and  6  =  90°.  The 
second  is  a  3-D  perspective  view  looking  at  the  iso-surfaces  from  the  end  of  the 
combustor.  The  animation  includes  500  frames  starting  from  T  =  10.1,  ending  at 
T  =  52.  This  represents  a  total  of  about  1.4  flow-through  times.  The  animation 
was  recorded  at  10  frames /sec. 

D.2. 2  Calculation  Setup 

The  computational  domain  used  for  the  animation  case  is  the  same  as  that 
used  for  the  basic  case,  described  in  chapter  4,  part  II,  except  that  the  length  of 
the  inlet  section  was  5h.  Flow  parameters  were  the  same  as  in  the  basic  case. 

The  computational  grid  consisted  of  192  x  76  x  64  points  in  the  axial,  radial, 
and  azimuthal  directions,  respectively.  70  axial  grid-points  were  used  to  cover  the 
inflow  section,  leaving  122  axial  grid-points  downstream  of  the  expansion.  The  axial 
grid  was  compressed  around  the  corner  of  the  expansion  and  stretched  on  either 
side.  Figure  D.2-1  shows  the  grid  spacing.  Ax,  versus  axial  distance,  x.  Figure 
D.2-2  shows  the  radial  grid  spacing,  Ar,  versus  radius,  r.  The  grid  was  uniform  in 
the  azimuthal  direction.  Based  on  the  friction  velocities  quoted  in  table  3.3-1  (part 
II)  the  grid-resolution  in  wall  coordinates  is  as  shown  in  table  D.2-1. 

Subscripts  c,  a,  and  0,  indicate  that  the  quantity  is  evaluated  at  the  wall 
of  the  central  pipe,  annulus,  and  combustion  chamber,  respectively.  Subscript  cl 
indicates  a  quantity  evaluated  at  the  centerline.  The  radial  grid  spacing  at  the 
wall  gives  the  location  for  the  first  Ur  velocity-point  off  the  lower  wall.  Likewise, 
the  azimuthal  grid-spacing  at  the  centerline  uses  the  radial  distance  to  the  first  Ur 
velocity-point  away  from  the  centerline.  The  azimuthal  grid-spacings  at  the  walls 
are  based  on  the  radial  position  of  the  wall.  For  the  central-  and  annular  pipes,  the 
maximum  axial  grid-spacing  occurs  at  the  inlet  of  the  computational  domain.  For 
the  combustion  chamber  the  maximum  axial  grid-spacing  occurs  at  the  exit  of  the 
computational  domain.  The  minimum  axial  grid-spacing  is  in  all  cases  found  at  the 
point  of  expansion.  The  axial  extent  of  the  inflow  generator  (used  to  get  the  inflow 
boundary  condition)  was  5.65/i,  covered  by  32  equally  spaced  grid-points. 

The  simulation  was  started  from  a  flow-field  interpolated  from  a  coarser  grid. 
The  simulation  was  then  run  for  125  time-units  (approximately  4  flow-through 
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times)  to  remove  transients  resulting  from  the  interpolation.  The  time-step  was 
kept  fixed  at  0.0036  h/Uc-  Frames  for  the  emimation  were  generated  during  the 
following  171.4  time-units.  The  time-step  during  this  period  was  held  fixed  at 
0.0028  h/Uc. 


Central 

Annular 

Comb,  chamber 

A  - 

19.5 

52.6 

10.4 

172.6 

467.6 

209.1 

Ar+ 

4.47 

12.6 

Ar+ 

12.6 

Ar+ 

5.30 

4.60 

2.44 

{rAe)t 

46.6 

126.2 

<1 

243.6 

(■■AS)? 

98.6 

Table  D.2-1,  Grid  resolution  for  the  animation  case. 


D.2. 3  Statistical  Results 

The  following  is  a  description  of  statistical  results  from  the  animation  case, 
including  mean  velocity  profiles,  turbulence  intensities  and  turbulent  shear  stress. 
The  profiles  are  compared  with  those  from  the  basic  case  (see  chapter  4,  part  II),  as 
well  as  the  experimental  data  of  Johnson  &  Bennett.  The  objective  is  to  document 
the  results  from  the  animation  case. 

As  shown  in  the  previous  section  the  resolution  used  for  the  animation  case 
was  coarser  than  that  used  in  the  basic  case.  The  radial  grid  was  the  same,  but  the 
number  of  azimuthal  grid  points  was  64  in  the  animation  case  compared  with  128 
in  the  basic  case.  The  number  of  axial  grid-points  was  192  in  the  animation  case, 
compared  with  215  in  the  basic  case.  However,  the  inlet  section  was  longer,  thus 
requiring  more  grid  points,  and  the  axial  grid-spacing  downstream  of  the  expansion 
was  therefore  quite  a  bit  coarser  for  the  animation  case  than  for  the  basic  case. 

Figure  D.2-3  shows  mean  axial  velocity  profiles  at  six  measurement  stations 
downstream  of  the  expansion.  As  expected,  there  are  differences  between  the 
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animation  case  and  the  basic  case,  with  the  latter  following  the  trend  of  the  exper¬ 
imental  data  better.  However,  with  the  scatter  of  the  experimental  data  taken  into 
account,  the  results  from  the  animation  case  look  reasonable.  The  same  trend  is 
observed  in  figure  D.2-4  which  shows  mean  radial  velocity  profiles. 

Resolved  axial  turbulence  intensities  are  shown  in  figure  D.2-5.  Differences  are 
observed  between  the  basic  case  and  the  animation  case  at  all  but  one  measurement 
station.  The  (resolved)  radial  turbulence  intensity  (figure  D.2-6)  shows  the  same 
trend.  The  animation  case  over-predicts  (u")rms  at  the  first  three  measurement 
stations  and  under-predicts  {u")rms  at  the  last  three  measurement  stations,  com¬ 
pared  with  the  basic  case.  The  resolved  azimuthal  turbulence  intensity  is  shown  in 
figure  D.2-7.  As  with  {u")r7ns  and  {u")rms,  only  the  qualitative  behavior  of  {ug)rms 
is  predicted  correctly  by  the  animation  case. 

Figure  D.2-8  shows  the  turbulent  shear  stress  (including  the  SGS  model  contri¬ 
bution).  The  differences  between  the  animation  case  and  the  basic  case  are  similar 
to  those  observed  in  the  turbulence  intensity  profiles. 

Figure  D.2-9  shows  the  mean  value  of  the  scalar,  (f.  At  the  first  two  mea¬ 
surement  stations  the  animation  case  is  doing  a  fair  job  in  reproducing  the  experi¬ 
mental  results.  However,  between  x/h  =  3.24  and  x/h  =  6.44,  the  animation  case 
under-predicts  ip  in  the  centerline  region.  At  the  last  measurement  station  both 
computational  cases  agree  well  with  the  experimental  results. 


299  - 


Experimental  Inconsistencies 


Appendix  D.3 


D.3  Experimental  Inconsistencies 

This  section  describes  the  results  from  a  case  run  with  a  different  ratio  of  air- 
to  fuel  flow-rates  than  that  used  in  the  other  calculations.  The  case  was  motivated 
by  the  fact  that  even  though  the  volrime  flow-rates  quoted  by  Johnston  &  Bennett 
indicate  that  the  (bulk)  velocity  ratio  of  the  two  incoming  jets  was  3.1,  analysis  of 
the  measured  axial  velocity  profile  at  the  first  measurement  station  (x/h=0.41)  sug¬ 
gests  that  the  (bulk)  velocity  ratio  must  have  been  closer  to  2.2.  This  is  illustrated 
in  figure  D.3-1  which  shows  the  measured  mean  axial  velocity  profile  ai  xjh  =  0.41, 
compared  with  the  calculated  velocity  profile  (taken  from  the  basic  case).  The  cal¬ 
culated  velocity  profile  has  in  this  case  been  normalized  by  the  centerline  velocity 
of  the  experimental  profile. 

As  explained  in  chapter  3,  part  II,  the  volume  flow-rates  in  the  calculations  were 
chosen  to  match  those  quoted  by  Johnston  &  Bennett.  These  are  shown  in  table 
D.3-1,  together  with  the  corresponding  maximum  and  bulk  velocities  calculated  in 
the  inlet  section  (in  the  basic  case). 


Central 

Annular 

Comb.  Chamber 

Q  -  Exp. 

0.758 

6.456 

7.214 

Q  -  Calc. 

0.741 

6.308 

7.049 

Ubulk  ""  CBiIc* 

1.0 

3.132 

0.600 

Uci  -  Calc. 

1.221 

3.467 

Table  D.3-1,  Bulk  velocities,  centerline  velocities  and  volumetric  flow-rates.  “Exp.” 
gives  the  flow-rates  quoted  in  the  experiment  by  Johnston  k.  Bennett.  “Calc.”  gives  the 
corresponding  values  calculated  in  the  basic  case. 


It  is  evident  from  table  D.3-1  that  the  calculations  match  the  flow-rates  from 
the  experiments  to  within  a  few  percent.  The  ratio  of  the  bulk  velocity  in  the 
annular  pipe  to  that  in  the  central  pipe  is  seen  to  be  3.1.  (The  corresponding  ratio 
using  the  centerline  velocities  is  about  2.8).  Figure  D.3-1  shows  that  the  calculated 
velocity  ratio  of  the  two  jets  is  almost  unchanged  0.41  step  heights  downstream  of 
the  expansion.  However,  the  experiment  seems  to  indicate  that  the  ratio  of  the 
maximum  velocities  has  fallen  to  about  2.  It  is  unlikely  that  the  entrainment  of  air 
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into  the  fuel  stream  was  large  enough  during  the  first  0.41  step-heights  to  give  the 
drastic  reduction  in  the  jet  velocity  ratio.  (Notice  in  particular  (figure  D.3-3)  that 
the  ratio  of  the  measured  peak  velocities  is  about  2  at  the  first  three  measurement 
stations,  ranging  from  x/h  =  0.41  to  x/h  =  3.24.  To  have  the  velocity  ratio  decrease 
from  3  to  2  within  the  first  0.41  step  heights,  and  then  stay  fixed  at  2  for  the  next  3 
step  heights  seems  highly  unlikely).  One  explanation  for  the  decrease  in  the  velocity 
ratio  might  be  that  Johnston  &  Bennett  either  misquoted  the  flow-rates  used,  or 
made  errors  when  measuring  the  flow-rates.  However,  it  seems  almost  inconceivable 
that  an  important  parameter  like  the  flow-rate  would  be  subject  to  such  errors. 

One  piece  of  evidence  to  suggest  that  the  volume  flow-rates  quoted  by  John¬ 
ston  &  Bennett  may  actually  be  correct  is  shown  in  figure  D.3-2.  This  figure  shows 
the  mass-fraction  of  fuel,  both  from  measurements  and  calculations  (basic  case), 
at  xjh  —  9.68.  Also  indicated  by  horizontal  dashed  lines  is  the  equilibrium  fuel 
mass-fraction  (which  is  determined  by  the  ratio  of  the  supplied  fuel  flow-rate  to  the 
total  flow-rate).  Using  the  flow-rates  quoted  by  Johnston  h  Bennett  give  an  equi¬ 
librium  fuel  mass-fraction  of  0.105.  Assuming  that  Johnston  &  Bennett  misquoted 
the  flow-rates  and  that  the  flow-rates  where  such  that  the  (bulk)  velocity  ratio  of 
the  incoming  jets  was  2.2  (see  the  following  sections),  the  equilibrium  fuel  mass- 
fraction  would  be  0.143.  From  figure  D.3-2  it  is  evident  that  both  the  calculated 
and  measured  concentration  profiles  at  x/h  —  9.68  will  level  off  at  a  value  close  to 
0.105  (not  0.143).  This  is  evidence  that  the  volume  flow-rates  quoted  by  Johnston 
&  Bennett  are  in  fact  what  was  used  in  the  experiments. 

However,  since  the  results  in  figure  D.3-1  seems  to  point  in  another  direction  a 
calculation  was  designed  that  changed  the  ratio  of  the  air-  to  fuel  flow-rates  to  give 
a  ratio  of  bulk  velocities  of  2.2  (corresponding  to  a  ratio  of  the  centerline  velocities 
of  2)  in  order  to  better  match  the  measured  velocity  profile  at  x/h  =  0.41.  The 
total  flow-rate  in  the  combustion  chamber  was  kept  unchanged. 


D.3.1  Calculation  setup 

The  calculation  was  performed  using  the  same  grid  resolution  as  that  used 
in  the  animation  case.  The  computational  domain  was  the  same,  except  that  the 
inlet  section  was  reduced  from  5h  to  Ih,  in  order  to  reduce  the  number  of  axial 
grid-points.  The  new  case  is  referred  to  as  the  Q2  case.  The  volume  flow-rates  and 
bulk-  and  centerline  velocities  for  the  new  case  is  given  in  table  D.3-2. 
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The  fuel  mass-fraction  at  the  inlet  is  seen  to  be  0.143  (compared  with  0.105  in 
all  previous  cases).  The  Reynolds  number,  based  on  bulk  velocity,  [7o,  and  diameter, 
2ro,  in  the  combustion  chamber  was  38000  (as  before).  The  calculation  was  run  for 
about  4.5  flow-through  times  which  would  yield  a  reasonable  convergence  of  first 
and  second  order  statistics. 


Central 

Annular 

Comb.  Chamber 

Q 

1.008 

6.041 

7.049 

Ubulk 

1.360 

3.000 

0.600 

Umax 

1.645 

3.317 

Table  D.3-2,  Bulk  velocities,  centerline  (or  maximum)  velocities  and  volumetric  flow- 
rates  from  the  Q2  case. 

D.3. 2  Statistical  Results 

Results  from  the  calculation  are  compared  with  results  from  the  animation 
case  since  the  two  cases  used  the  same  grid  resolution. 

The  reattachment  length  calculated  in  the  animation  case  was  about  8.67h. 
This  compares  with  8.71h  calculated  in  the  Q2  case.  Thus  the  two  cases  give 
almost  identical  reattachment  lengths. 

Figure  D.3-3  shows  the  mean  axial  velocity  profile  at  several  locations  down¬ 
stream  of  the  expansion.  Notice  the  much  better  agreement  between  calculations 
and  experiments  at  the  first  two  measurement  stations  with  the  modification  in  the 
incoming  flow-rates.  At  x/h  =  3.24  and  x/h  =  4.83  the  two  cases  yield  very  similar 
profiles,  however  the  results  from  the  Q2  case  still  seem  to  agree  somewhat  better 
with  the  experimental  data.  At  the  last  two  measurement  stations  there  are  no 
significant  differences  between  the  two  computational  cases.  This  is  to  be  expected 
since  the  total  flow-rate  is  the  same  in  both  cases.  Figure  D.3-4  shows  the  mean 
radial  velocity  profiles.  The  trend  is  the  same  as  seen  in  the  mean  axial  velocity 
profiles. 

The  turbulence  intensities  in  the  axial,  radial  and  azimuthal  directions  are 
shown  in  figures  D.3-5,  D.3-6,  and  D.3-7,  respectively.  The  trend  is  the  same  in  all 
figures.  There  are  differences  between  the  two  computational  cases  at  the  first  three 
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measurement  stations  with  the  Q2  case  generally  agreeing  better  with  experimental 
results  than  the  animation  case.  However,  the  computed  rms  profiles  are  still  over¬ 
predicted,  compared  with  the  measured  values.  But,  as  was  shown  in  section  D.2, 
the  level  of  the  rms  fiuctuations  generally  decreased  with  increasing  grid  resolution 
(see  differences  between  the  animation  case  and  the  basic  case).  It  is  likely  that  the 
same  would  happen  if  the  grid  resolution  for  the  Q2  case  was  increased  which  would 
bring  the  results  from  the  this  case  in  even  better  agreement  with  experiments.  At 
the  last  three  measurement  stations  the  differences  between  the  two  computational 
cases  are  small. 

Figure  D.3-8  shows  the  turbulent  shear  stress  (including  the  SGS  model  con¬ 
tribution).  At  the  first  three  measurement  stations  the  Q2  case  is  seen  to  yield 
improved  agreement  with  experiments,  compared  with  the  results  from  the  ani¬ 
mation  case.  At  the  last  three  measurement  stations  only  minor  differences  are 
observed  between  the  two  computational  cases. 

D.3. 3  Conclusions 

Based  on  the  statistical  results  from  the  Q2  case,  compared  with  the  results 
from  the  animation  case,  it  is  clear  that  the  Q2  case  agrees  significantly  better  with 
the  experimental  results  of  Johnston  &:  Bennett.  This  is  despite  the  fact  that  the 
flow-rates  of  fuel  and  air  used  in  the  Q2  case  do  not  match  those  quoted  by  Johnston 
&  Bennett.  The  results  from  this  calculation  therefore  suggests  that  Johnston  & 
Bennett  either  misquoted  the  flow-rates  used,  or  made  errors  when  measuring  the 
flow-rates. 

Figure  D.3-2,  on  the  other  hand,  provides  some  evidence  that  Johnston  & 
Bennett  used  the  flow-rates  quoted  in  their  report. 

Based  on  the  conflicting  evidence  it  is  impossible  to  draw  any  conclusions 
about  what  the  actual  flow-rates  were,  except  to  note  that  there  are  unexplainable 
inconsistencies  in  the  experimental  data.  It  was  therefore  decided  to  perform  all 
calculations  in  the  main  body  of  this  work  using  the  flow-rates  quoted  by  Johnston 
&  Bennett. 

It  can  be  concluded  that  due  to  the  apparent  inconsistencies  in  the  experiments 
by  Johnston  &  Bennett  a  different  experimental  data  base  should  have  been  chosen 
to  verify  the  computational  results. 
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Figure  D.1-1,  Axial  grid  spacing  versus  axial  distance.  .  :  Case  CXI 

(N^  =  98);  - :  Case  CX2  {N^  =  192);  - :  Case  CX3  {N^  =  353). 
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Figure  D.1-2,  Mean  axial  velocity.  .  :  Case  CXI  {Nx  =  98);  - :  Case 

CX2  {Nx  =  192);  - :  Case  CX3  {Nx  —  353);  All  Symbols  :  Experiments 

by  Johnson  &  Bennett. 
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Figure  D.1-4,  Resolved  axial  turbulence  intensity.  .  :  Case  CXI  (N^  =  98); 

- :  Case  CX2  {N^  =  192);  - :  Case  CX3  {N^  =  353);  All  Symbols  : 

Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-5,  Resolved  radial  turbulence  intensity.  ••  .  :  Case  CXI  {N^  =  98); 

- ;  Case  CX2  {N^  =  192);  - :  Case  CX3  {N^  =  353);  All  Symbols  : 

Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-6,  Resolved  azimuthal  turbulence  intensity.  .  :  Case  CXI 


{No:  =  98);  - :  Case  CX2  {N^  =  192);  - :  Case  CX3  {N^  =  353); 

All  Symbols  :  Experiments  by  Johnson  &  Bennett. 
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r/h 

Figure  D.1-8,  (a)  Axial  grid  spacing  versus  axial  distance,  (b)  Radial  grid  spacing 

versus  radial  distance.  .  ;  Case  CRl  {Nr  =  48);  - :  Case  CR2 

{Nr  =  76);  - ;  Case  CR3  {Nr  =  140). 
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Figure  D.1-9,  Mean  axial  velocity.  .  :  Case  CRl  {Nr  =  48);  - :  Case 

CR2  {Nr  =  76);  - :  Case  CR3  {Nr  =  140);  All  Symbols  :  Experiments  by 

Johnson  &  Bennett. 
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Figure  D.l-ll,  Resolved  axial  turbulence  intensity.  .  :  Case  CRl  {Nr  — 

48);  - :  Case  CR2  {Nr  =  76);  - :  Case  CR3  {Nr  =  140);  All  Symbols 

:  Experiments  by  Johnson  &:  Bennett. 
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Figure  D.1-12,  Resolved  radial  turbulence  intensity.  .  :  Case  CRl  (Nr  = 

48);  - ;  Case  CR2  {Nr  =  76);  - :  Case  CR3  {Nr  =  140);  All  Symbols 

:  Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-13,  Resolved  azimuthal  turbulence  intensity.  .  :  Case  CRl 

{Nr  =  48);  - ;  Case  CR2  {Nr  =  76);  - :  Case  CR3  {Nr  =  140);  All 

Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-16,  Mean  radial  velocity.  . 

Case  Ce2  {Ne  =  128);  - :  Case  C^3  {Ne  = 

by  Johnson  &  Bennett. 
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Figure  D.1-17,  Resolved  axial  turbulence  intensity.  .  :  Case  C^l  {Ng  =  64); 

- ;  Case  062  {Ng  =  128);  - :  Case  C^3  {Ng  =  256);  All  Symbols  : 

Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-18,  Resolved  radial  turbulence  int' 

64);  - :  Case  C92  {Nq  =  128);  - :  G 

:  Experiments  by  Johnson  &  Bennett. 
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Figure  D.1-19,  Resolved  azimuthal  turbulence  intensity.  .  :  Case  C^l 

{Ne  =  64);  - :  Case  062  {Ne  =  128);  - :  Case  C^3  {Ne  =  256);  All 

Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.2-5,  Resolved  axial  turbulence  intensity.  - :  Basic  case; 

- :  Animation  case;  All  Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.2-6,  Resolved  radial  turbulence  intensity.  - :  Basic  case; 

- :  Animation  case;  All  Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.2-7,  Resolved  azimuthal  turbulence  intensity.  - :  Basic  case; 

- :  Animation  case;  All  Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.3-1,  Mean  axial  velocity  profiles  at  x/h  —  0.41.  The  profiles  have  been 

normalized  to  give  the  same  centerhne  velocity.  - :  LES  (basic  case).  All 

symbols  :  Experiments  by  Johnston  &  Bennett. 
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Figure  D.3-2,  Mean  mass-fraction  of  fuel  at  x/h  =  9.68. 
case).  All  symbols  :  Experiments  by  Johnston  &  Bennett. 
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Figure  D.3-3,  Mean  axial  velocity.  - :  Q2  case,  bulk  velocity  ratio  is  2.2; 

- :  Animation  case,  bulk  velocity  ratio  is  3.1;  All  Symbols  :  Experiments  by 

Johnson  &  Bennett. 
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Figure  D.3-4,  Mean  radial  velocity.  - :  Q2  case,  bulk  velocity  ratio  is  2.2; 

- :  Animation  case,  bulk  velocity  ratio  is  3.1;  All  Symbols  :  Experiments  by 

Johnson  &  Bennett. 
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Figure  D.3-5,  Resolved  axial  turbulence  intensity,  - :  Q2  case,  bulk  velocity 

ratio  is  2.2;  - :  Animation  case,  bulk  velocity  ratio  is  3.1;  All  Symbols  : 

Experiments  by  Johnson  &  Bennett. 
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Figure  D.3-6,  Resolved  radial  turbulence  intensity.  -  :  Q2  case,  bulk 

velocity  ratio  is  2.25  - •  Animation  case,  bulk  velocity  ratio  is  3.1,  All 

Symbols  ;  Experiments  by  Johnson  &  Bennett. 
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Figure  D.3-7,  Resolved  azimuthal  turbulence  intensity.  - :  Q2  case,  bulk 

velocity  ratio  is  2.2;  - :  Animation  case,  bulk  velocity  ratio  is  3.1;  All 

Symbols  :  Experiments  by  Johnson  &  Bennett. 
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Figure  D.3-8,  Turbulent  shear  stress  (incl.  SGS  model  term).  - :  Q 

bulk  velocity  ratio  is  2.2;  - ;  Animation  case,  bulk  velocity  ratio  is  3.1 

Symbols  :  Experiments  by  Johnson  k.  Bennett. 
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